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Shape distortion in sintering results from
nonhomogeneous temperature activating a
long-range mass transport

Sandra M. Ritchie 1,3, Sasa Kovacevic 2,3, Prithviraj Deshmukh1,
Alexander D. Christodoulides 1, JonathanA.Malen1, SinisaDj.Mesarovic 2 &
Rahul P. Panat 1

Sintering theory predicts no long-range mass transport or distortion for uni-
formly heated particles during particle coalescence. However, in sintering-
based manufacturing processes, permanent part distortion is often observed.
The driving forces and mechanisms leading to this phenomenon are not
understood, and efforts to reduce distortion are largely limited to a trial-and-
error approach. In this paper, we demonstrate that distortion during sintering
results from mass-transport driven by nonhomogeneous temperature dis-
tribution. We then show that hitherto unknown mass transport mechanisms,
working in the direction opposite to temperature gradient are the likely cause
of distortion. The experimental setup, designed for this purpose, enables the
quantification of distortion during sintering. Two possible mass transport
mechanisms are defined, and the continuum model applicable to both is for-
mulated. The model accurately predicts the transient and permanent distor-
tion observed during experiments, including their size dependence. Methods
to control distortion that can give rise to 4D printing are discussed.

Several advanced manufacturing methods, such as additive manu-
facturing (colloquially called 3Dprinting), dependonparticle sintering
as one of the key process steps1. Sintering consolidates parts directly
into the desired shapes with minimal additional processing, leading to
low-cost near-net-shape manufacturing2. Unconstrained (freeform)
sintering often results in parts that permanently deviate from the
intended shape (i.e., they distort), while residual stresses develop if
this deformation is constrained. The driving force and themechanisms
for this phenomenon are not well understood. As a result, the problem
of shape distortion and residual stress in additive manufacturing is
addressed via case-specific solutions obtained by trial-and-error3–9.
While typically undesirable8, 9, such distortions, if controlled, could be
used to manufacture complex shapes, or, in deployable systems, but
such applications have not yet been reported. A mechanistic under-
standing of the permanent deformation caused by sintering is thus
highly desirable.

Although shape distortion during sintering is often evident5,7, it
has been difficult to quantify for the following reasons: (i) For typical
part dimensions and shapes, sintering is done under constraints, lim-
iting distortion and its measurements10, while producing residual
stresses instead. (ii) Sintering for micron-sized particles takes place at
relatively high temperatures (>500 °C) which makes in situ observa-
tions of shape change and temperature distributions difficult. Recent
developments in 3D printing of nanoparticles11, enable us to overcome
such experimental limitations. The resulting microscale nanoparticle
structures sinter at relatively low temperatures (100–300 °C) and can
be printed as freeform - unconstrained and statically determinate—
structures. In such configurations, sintering shape distortion implies
that either porosity gradients both exist and correspond to the
observed final curvatures, or a long-range mass transport mechanism
must operate. The existing sintering models12–25 do not account for
such mass transport and thus cannot predict permanent distortion of
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freeform structures (temporarily less sintered/densified regions
eventually catch up and erase any temporary distortions).

Here, wedemonstrate andquantify permanent shapedistortion in
the absence of a corresponding porosity gradient, indicating the pre-
sence of long-range mass transport. We also define two possible
mechanisms for themass transport and formulate a continuummodel
applicable to both mechanisms. This model is then shown to accu-
rately predict distortion behavior, and potential control mechanisms
are discussed.

Results and discussion
To measure the shape distortion during sintering, minimally con-
strained three-dimensional micro and mesoscale structures of
nanoparticles were constructed using Aerosol Jet (AJ) 3D printing. An
ultrasonic atomizer (Fig. 1a) was used to create an aerosol of solvent
droplets containing silver nanoparticles. The aerosol was then
transported to the printhead usingN2 gas. The droplets were focused
onto a heated platen using a sheath gas (also N2) to create the
nanoparticle structures with a minimum feature size of 10 µm. A
computer-aided design (CAD) program controlled the shape of the
3Dprinted structures. Two types of structures were considered:
micropillars andmicrowalls, withwall thicknesses in the range of tens
to a hundred micrometers. Sintering was achieved by heating the
structures on a hot plate while recording their curvature using an

optical camera. Details of the AJ 3D printing process are provided in
the Methods section.

Schematics of the freestanding 3D printed micropillar and
microwall structures of nanoparticles are shown in Fig. 1b and remain
stable during printing on a heated platen11. Initially, the heat from the
platen removes the solvents from the ink droplets to create a solidified
green structure containing the metal nanoparticles. As the next ink
droplet arrives, the surface force is high enough (compared to inertial
force) so that the droplet sticks to the green structure11. The micro-
pillars and microwalls in this state consist of unsintered silver nano-
particles held together by the binder. The structures are then sintered
on a hot plate, where curvature is captured by the optical cam-
era (Fig. 1c).

An AJ 3D printed 4 × 4micropillar array is shown in Fig. 2a. The as-
printed micropillars have a diameter of 60 µm and a height of 4mm
(aspect ratio of 1:67). The micropillars are attached only at the sub-
strate, making the structure statically determinate. The micropillar
array was sintered on the hot plate (for details, see the Methods sec-
tion). The process is also shown in a timelapse SupplementaryMovie 1,
where the sintering front (bright color) is clearly observed along with
the formation of the curvature for the micropillars. The average cur-
vatureof theoutermicropillars in the array as a function of timeduring
sintering is plotted in Fig. 2b (measurement details are given in the
Methods section). Starting from no curvature in the as-printed state

Fig. 1 | Aerosol Jet 3Dprinting experimental setup. aUltrasonic atomizer creates
microdroplets containing silver nanoparticleswhich are carried to the printer head
and deposited on the substrate with a sheath gas to form three-dimensional
structures. b AJ printed three-dimensional silver walls and pillars before (middle)

and after (right) sintering. c Experimental setup used to sinter the freestanding
structures in b on a hot plate with an optical camera recording their shape
deformation in real-time.
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(position 1), the curvature increases and reaches the maximum (posi-
tion 2). This is followed by a limited recovery until the final, permanent
curvature is obtained (position 3). Although the results shown in Fig. 2
are noteworthy and provide valuable information, themicropillars can
bend in arbitrary directions,making accurate curvaturemeasurements
difficult. To address this issue, we created a simple 1D microwall geo-
metry (Fig. 3), which bends in a predictable direction so that the cur-
vature can be accurately measured via optical images. We tested wall
thicknesses in the range of 20–140μm, each with a length and height
of 1.5mm. Details of the curvature measurements of the microwalls
during heating of the platen and sintering are given in the Methods
section. The optical images of microwalls, as-printed and after sinter-
ing, with 20μm and 35μmwall thickness are shown in Fig. 3a, and the
evolution of their curvatures during sintering in Fig. 3b. As in the case
of micropillars, the curvature of the microwalls increased as the sin-
teringproceeded to reach apeak value, then exhibited amild recovery.
Representative videos of bending of 20μm and 35μm thick AJ 3D
printed microwalls upon heating are shown in Supplementary
Movies 2 and 3. The SEM image of a 35 µm thick microwall after sin-
tering is shown in Fig. 3c. Note that factors such as the moving
boundaries of the microwall (and hence the dynamically changing
shape factor for the structure) and dynamically changing material
structure (3D printed green structure to the sintered silver wall) and
emissivity during bendingprecludedus fromaccuratelymeasuring the
temperatures on the two sides of the microwall. Nevertheless, while
the thermal camera measurements do not provide accurate tempera-
ture, they do indicate the qualitative differences in temperature, and
our measurements yielded one consistent result: the microwalls
always bend toward the hotter side.

The permanent curvature of the microwalls suggests that one of
the following statements must be true: either the final product has
higher porosity at the convex side, or the mass has been transferred
from the concave to the convex side. To resolve this dilemma, we
cross-sectioned bent microwalls using the focused ion beam (FIB)
technique. The details of this measurement are given in the Methods
section, and additional data and analysis are shown in Supplementary
Fig. 1 and Supplementary Note 1. The porosity as a function of the
distance from the convex side of the wall was characterized for three
curved walls from the experiments in this work. No statistical bias was
observed, but the data showed high scatter (see Supplementary
Fig. 1a–c) due to large pore sizes. To address this issue, a bent sample
was re-sintered after the initial experiment to a higher temperature of
400 °C for an extended period of time (10 hr) to further reduce
porosity26. Indeed, the re-sintered wall showed lower average porosity
of 9.9%. Thewall exhibited no additional change in shape upon further

sintering (see Fig. 3d). This in itself shows that curvature is permanent
and cannot be removed by further sintering to ensure uniform density
of the structures. The porosity data (average and standard deviationof
nine different sections along the length of the wall), given in Fig. 3e,
indicates no significant difference in porosity through the wall thick-
ness between the concave (shorter) and the convex (longer) sides of
the structure. A representative SEM image of the FIB cut cross-sections
across the microwall thickness is shown in Fig. 3f. The measured cur-
vature for all cross-sectionedwalls was also compared to the curvature
predicted by the observed porosity (Supplementary Fig. 1ewith details
in Supplementary Note 1), and this analysis showed no correlation
between these values. In the absence of a meaningful correlation in
porosity and curvature, it is unlikely that differential porosity could
explain the bendingof theAJ printedwalls.We conclude that curvature
is much more likely the result of a mass transport mechanism oper-
ating in the direction normal to the wall midplane, and opposite to the
temperature gradient, i.e., the mass moves from hot to cold regions.

We have established repeatability of our experiments with twelve
total sintering tests involving six 20μmand six 35μmthickmicrowalls.
The curvature data for these experiments as a function of the heating
time are shown in Fig. 4a, b and Supplementary Fig. 2a–2d (also see
Supplementary Table 1), which indicates trends similar to that
observed in Fig. 3a, b. The effect ofmicrowall thicknesswas studied via
three more experiments, each having five microwalls with thicknesses
ranging from20–140μm.Although the evolution of curvature for each
microwall followed the same trends during sintering, the thicker walls
bent significantly less than the thinner walls (Fig. 4c–e and Supple-
mentary Fig. 3a, b). For example, the peak curvature of the 20μmwall
was about 1mm−1, while that of the 35μm wall was ~0.5mm−1. For all
experiments, the 70μm and 140μm walls exhibited low curvature
throughout the sintering process.

The reality of mass transport thus being established, we turn to
the questions of driving force and the underlying mechanism of the
mass transport. Based on the consistency ofwalls bending towards the
hotter side, we hypothesize that: (1) temperature gradient causes sin-
tering rate gradient, (2) The sintering rate gradient causes mass
transport toward less sintered regions. We consider these hypotheses
in detail below.

(1) Owing to the high thermal conductivity of silver, a high and
permanent temperature difference across the wall thickness in the
absence of internal heat sources is not possible. We note that most
of the bending occurs in the early stages of sintering when the
sintering front can be observed moving up from the heated base
(see the color change accompanying the formation of curvature in
Supplementary Movie 4). Therefore, our thermal analysis focuses
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Sintering Sintering

Fig. 2 | Sintering distortion ofmicropillars. a Flower-like opening of anAJ printed
4×4 array of silvermicropillars, eachwith 60μmdiameter and 4mmheight, heated
to 300 °C over 12 hours. The three images show snapshots at the initial stage, after
distortion, and after a partial recoil. A video of this curvature evolution is shown in

Supplementary Movie 1. b Average curvature of the outermost micropillars shown
in a as a functionof timeduringheating. The formationof peakcurvature and recoil
are clearly observed. The dotted line represents a fit to the experimental data.
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on this time interval. We note that the thermal processes in the
system likely occur non-homogeneously in this time interval. These
processes include binder burnout and the exothermic nature of
sintering and can give rise to transient temperature gradients across
the wall thickness. We measured the thermal processes via ther-
mogravimetric analysis (TGA) and dynamic scanning calorimetry
(DSC), see Supplementary Fig. 4 (also see Methods section). The
main results of these experiments are: (i) solvent evaporation likely

occurred during the printing process and (ii) both electrical and
thermal conductivity show two large increases during the initial
heating phases, likely due to initial binder removal and the onset of
sintering before and during the beginning of bending, respectively.
The experimental thermal analysis is discussed in Supplementary
Note 2. The non-uniform thermal processes can give rise to tran-
sient temperature gradients based on the thermal conductivity of
the structure, which was also calculated experimentally in
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Fig. 3 | Experimental evolution of microwall curvature during sintering.
a Bending of AJ printed 20 and 35μm thick nanoparticle walls (1.5 × 1.5mm) during
sintering. The front and side views clearly demonstrate measurable permanent
deformation. Scale bar is 0.75mm.bCurvatureof thewalls shown in a as a function
of time indicating the peak and partial recoil. c Representative SEM image of a
35μm thick wall before and after sintering and curvature formation. d A bent
nanoparticle wall that showed no additional shape change upon further sintering

after the main experiment. e Porosity measurements for the wall shown in
d through the thickness. No significant porosity gradient observed in these mea-
surements (i.e., there is no statistical variation in porosity which could support the
curvature seen). Error bars represent standard deviation. f A representative cross-
section of the bent nanoparticle wall in d. Many such images were used to compile
the graph in e.
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Supplementary Fig. 5 (see Supplementary Note 2 for details). The
details of the thermal simulations are shown in Supplementary
Note 3 and Supplementary Fig. 6. The simulations show that: (i)
without mass transport, any developed curvature is transient and
fully reversed by further sintering, and, (ii) upon localized pertur-
bation, the exothermic nature of sintering produces a transient
thermal instability as the sintering front moves up, producing
a temporary temperature difference through the wall thickness of
3-7 °C (depending upon the wall thickness).

(2) Two mass transport mechanisms are possible: particle
squeezing and biased diffusion. Once the solvent is burned out, the
unsintered sample is essentially a granular material: near-spherical
particles of varying sizes with the remaining binder in a disordered
assembly. As graphical representations of disordered assemblies
are not explanatory, we will use grossly simplified periodic assem-
blies (Fig. 5) to explain the two mechanisms. To understand the
particle squeezing mechanism, consider the initially periodic array
of larger and smaller particles, as illustrated in Fig. 5a. The tem-
perature gradient is horizontal. The vertical line of particles at a
higher temperature shortens more than the colder one and squee-
zes the smaller particles toward the colder side. This displacement
is expected to be small and local. However, if one imagines a
sequence of such cells in the direction of temperature gradient, the
many small mass displacements add up to a significant long-
range irreversible mass displacement towards the colder side, as
illustrated in Fig. 5b.

The biased diffusion mechanism has been considered in the
literature on rapid (spark-plasma) sintering of ceramics27–31, but only
as directly driven by the temperature gradient (Schottky32 vacancy

diffusionmechanism).We show in Supplementary Note 4 that in our
case (silver nanoparticles), the vacancy diffusion flux resulting from
the temperature gradient is several orders of magnitude smaller
than the flux resulting from the contact stress gradient and is,
therefore, negligible. The sketch of micro-stress distribution across
the neck between two partially sintered (initially spherical) particles
is shown in Fig. 5c. The high neck curvature and compressive micro-
stresses in the center of the neck drive the surface and bulk diffu-
sion of atoms towards the neck surface. Micro-stresses and surface
tension are equilibrated and produce no macro-stress. In homo-
geneous sintering, the ideal necks are symmetric, so no side is
preferred to receive diffusion atoms. However, under temperature
gradient, the biased diffusion occurs (Fig. 5d), directed towards
higher curvature necks, i.e., towards lower temperature. We note
that the temperatures are high enough to provide high surface
mobility of atoms. Even if such mass transport is confined to the
neighboring necks only, in a (quasi-) periodic array stretching along
the temperature gradient, the small mass displacements add up to a
significant total mass displacement.

Although at this stage the question of operating mechanism is
open, the thermodynamic forces that drive both mechanisms are the
same. They arise from the tendency of the system to minimize the
micro-elastic energy corresponding to the micro-stresses. The com-
mon macroscopic thermodynamics in the two mass transport
mechanisms enable us to formulate the macroscopic continuum the-
ory for nonhomogeneous sintering (in the absence of macro-stress)
that accounts for mass transport.

Consider first homogeneous freeform sintering. In the absence of
mass transport and constraints, the only strain during the sintering is
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Fig. 4 | Experimental data and curve fits showing decreasing curvature with
increasing thickness (δ) of the nanoparticle walls during sintering.
a, b Additional curvature data for 20μm and 35μm thick silver nanoparticle walls
after sintering at 300 °C. c AJ printed nanoparticle walls (1.5 × 1.5mm) with
increasing thickness from 20μm to 140μm. Scale bar (1.5mm). A video showing

the bending during sintering is included in SupplementaryMovie 4. dCurvature of
the walls shown in c as a function of time indicating the peak curvature and partial
recoil. e Final deformation state of the silver nanoparticle walls after sintering at
300 °C. Scale bar is 1.5mm.
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the sintering (volumetric) strain θS, directly related to the porosity ϕ:

θS =ϕ� ϕ0 ≤0;
_θS =

dθS
dt

= _ϕ, ð1Þ

whereϕ0 is the initial porosity.When themass transport is present, the
additional mass transport (volumetric) strain θm appears, subject to
mass conservation law: _θm = � ∇ � q. The flux, q, is the solid volume
flux at constant porosity. If the elastic and thermal compressibility of

solid is neglected, this is equivalent to the mass flux. The total volu-
metric strain is then:

θ=θS +θm: ð2Þ

The sintering is driven by the minimization of the surface energy
of pores. The surface energy density PðϕÞ (surface energy per unit
volume) is a function of porosity and satisfies the following

Fig. 5 | Two physical mechanisms of mass transport and elements of the
common macroscopic model. Particle squeezing mechanisms a on the particle
scale and b on a larger scale. c Typical micro-stress distribution for a pair of

particles. d Biased diffusion mechanisms. e Phenomenological mass transport
mobility for particle squeezing mechanism and the sintering pressure as functions
of porosity.
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constraints:

P ϕð Þ≥0;P 0ð Þ=0; dP
dϕ

= FðϕÞ≥0 ð3Þ

The dependence of the sintering pressure FðϕÞ on the porosity is
shown in Fig. 5e. Starting from the initial porosity ϕ0, the sintering
pressure rapidly reaches a peak as porosity decreases and is dimin-
ished at low porosities. To define the thermodynamic driving force for
the mass transport, we imagine fictitious constraints preventing such
transport. These result in internal (self-equilibrating) forces and
internal strain energy (even in the absence of external loads and
macro-stresses). Thus, the produced micro-elastic strain energy
increases with increasing sintering strain gradient and is relaxed by the
mass transport strain gradient. Upon inspection (e.g., Fig. 5b), it is clear
that these gradients must point in the same direction to cancel out.
The simplest model for such internal micro-elastic strain energy den-
sity is the quadratic form of the two gradients:

Q ∇θS,∇θm
� �

=
1
2
Bl2ð∇θS � α∇θmÞ2 ≥0, ð4Þ

where Bhas the dimensions of elasticmodulus, l is the characteristic
length (e.g., average particle size), and the coefficient α represents
the ratio of sintering strain gradient and the mass transport strain
gradient which fully relaxes the micro-elastic energy. It is expected
to be of order 1. In our simulations, we assume α = 1. We consider the
macro-stress-free problem with an externally controlled tempera-
ture field. The changes in temperature resulting from dissipation
are negligible compared to the imposed temperature, so that heat
conduction is notmodeled.We assume that the temperature affects
mobilities but does not affect the potential energy of the system.

The potential energy of the system thus includes the surface energy
density PðϕÞ and internal micro-elastic strain energy density
Q ∇θS,∇θm

� �
:

E =
Z

V
P ϕð Þ+Q ∇θS,∇θm

� �� �
dV : ð5Þ

The governing equations (derived in the Methods section below)
for the domain V , have the form:

_ϕ= � μðTÞ F ϕð Þ � Bl2 ∇2ϕ� α∇2θm
� �h i

_θm = � ηðϕÞαBl2ð∇2ϕ� α∇2θmÞ

8<
:

9=
; in V , ð6Þ

while the boundary conditions on the boundary ∂V with unit
outer normal n, are

n � ∇θS ¼ αn � ∇θm on∂V : ð7Þ

The phenomenological mass mobility coefficient ηðϕÞ is illu-
strated in Fig. 5e for the particle squeezingmechanism. It describes the
available space in the network for particle displacement, but also the
state of sintering necks, i.e., the availability of particles for displace-
ment. Consequently, it has positive values only in the early stages of
sintering. It has the maximum value initially η ϕ0

� �
=η0, then rapidly

decreases to zero ηðϕ<ϕ*Þ=0. Below the critical porosity for ϕ*, the
particle network is frozen and the particle squeezing mechanism
cannot operate. We expect that ηðϕÞ for the biased diffusion
mechanisms will decrease more gradually towards zero.
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Fig. 6 | Comparison between experimental and computational results. Tem-
perature difference for 20μm and 35 μm walls is 3 °C and 3.5 °C, respectively,
based on the heat transfer analysis in Supplementary Note 3. The model para-
meters are given in Supplementary Table 1. a Curvature of the 20 and 35μmwalls
as a function of time for the first experimental group. b Curvature of the 20 and
35μmwalls as a function of time for the second experimental group. c Sensitivity

of curvature with respect to the temperature difference for all six experimental
groups for 20μm walls. The solid blue line is obtained using the temperature
difference of 3 °C. d Sensitivity of curvature with respect to the temperature dif-
ference for all six experimental groups for 35μm walls. The solid red line is
obtained using the temperature difference of 3.5 °C.
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For homogeneous sintering (uniform temperature andporosity at
all times), the sintering rate takes the form:

_ϕhomo = � μ Tð ÞF ϕð Þ: ð8Þ

This function can be extracted from homogeneous sintering
experiments. The sintering mobility μ Tð Þ is expected to have the
standard form of thermally activated processes:

μ= νexp �ΔG
kT

� 	
: ð9Þ

where ΔG is the activation energy of the relevant diffusion process
(bulk or surface), k is the Boltzmann constant, and ν is the pre-
exponential related to the grain size and the attempt frequency in
elementary diffusion steps. The mobility here is the effective mobility
for a grain, not thediffusionmobility. Itwill scalewith the grain size in a
manner similar to creep strain rate33.

We consider a slender freestanding wall of uniform thickness δ
with a temporary lateral temperature gradient ΔT=δ. The sintering is
done under nominal temperature T0≫ΔT . The resulting one-
dimensional problem is solved numerically (details in Supplementary
Note 5) for various thicknesses of freestanding walls and ΔT estimated
from numerical simulations of Supplementary Note 3. Dimensional
analysis (given in the Methods Section) indicates that the problem is
governed by three non-dimensional parameters:

�α =
αη0

μ0
;β=

B
F0

l
δ


 �2

;Δ�T =
ΔT
T0

, ð10Þ

where η0 and F0 are shown in Fig. 5e, and μ0 =μðT0Þ is given in Eq. (9).
In our experiments δ is controlled, whileΔT andT0 are estimated from
simulations (Supplementary Note 3). We use the same nanoparticles,
binder, and printing method in all experiments. Therefore, the para-
meters �α and βδ2 =Bl2=F0 are expected to be the same for all tests. We
select �α and βδ2 for the overall best fit to all experiments, then test the
consistency of computational and experimental results with respect to
the variations in the wall thickness.

A comparison between the simulations and experiments is given
in Fig. 6, with additional results provided in Supplementary Fig. 2a–d.
The computational model predicts peak and permanent curvatures
during nonhomogeneous sintering observed experimentally with
reasonable accuracy. Since the temperature difference obtained from
the thermal perturbations in Supplementary Note 3 is an estimation,
we also carried out the sensitivity analysis for the 20μm and 35 µm
thick walls with respect to temperature difference. The sensitivity of
curvature to the temperature difference for all six experimental
groups for 20μm and 35μm thick microwalls is shown in Fig. 6c, d,
respectively. The experimental data falls within a reasonable range of
values.

We also carry out a parametric analysis by varying model para-
meters (details provided in Supplementary Note 5) and two results
bear emphasis:
(1) The increasing effective-stiffness-to-sintering-pressure ratio B=F0

produces higher permanent curvature but diminishes the tran-
sient curvature, i.e., the difference between the peak and perma-
nent curvatures (Supplementary Fig. 7).

(2) The effect of the particle size l cannot be assessed based on the
continuum model without more precise knowledge of the oper-
ating mass transport mechanisms. Hidden in the continuum
model is the effect of particle size on: the maximum sintering
pressure F0, the characteristic sintering mobility μ0, and the
characteristic mass transport mobility η0. Thus, the question of
particle size effect remains open.

We thus show that freestanding structures of unsintered nano-
particles fabricated via Aerosol jet 3D printing exhibit distortion dur-
ing sintering when heated on a hot plate. The experimental setup
allows in situmeasurements of curvatures during heating. The absence
of detectable porosity gradients in the final structure indicates the
existence of a mass transport mechanism, moving the mass towards
lower temperature regions. The two candidate physical mechanisms
are driven by the same physical phenomenon—the relaxation ofmicro-
elastic strain energy—and are thus describable by one macroscopic
continuum model. The resulting model captures the trends in the
development of the curvature of the freestanding structures with
reasonable accuracy.

Finally, there is the tantalizing possibility of using predictable,
controlled distortion for creating complex curved shapes in the sin-
tering phase of 3D printing. For that, a full understanding of the mass
transport is needed as well as the effective means of controlling tem-
perature differences, including determining the potential for binders
in the ink to provide lubrication for particle motion. Nanoparticles are
already printed in 3D shapes, such as microlattices and spirals11.
Appropriate inverse programming can lead to previously impossible
microscale shapes/structures andexpandpossibilities in thefieldof 4D
printing.

Methods
Sample fabrication
We considered two geometries, namely, micropillar arrays and free-
standing microwalls to study the shape distortion during sintering.
These freestanding, unconstrained structures are fabricated using an
Aerosol Jet 3D printer (Model AJ-300, Optomec, Inc., Albuquerque,
NM) as shown in Fig. 1a. Silver nanoparticle ink used to construct the
micropillars (Prelect TPS 50 G2, Clariant Group, Frankfurt, Germany)
had particles sizes in the range of 30–50 nm. The silver nanoparticle
ink (i.e., dispersion) used to construct the microwalls (Metalon JS-
A221AE, Novacentrix, Austin TX) had an average particle size of 47 nm.
The silver inks were diluted with deionized water with a ratio of 3:1.
Prior to printing, the geometry of the structures was drawn in Auto-
CAD using a program in the software AutoLISP (AutoCAD 2015,
Autodesk Inc., San Rafael, CA) and converted to a prg file which can be
read by the printer software. The 150μm diameter nozzle was used to
fabricate all the structures. Ultrasonic atomization was used in the AJ
3D printer. Pillarswereprintedwith a platen temperature of 90 °C, and
walls were printed at 80 °C. Nitrogen flow through the atomizer was
set to approximately 25 SCCM and sheath flow was set to approxi-
mately 50 SCCM. The substrate size was 25 × 25 × 1.5mm. A copper
substrate is used for themicropillar experiments and a silver substrate
for the microwalls. The change in the substrate type was prompted by
excessive oxidation of copper that tended to affect the adhesion of the
microwalls to the substrate.

Sintering conditions and curvature measurement
Themicropillars andmicrowalls printed on a substrate were placed on
a hot plate for sintering, as shown in Fig. 1b, c. The temperature of the
surface of the hot plate (Model HS40, Torrey Pines Scientific, Carlsbad
CA) was controlled by a programmed 8-hour cycle. The heating cycle
included a ramp to 300 °C at a rate of 3 °C/min; a hold of 5 hours;
followed by cooling to room temperature at a rate of 3 °C/min. The AJ
printed samples on a substrate were placed/attached on another silver
substrate, which was placed on the surface of the hot plate, with
thermal paste (boron nitride paste, Slice Engineering, Gainesville FL)
applied between each layer. The kinetics of deformation were mea-
sured using a high-magnification video camera. The distortions of the
micropillars andmicrowalls were recorded using a camera (Canon EOS
T7i, Canon Inc, Tokyo, Japan, with Infini-Probe TS-160 lens from Infini
Inc, Centennial CO) as shown in Fig. 1c. Side views of the samples were
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taken every 15 seconds to create timelapse videos of the walls to track
the curvature change.

Experimental data analysis for wall bending
Side views of the images were recorded at 15-second intervals during
sintering and were used for the data analysis. About 22 images at dif-
ferent times were chosen for the curvature analysis of each experi-
ment. Three points representing the wall’s curve were selected from
each image inMatlab to estimate thewall curvature at that instant. The
walls showed maximum bending at the bottom; therefore, the points
selected for curvature consisted of the first one at the base, the second
one at the bend near the bottom, and the third one closer to the top.
The estimated measurement error was about ± 5%.

Temperature measurement and analysis
A thermal camera (Model A655, Teledyne FLIR Inc,Wilsonville OR) was
used to measure the temperature of the front and back of the micro-
walls every 10mins throughout the sintering process. Heat maps were
captured as jpg files and individual pixel temperature data was cap-
tured as a csv file. Three temperature measurements were taken at
every interval (front-back-front), where the temperature of the front of
the wall was averaged to mimic concurrent temperature measure-
ments on both sides of the walls. The temperature data/pixels col-
lected as a csv file were analyzed using a program written in Matlab.
First, the objects at room temperature (outside of themicrowalls)were
isolated and removed from the analysis. The microwalls were then
isolated from the substrate with a secondary filter in Matlab with a
temperature threshold observed from the heatmap. Due to limitations
discussed earlier, only qualitative information from these results is
meaningful (i.e., the determination of which side of the wall is hotter).
This was determined by comparing an average of the captured tem-
perature data for the front and back of each wall.

Porosity gradient
Focused Ion Beam or FIB (FEI dual beam plasma, FEI Corp, Hillsboro,
OR) alongwith SEM techniquewasused to cross-section and image the
microwalls to examine the porosity gradient through the thickness of
the microwalls. The irregular pore shapes of the sintered samples
created a significant spread in thedata, sowedecided touse a different
approach to study any potential porosity gradient. A samplewhichhad
previously been sintered on a hot plate using the same temperature
profile as other experimentswas subsequently reheated in an oven at a
higher temperature (400 °C) for a longer time (10 hr) to further reduce
the porosity. The wall showed no change in shape upon further sin-
tering and had an overall porosity of 9.9% (about half of the original
samples). With smaller pores, the analysis becomes much clearer and
more meaningful. Nine individual images were taken from the cross-
section for this analysis (to accommodate curvature) for each of the
five regions through the wall thickness. This data is plotted in Fig. 3e
which includes the weighted average and standard deviation across
the nine images for each subdivision. The data is weighted by the size
of each image as they are not exactly equal.

Porosity data from additional cross-sections using the samples
after the original experiments (without additional sintering) are shown
in Supplementary Fig. 1a–c (for a total of three walls in this condition,
each one 35 µm thick), including a line of best fit. Position ‘1’ is the
convex side for each of the walls, while position ‘5’ is the concave side
after bending. The porosity data obtained from the FIB images (Sup-
plementary Fig. 1a–c and Fig. 3d–f) was combined and plotted as the
porosity difference from the individual sample mean, allowing for
comparison between samples with different average porosity. This
data accounts for 48 individual cross-section images across four dif-
ferent walls. The average and standard deviation are weighted such
that each wall is given equal weight (to remove the effect of each wall
requiring a different number of images to accommodate curvature)

and individual cross-sections within a wall are weighted by their size as
before.

Experimental thermal analysis
TGA of the as-received nanoparticle ink used in this work was per-
formed (Q50, TA Instruments, New Castle, DE). The ink was heated in
an air environment from 25 °C to 500 °C at a ramp rate of 10 °C/min.
Additional tests used a ramp rate of 30 °C/min until reaching a dwell
temperature, after which the ramp rate of 10 °C/min was used to reach
the final temperature of 500 °C. Differential scanning calorimetry or
DSC was also performed (Model STA 6000, Perkin Elmer, Waltham,
MA) on the as-received nanoparticle ink. The ink was heated to a
maximum temperature of 975 °C, again at a ramp rate of 10 °C/min.
The test was run twice in succession, first on a sample of 5 µL of ink to
capture the effects of solvent evaporation, binder burnout, and sin-
tering and second on the exact same remaining silver to show the
results without any of the listed effects.

Additionally, the thermal conductivity of the printedmaterial was
measured at various points during the sintering cycle. Above 200 °C,
the Wiedemann-Franz Law was utilized. The electrical conductivity of
high-aspect-ratio silver lines was measured using the 4W method34,
and the cross-section area of the printed and sintered lines was mea-
sured using physical profilometry (KLA Tencor P-15 Profilometer, Mil-
pitas, CA). At lower temperatures where lattice contributions
dominate over electronic contributions, the Wiedemann-Franz Law is
insufficient, so we used an alternative method, frequency-domain
thermoreflectance (FDTR)35. For this method, a 9 µm thick layer of
printed silver ink was coated with a 70 nm thick layer of gold and
subjected to an incident laser in a non-contact, pump-probe experi-
ment. In this technique, a phase delay is generated between the
intensity modulation of the two lasers due to the material’s thermal
responsivity. The phase delay data is fit to a solution of the heat dif-
fusion equation to determine the sample’s thermal conductivity36, and
the uncertainty is quantified using a Monte Carlo approach37–39.

Mathematical formulation
The rate of change in the potential energy given in Eq. (5) can be
written as

_E =
Z

V
F _ϕ+

∂Q
∂∇θS

� ∇ _ϕ+
∂Q

∂∇θm
� ∇ _θm

� 	
dV

=
Z

∂V
n �M _ϕ� αn �M _θm

n o
d∂V

+
Z

V
F � ∇ �M½ � _ϕ+∇ � ðαMÞ _θm

n o
dV :

ð11Þ

The dissipative constitutive law connects the power conjugate
fields and, for a purely dissipative process, it also provides the gov-
erning equations:

_ϕ= � μ Tð Þ F ϕð Þ � ∇ �M½ �; _θm = � η ϕð Þ∇ � αMð Þ, ð12Þ

where the vector field M =Bl2 ∇θS � α∇θm

� �
=∂Q=∂∇θS, has dimen-

sions of torque per unit area (i.e., the couple stress).While thismay not
be obvious in the simplified macro-stress-free theory presented here,
the full formulation is a strain gradient theory40, albeit of the
dissipative type41. The boundary conditions in Eq. (7) follow from the
requirement that the normal mass flux vanishes at free bound-
aries: n �M=0.

Dimensional analysis of the one-dimensional problem of wall
bending
We consider a slender cross-section of freestanding walls with a tem-
porary lateral temperature gradient. The structure extends in the
direction x, with a small uniform temperature gradient in the direction
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y 2 ½0,δ�. The sintering is done under nominal temperature T0, but
with maximum temperature variation ΔT≪T0. The temperature
Tðy,t;T0,ΔTÞ is a prescribed function designed to approximate the
temperature difference between the sides y=0,δ, obtained by simu-
lations as discussed in SupplementaryNote 3. The characteristic length
in the process is the wall thickness, δ, and the characteristic time,
1=μ0F0, is the reciprocal of themaximumhomogeneous sintering rate,
Eq. (8), under nominal temperature. The non-dimensional quantities
will be denoted by the overbar, e.g., �y= y=δ. We consider the problem
with linearized kinematics.

The non-dimensional problem is governed by three non-
dimensional parameters in Eq. (10) and the prescribed temperature
function �Tð�y,�t;Δ�TÞ. The governing equations are 2nd order, nonlinear
PDEs, with boundary and initial conditions:

∂ϕ
∂�t = � �μð�TÞ �F ϕð Þ � β ∂2ϕ

∂�y2
� α ∂2θm

∂�y2

� �h i
∂θm
∂�t = � �αβ�ηðϕÞ ∂2ϕ

∂�y2
� α ∂2θm

∂�y2

� �
8><
>:

9>=
>;�y 2 0,1½ �,

∂ϕ
∂�y

����
�y=0,1

=α
∂θm
∂�y

����
�y=0,1

;ϕ �y,0ð Þ=ϕ0;θm �y,0ð Þ=0: ð13Þ

The parameter �α is the ratio of respective mobilities. When both
�αβ≪1 and β≪1, we have homogeneous sintering. The mass transport
strain θm is negligible and the porosity evolves according to Eq. (8).
When only �α≪1 and β is not, the mass transport strain θm may be
negligible (depending on �αβ), but the gradient in ϕ produces the
internal sintering pressure, β∂2ϕ=∂�y2, so that sintering is not homo-
geneous. Finally, when only β≪1 but �αβ is not, the porosity evolves
homogeneously, but themass transport strain θm is not negligible, nor
homogeneous.

Numerical method
The initial/boundary value problem in Eq. (13) is solved using a second-
order finite element space scheme and the forward Euler method for
time discretization. The computational domain is discretized with a
uniformmesh sizeΔ�y = 10−2. The stability of the scheme is ensured by a
small timestep. Convergence is checked by comparing solutions for
curvature for various mesh sizes and timesteps.

Data availability
All data needed to evaluate the conclusions in the paper are present in
the paper and/or the Supplementary Information. Additional data
related to this paper may be requested from the authors.

Code availability
Code available on request from the authors.
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