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The recent discovery of novel charge density wave (CDW) and pair density
wave (PDW) in kagomé lattice superconductors AV3Sbs (A =K, Rb, Cs) hints at
unexpected time-reversal symmetry breaking correlated and topological
states whose physical origin and broader implications are not understood.
Here, we make conceptual advances toward a mechanism behind the striking
observations and new predictions for novel macroscopic phase coherent
quantum states. We show that the metallic CDW state with circulating loop
currents is a doped orbital Chern insulator near van Hove filling. The emergent
Chern Fermi pockets (CFPs) carry concentrated Berry curvature and orbital
magnetic moment. We find that the pairing of electrons on the CFPs leads to a
superconducting state with an emergent vortex-antivortex lattice and the
formation of a complex triple-Q PDW. A plethora of correlated and topological
states emerge, including a never-before-encountered chiral topological PDW
superconductor, a loop-current pseudogap phase, and vestigial charge-4e and
charge-6e superconductivity in staged melting of the vortex-antivortex lattice
and hexatic liquid crystal. Our findings reveal previously unknown nature of

the superconducting state of a current-carrying Chern metal, with broad
implications for correlated and topological materials.

The field of transition-metal kagomé lattice materials has leapt forward
with the discovery of superconductivity in a new family of vanadium-
based kagomé metals AV;Sbs (A=K, Rb, Cs)"% In contrast to the
insulating kagomé compounds extensively studied for quantum spin
liquids and doped Mott insulators®>, AV3Sbs are nonmagnetic corre-
lated metals with itinerant electrons traversing the geometrically fru-
strated kagomé lattice. They are complementary to the (Fe, Co, Mn)-
based itinerant kagomé magnets that exhibit rich correlated topolo-
gical phenomena®™, but have remained nonsuperconducting at low
temperatures.

All AV;Sbs undergo charge density wave (CDW) transitions below
Teaw ~ 78 =103 K and superconducting (SC) transitions below 7.~ 0.9 -
2.5 K. Both diagonal and off-diagonal long-range ordered states turn
out to be highly intriguing and display a complex landscape of

spontaneous symmetry breaking phases. The CDW state has 2aq x 2ao
charge order in the kagomé plane stacked along the c-axis> . Despite
the absence of magnetism, the CDW state shows evidence of sponta-
neous time-reversal symmetry (TRS) breaking'??°?? and exhibits giant
anomalous Hall effect (AHE)***. The CDW state also breaks rotation
symmetry'>3151%%_ Below T, a pair density wave (PDW) order was
discovered®, where the finite-momentum pairing modulates the SC
gap and coherence peaks with £ a, x % a, periodicity. The primary PDW
produces an unexpected pseudogap phase in striking comparison to
the high-T, cuprates®.

The physical origin and implication of these remarkable obser-
vations are currently unknown. We study them here in order to
understand quantum materials exhibiting both the intrinsic AHE and
superconductivity. We show that, close to the van Hove (vH) filling, the
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breathing kagomé lattice with circulating current gives rise to a loop-
current Chern metal with Chern Fermi pockets (CFPs) carrying con-
centrated Berry curvature, which can account for the observed quan-
tum oscillations®*** and the large intrinsic AHE*?*. The SC state
arising from the normal state Chern metal with loop currents turns out
to be highly unconventional, since the supercurrents must circulate
around spontaneously nucleated vortices. We find that finite
momentum pairing on the CFPs leads to novel roton PDW states with
an emergent vortex-antivortex lattice. Remarkably, due to the Fermi
surface (FS) reconstruction in the 2ag x 2a, CDW state, the CFPs are
connected by the wavevector %QBragg' leading to the triple-Q roton
PDW with the observed 4a, x %4, periodicity".

Superconductivity intertwined with broken spatial symmetries
generates a landscape of extraordinary correlated and topological
states that are relevant for current experiments. We find a fully gapped
chiral topological PDW superconductor protected by an induced uni-
form charge-2e condensate. The phases that straddle the SC ground
state and the normal state Chern metal are intriguing. Staged melting
of the vortex-antivortex lattice and hexatic liquid crystal state by the
proliferation of topological defects such as dislocations and disclina-
tions produces spatially uniform charge-4e superconductivity with
orientational order and isotropic charge-6e superconductivity. Alter-
natively, destroying the SC phase coherence before restoring the
crystalline symmetry leads to a loop-current pseudogap phase.

Results

Breathing kagomé lattice

In the AV;Sbs compounds, V atoms form an ideal kagomé lattice
coordinated by Sb atoms and the alkali atoms (A4) intercalate between
the kagomé layers. Very similar band structures are predicted across
the series by the density functional theory (DFT)", in overall agree-
ment with the measured band dispersions>**~* There is an electron FS
around the center of the hexagonal Brillouin zone (BZ) derived from
the Sb p, orbital, while the actions of the low-energy V d-orbitals are
located near the zone boundary, forming quasi-2D FS sheets close to
the vH singularities.

Energy E/t

w=0.19¢ €

2x2 folding

Fig. 1| Itinerant fermions on kagomé lattice. a Lattice structure with three sub-
lattices denoted by red (1), blue (2), and green (3) circles. The two basis vectors
defining the unit cell are ;= (1,0) and @, =(- 1, ?). The reciprocal lattice vectors
b, = j—’%(*?,%) and b, = 4—};(0, —1). The third direction follows a; = - a; - a, and

b3 =-b; - b,. b Band dispersion and DOS. Fermi level at vH filling is marked by the
grey line at u = 0. c FS at vH filling in the hexagonal BZ (solid cyan curves). Thickness
of colored lines and numbers display the sublattice contents. The high symmetry
points=(0,0), K=(+ %L,0), (+ &, + %) andM=(0,+ %),(i m, ). d Sublattice
resolved FS at i =0.19¢ for electron doping above vH filling. Dashed cyan curves
enclose the 2 x 2 reduced BZ with the resulting high symmetry points denoted by
K, =1Kand M, = }M. e FS in (d) folded by the 2 x 2 BZ boundary.

To capture the most essential physics of a d band crossing the
Fermi level near the vH point, we consider the one-orbital model on the
kagomé lattice as depicted in Fig. 1a with the lattice constant ap =1. The
locations of the three sublattices in the unit cell at r are given by
r,=r —1la;, r,=r, and r; =r+ la,. The tight-binding model for the
corner-sharing up and down triangles of the kagomé lattice is written
as,

Hp=— Z [ ﬁﬁ(l‘)Cerﬁr + tgﬁ(r)C;rCﬂr—aV +h,C.] — gy, (1)
(apyr

where ¢}, creates an electron on sublattice a in unit cell r, tf;'g (r) is the
nearest-neighbor (nn) hopping in the up and down triangles between
sublattices a and B, u is the chemical potential, and A, =cl,c,, is the
density operator. The sublattice indices run over (a, 8,y) =(1,2,3), (2,
3,1),(3,1,2) and spin indices are left implicit.

To reveal the unique geometry of the kagomé lattice, which plays
a crucial role in the charge ordered state, we rewrite

Hp= = [t;,;(r)x;,;(r)+t;,;(r)xgﬁ(r)+h~6} = gy, 2
(aBy)r

where tjﬁ:%(tl‘;ﬂitzﬂ) and the corresponding symmetric (+) and
antisymmetric (-) nn bond operators,

Xoi(rﬁ(r) = ijrcﬁr * C:;rcﬂr—ay' 3

For a kagomé lattice with uniform nn hopping, t;ﬂ(r)=t and
tM=0. The corresponding band dispersion and density of states
(DOS) are shown in Fig. 1b. A uniform tap(®) =6#0 produces an intra-
cell breathing kagomé lattice®> without breaking lattice translation
symmetry. A spatially modulated hopping t;ﬁ(r)=6 cos(Q-r)
describes a breathing kagomé lattice with broken translation sym-
metry and a bond ordered CDW with wavevector Q.

Complex CDW and Chern Fermi pockets
At band filling n,y=5/12 or p=0, the sublattice-resolved FS is the
hexagon connecting the vH singularity at the M points of the BZ in
Fig. 1c. Theoretical studies at this vH filling have demonstrated a rich
set of instabilities toward correlated states due to the unique sublattice
quantum interference effects*~*°. The extended Coulomb interactions
V can play a more important role than the local Hubbard U and pro-
duce a 2ag x 2ay bond ordered CDW, which is indeed consistent with
the triple-Q CDW observed in the multi-orbital AV;Sbs where the Fermi
level lies close to the d-bands vH singularities. The DFT calculations'®
show that the 2a, x 2ao CDW is accompanied by the softening of the
phonon breathing mode at the zone boundary M points of the kagomé
lattice (Fig. 1c). This corresponds to the triple-Q breathing modulation
of the antisymmetric bond in Eq. (2) and is described by the Hamil-
tonian

H —_

cdw —

w%:)r Py cos(QL - Dy (1) +he, @)

where the CDW wavevector Qf=1G% with the Bragg vector
G"*?=b,, 3. The CDW maintains rotation and inversion symmetry, and
exhibits the star-of-David (SD) and inverse-SD (tri-hexagonal) bond
configurations for p, >0 and p, <O, respectively. Nevertheless, these
bond ordered CDWs are real and do not break TRS.

Motivated by the conjecture of spontaneous TRS breaking orbital
currents”, a long-sought after quantum state also relevant for the
pseudogap phase in the high-T, cuprates*’ >’ and the quantum anom-
alous Hall insulators®, several theoretical studies have explored
complex bond ordered triple-Q CDWs supporting circulating current
and plaquette flux"*. At the vH filling, the electron-electron
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Fig. 2 | Complex CDW and Chern Fermi pockets. a Schematics of the 2ag % 2a,
CDW state. Electron density is 0.878 (0.810) on the red (blue) sites. Three complex
hoppings on the black, green, and brown bonds are 0.499 + 0.123{, 0.345 + 0.162i,
and 0.349 + 0.110, respectively, giving rise to four independent plaquette fluxes
®1,...4=(0.840,-0.028, - 0.291, 0.014)m. The net flux through the unit cell (shaded
grey) is zero. b Band dispersion in the folded BZ and DOS. Bands are marked by

DOS (a. u.)

corresponding Chern numbers. ¢ Intensity plot of the DOS at the Fermi level,
showing the spectral weight of the CFPs. Locations of the pockets are super-
imposed as red solid ellipses on the right half of the BZ. d Berry curvature dis-
tribution Q(k) of the C=3 Chern band in b. e Orbital magnetic moment distribution
m(K) of the C=3 Chern band in unit of ta3e/2h.

interactions can drive a complex CDW state** and produce an orbital
Chern insulator”**, It has also been mentioned that finite doping or
imperfect nesting may lead to secondary orders from the residual
Fermi surfaces, such as the unidirectional charge order and the triple-Q
PDW*. Since the actual Fermi level is away from the vH points of the d-
bands at M in all three AV;Sbs compounds'®*™2, it is important to
study the complex bond ordered phase close to but not at vH filling. As
we show below, this results in a novel loop-current Chern metal with
CFPs and an emergent primary PDW state detected in CsV;Sbs".

We thus study the physics above VH filling (n = ny) by setting the
symmetric hopping tgﬁ(r)=t uniform as the energy unit and the che-
mical potential ¢z = 0.19¢ in Eq. (2) with the sublattice resolved FS contour
shown in Fig. 1d. The physics below vH filling is similar, with hole-like
CFPs. The triple-Q complex CDW described by H.q,, in Eq. (4) is gener-
ated by a complex p,, which amounts to a correlation-induced breathing
modulation of the antisymmetric hopping ¢,4(r)=p, cos(Q! - r) in the
single-orbital model in Eq. (2). Besides being physically intuitive, we find
that such a complex CDW state with equal amplitudes in the 3Q direc-
tions p, =p can be realized as the self-consistent mean field ground state
driven by nn (V}) and next-nn (V,) Coulomb interactions (See Methods).
Diagonalizing H=Hy, + H.qw with p=(0.1+0.3i)(1,1,1), we obtain the
2aq *x 2ao complex CDW state shown in Fig. 2a characterized by three
different current-carrying bonds. Accumulating the link phases around
the plaquettes produces four gauge-independent plaquette fluxes ¢, 4
in the shaded 2 x 2 unit cell. The flux is staggered since the total flux
O =@, +3¢,+2¢5+6¢, is zero by symmetry. This orbital antiferro-
magnet breaks TRS but maintains inversion and C4 rotation symmetry
and gives rise to topological Chern bands on the kagomé lattice.

The band dispersion and the DOS are shown in Fig. 2b in the
reduced BZ. The Fermi level crosses the red Chern band with Chern
number C=3 near the M, points, corresponding to electron dop-
ing of the Chern insulator at vH filling. The CDW metal is therefore
a doped orbital Chern insulator with emergent CFPs, as shown in
Fig. 2¢c, residing along I'-K and around M, along I'-M direction due
to the 2 x 2 band folding (Fig. 1e). Each CFP has a volume -0.56% of

the original BZ. Remarkably, FS reconstruction and FS pockets of
similar sizes have been detected by quantum oscillation
experiments'®2%?7,

To understand the intriguing properties of the CFPs, we calculate
the Berry curvature and orbital magnetic moment (See Methods) of
the hosting C=3 Chern band. Figure 2d shows that the Berry curvature
in momentum space Q(k) concentrates heavily on the CFPs. Remark-
ably, small orbits carrying large Berry phase have indeed been
detected in quantum oscillations'®**’. As a result, the CFPs contribute
significantly to the AHE in addition to the fully occupied Chern bands
in Fig. 2b: 0,,=25 — 25 [ $kQ(k) ~ 1.15. Using the c-axis lattice
constant c~8.95A!, the magnitude of the intrinsic anomalous Hall
conductivity is estimated 0,,/c ~474Q™ cm™, which accounts for the
observed large intrinsic AHE (- 500Q7 cm™)*%*, Moreover, the CFPs
naturally lead to carrier density dependent intrinsic AHE observed by
controlled gating in CsV3Sbs nanoflakes®.

The calculated orbital magnetic moment m(K) is plotted in Fig. 2e
for the C=3 Chern band hosting the CFPs in unit of ta3e/2h ~ 1.9,
using the lattice constant ao ~ 5.4 A and the hopping t=0.5eV, corre-
sponding to a 3eV bandwidth of the d-band. The orbital moment, as
large as 5up, concentrates on the CFPs and couples to an applied
magnetic field along the c-axis via the orbital Zeeman effect - m(k)B,.
We thus expect strong and k-dependent field-induced responses in the
electronic structure. Moreover, the intrinsic thermodynamic orbital
magnetization is calculated (Methods) to be M ~ —0.022p per V, which
is large enough to be detectable by thermodynamic measurements.

Vortex-antivortex lattice and roton PDW

The dynamically generated FS pockets are connected by well-defined
momenta due to the band-folding. Figure 3a displays the 12 color
coded CFPs. Pockets of the same color are related by the reciprocal
lattice vectors of the 2aqy x2a, CDW Gy, = 1G. Those of different
colors are, in contrast, connected by new wave vectors Q= %G and
ano = 3G inall 3Q directions, enabling new correlated quantum states
that can coexist with the 2aq x 2ao CDW.
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Fig. 3 |3Q PDW and gapped CFPs. a Structure diagram of the CFPs. Pockets drawn
in thick colored lines are connected by PDW wave vectors and carry most of the
spectral weight (Fig. 2¢). b Folded elliptical pockets in the 4 x 4 reduced BZ.

c Spatial distribution of the $ a, x %a, complex PDW; order parameter for A,=0.1¢,
with amplitude represented by color intensity and phase denoted by arrows. The
emergent PDW kagomé lattice is shown by red lines, while the background kagomé
lattice by white lines. Vortex and antivortex at the center of the triangles and
hexagons are visible by the phase winding indicated by the arrowed black lines.

R T
Energy E/t
d Fourier peaks under coexisting 2ao x 2a; CDW and %ao x %ao PDW,. e Low-
energy BdG quasiparticle bands in PDW; for A, = 0.1¢ (left panel) and 0.01¢ (right
panel) in the 4 x 4 folded BZ in b. Grey lines correspond to A, = 0. f Low-energy DOS
of PDW;. Top panel (A, = 0.1¢) shows three pairs of coherence peaks at the PDW
gaps of the three low-energy bands. Lower panel (A, = 0.01¢) shows a V-shaped SC
gap. A kgT =107t thermal broadening is applied. g Zoom-in of low-energy band
dispersions inside red and blue boxes in the right panel of e, showing a full gap due
to PDW induced uniform superconductivity.

Note that neither Q,,, nor ano leads to full nesting because of the
ellipticity of the pockets (Fig. 3b). Moreover, since the pockets are all
electron-like, or all hole-like if the vH point is above the Fermi level, there
is no instability in the particle-hole channel. Additional triple-Q CDWs at
these wave vectors cannot gap out the pockets (see Methods) and have
not appeared experimentally, possibly because they are ineffective at
lowering energy. A striped 4a, charge order was however observed by
STM on the Sb surface in CsV;Sbs™* which is allowed as a unidirectional
single-Q CDW in the Landau free energy analysis*®.

The path toward a stable correlated ground state can arise in the
particle-particle channel through a PDW with finite momentum Q,
pairing of a spin-down electron at momentum k and a spin-up electron
at—k+Q,. In contrast to a CDW, it does not require the connected
CFPs to be electron and hole like to produce a large susceptibility. The
outer CFPs in Fig. 3a carry the majority of the spectral weight (Fig. 2c)
and are more susceptible to a stabilizing PDW with $a, x %a, peri-
odicity (Methods). The energetically favorable triple-Q PDW therefore
has the wave vector Q,, = Qs = 3G, which connects each of the six
outer elliptical pockets in Fig. 3a with its two neighbors. This corre-
sponds precisely to the $a, x %a, periodicity of the observed PDW".

Pairing of electrons on the CFPs with orbital currents has not been
studied previously. The staggered normal state loop-current must be
confined to loop-supercurrent modulating the phase and circulating
the vortices in the SC state, which is thus inhomogeneous with an
emergent vortex-antivortex lattice. Since the microscopic pairing
interaction is currently unknown, we consider the simplest onsite spin-
singlet pairing,

Hogw= =Y 2854, (0)C, (F)CL, (1) +h.c., )
ar

where Agdw(r) is the order parameter on the a-sublattice in unit cell r.
Incommensurate hexagonal PDWs have been studied”’. For commen-
surate PDWs in the kagomé superconductors, a symmetry analysis
taking into account the kagomé lattice and the intrinsic 2ag x 2ao CDW
is necessary. The six basic PDW components carrying momenta + Q’f,
and centered at ry can be written as

A= B3 Tet b,

where =1, 2,3 denotes the three hexagonal directions and 2¢,, is the
relative phase between the J_rQ’I’3 modes. Inversion and C¢ rotation
symmetry requires that the amplitude and phase factor Alf” :Apei‘/’n,
where @, =£0(n-1)2n/3 with £=0, 1 stems from the eigenvectors of
rotation.

In contrast to the incommensurate case, the center ry of the
commensurate PDW must be pinned to equivalent Cq rotation centers
of the loop-current CDW in Fig. 2a (see Methods). A coherent super-
position gives the allowed PDW states

A%y (N =€%8, S €1 cos[Ql - (r, — to)+,), ©)
n=123

where 6 is the global SC phase. Since there are 2 x 2 such rq locations
within each PDW unit cell that are connected by a m-phase shift, the
symmetry of the PDW states described by Eq. (6) is U(1) x Z, x 7, and
the phase @,, can be defined as modulo 7 (see Methods). Among the
possible PDWs, the complex PDWs with £ =+1 are consistent with the
broken TRS of the loop-current CDW, and the states with ¢,= (0, 0, 0)
are found to have a lower mean field energy, which will be denoted as
PDW,, hereafter. The spatial distribution of the PDW; order parameter
forms an emergent £a, x $a, kagomé lattice as shown in Fig. 3c. The
zeros of the order parameter located in the middle of the triangles and
hexagons are the centers of the single-vortex and double-antivortex,
respectively. Such a vortex-antivortex lattice, and thus the complex
triple-Q PDW.,, describes the conjectured roton-PDW?¥, based on the
notion that a roton corresponds to a tightly bound vortex-
antivortex pair.

Including the Hpqw, the total Bogoliubov-de Gennes (BdG)
Hamiltonian can be diagonalized, giving rise to the Fourier peaks in the
CDW and PDW field distributions in Fig. 3d. The BdG quasiparticle
spectrum is shown in Fig. 3e. The PDW gap is expected to open first at
the FS crossings*® of the CFPs in Fig. 3b. For large enough PDW
amplitudes, the CFPs are fully gapped, as shown in the left panel of
Fig. 3e at A, = 0.1t. Three gapped quasiparticle bands, stemming from
the three-colored CFPs, emerge with the minimum gap loci offset from
the Fermi momenta. The corresponding low-energy DOS in Fig. 3f (top
panel) reveals particle-hole symmetric gaps and three pairs of PDW
peaks in remarkable agreement with the DOS spectrum observed in
the SC state of CsV;Sbs®.
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For weaker amplitude A,, the PDW is expected to only gap out the
crossings of the CFPs in Fig. 3b along 'K, and I'-M, directions, leaving
gapless excitations on the residual FS sections. Figure 3e (right panel)
shows the quasiparticle dispersion of PDW; for an order of magnitude
smaller A, = 0.01¢. Surprisingly, the gapless PDW does not appear, and
upon zooming in, a full excitation gap is still visible in Fig. 3g. Since the
gap developed over the residual FS is small, the low energy DOS
(Fig. 3f, bottom panel) shows a V-shaped SC gap inside the PDW gap at
very low temperatures, with gap sizes~0.7meV and 10meV for
t=0.5eV, in agreement with STM observations®. The fully gapped PDW
state hints at an incipient uniform SC discussed below.

Intertwined CDW with orbital current

A primary PDW induces coexisting and intertwined electronic orders.
The secondary order can become the primary vestigial order after the
melting of the PDW by quantum and/or thermal fluctuations*’-%. We
find that the hexagonal symmetry Z,IQZ =0 and the intrinsic complex
CDW lead to a plethora of novel intertwined and vestigial states. The
induced CDWs originate from the bilinear products

Paas(1) < Do (NA” qu(F), P qu(F) X Age (DA, s (F),

and carry wavevectors that coincide with those of the intrinsic CDW
and primary PDW since 2Q”’ QX +G*, Qg + Qg =—-QY, and
Q- Q‘i Q) + Gy, +G", where G and G,,, are the reciprocal vectors
of the orlgmal and the 2x2 CDW lattice. Importantly, the complex
PDW.; generates a complex triple-Q CDW at Q,, with nonzero angular
momentum and orbital currents commensurate to those already pre-
sent in the intrinsic loop-current CDW metal.

Fluctuating PDW and pseudogap phase

The PDW order parameter transforms under the phase change
A+Qrz — e"’“%t'@mmn, where @, Qg u are the phonon modes
associated with the dlsplacement ﬁeld u of the PDW vortex-antivortex
lattice. For a commensurate density wave order, it is well known that
coupling to electrons leads to collective phase modes with an energy
gap oc A, (A,/W)M?/%, where W is the bandwidth and M the com-
mensurability ratio®. Due to the Z, x Z, commensurability locking, we
have M=2, and the energy gap is on the order of the PDW gap, in
contrast to the soft mode in the incommensurate case*’. This can be
the reason for the robustness of the PDW observed in CsV;Sbs, having
an energy gap around 5 mV”. When the proliferation of SC vortices in
6(r) due to quantum and/or thermal fluctuations drives (A +t) = 0, the
induced CDWs pQ , unaffected by the SC phase, become the vestigial
ordered states detectable directly by STM at the intrinsic CDW and
PDW wave vectors. The observed pseudogap phases®, both above T
and in a strong magnetic field above H,,, likely originate from such
fluctuating PDW states.

Intertwined BCS instability
Intriguingly, the hexagonal symmetry allows a secondary uniform SC
order?,

AS, A:Qr; (A (NAg ()= A3ei0-200), )

where Y ,¢,=2m was used. Accordingly, despite having only onsite
pairing, a unique sublattice d,._, tid,, superconductor with A5,
A3 S(1,e+i21/3, ¢¥21/3) arises and coexists w1th the primary roton PDW.;.
The induced uniform charge-2e condensate ensures an intertwined
BCS instability that fully gaps out the CFPs for arbitrarily small A, as
observed above.

Charge-4e and 6e superconductivity
The most striking intertwined and vestigial orders are the charge-4e
and charge-6e superconductivity described by the spatially uniform

higher-charge SC order parameters

Afe o BggA_qp =Ape? M%), Mg, o MrBgBqy =B5e™. (8)

Decoupled from the translational displacement field @, of the PDW,
they describe coexisting condensates of four-electron (two Cooper
pairs) bound states in d +id symmetry and six-electron (three Cooper
pairs) bound states in isotropic s-wave symmetry, and raise the potential
for realizing vestigial higher-charge superconductivity*’**°>*%, Deep in
the roton PDW state, the tightly bound vortex pairs form the hexagonal
solid depicted in Fig. 3c. The vestigial order can thus be described by the
celebrated Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory
for the staged melting of a vortex-antivortex lattice’® . In the KTHNY
theory, the proliferation of topological defects, i.e., translational dis-
locations in ®,, drives (¢/®) = 0 and destroys the PDW order (A +qt)=0,
as the vortex-antivortex lattice loses translation order and melts into a
liquid crystal where the vestigial Ay, A4, and Ag, prevail as the primary
orders.

Note that, analogous to a nematic, this liquid crystal possesses
discrete orientational order and is termed a hexatic®’. This can be seen
in the e*22« phase factors of Ay and A, in Eq. (7) and Eq. (8). Thus this
intermediate phase is a hexatic SC and the ¢, are related to the
ordering directors. The hexatic order parameter is defined by W4(r) =
€, where @(r)=1(0,u, — d,u,) measures the orientation of a
neighboring vortex bond relative to a fixed axis under the displace-
ment field”’. The hexatic SC is described by an effective low-energy
Hamiltonian in the long-wavelength limit H/kzT= %(VG)2
+ K—;(V(p)z — 8, cos(6¢) where p; is the superfluid stiffness, K4 the
Frank constant®™ for the hexatic stiffness, and g, the coupling constant
for the six-fold anisotropy. The charge 2e, 4e and 6e fields exhibit
power-law correlations G, 4 ¢ ~r=% 410, r=40s* 00, r=91s with ns=T/
2nps and n, = T/2nK, in the hexatic vortex-antivortex phase.

The topological excitations in the hexatic SC can be revealed
by the single-valuedness of the charge-2e order parameter Aj, in
Eq. (7), i.e., along a path encircling a point defect §d6 - 2$dp, =
n, % 2m. The equations imply independent SC 2m-vortices in 8 and
2n-disclinations in ¢ as well as m-single disclinations. Surprisingly,
the solutions also support fractional i-vortices”” with a phase
winding of 211/3 bound to -disclinations. The phase structure of
such logarithmically interacting topological excitations is well-
understood in the KTHNY theory by the vector Coulomb
gases*’“¢8, which can be described by an effective sine-Gordon
field theory Hy,, for the dual fields of 6 and @***. In the region
K4 < ps, the hexatic undergoes a second stage melting with the
proliferation of double disclinations into an isotropic liquid, where
the correlation of We(r) decays exponentially and vortices are free.
As a result, independent of the details of the transition, charge-2e
and 4e condensates are destroyed by the exponential decay cor-
relation of the e*2%. phase factors in the isotropic liquid, (As.) =
(A4e) = 0. Intriguingly, since the charge-6e order A¢. in Eq. (8) does
not couple to ¢ and is unaffected by disclinations, its correlation
remains algebraic. This is a novel SC phase with a charge-6e con-
densate and confined fractional I-vortices. The transition from the
charge-6e SC to the normal state proceeds by the unbinding and
proliferation of fractional 1/3-vortices and 1/3-disclinations. While
the detailed phase diagram deserves future studies, our findings
suggest that the kagomé superconductors offer a promising plat-
form for realizing higher-charge superconductivity.

Remarkably, charge-4e and charge-6e Little-Parks magnetoresis-
tance oscillations have been observed very recently in mesoscopic ring
structures fabricated using CsV;Sbs flakes®. It is conceivable that
making the ring devices introduces significant lattice defects and strain
fields that weakened and enabled the melting of the PDW before the SC
phase coherence. Candidate charge-4e and charge-6e SC states are
evidenced by the sequential change in the flux quantization from hc/2e
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Fig. 4 | Chiral topological PDW and chiral edge modes. a Schematics of a
cylindrical kagomé lattice with open boundaries in y-direction. A single

4 x 4 supercell is shown. Systems studied contain L, x L, supercells. An infinite L, is
used along the periodic direction in numerical calculations. b Low-energy quasi-
particle spectrum of the triple-QPDW; at A, = 0.1¢, showing two in-gap CEMs (blue
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and red). L, =64 with 4 x 4 supercell. ¢ Distribution along y-direction of the
supercell averaged wavefunction amplitudes of the two in-gap CEMs indicated in
b (red circle and blue square at k, =31/80), showing localization at the opposite
edges illustrated in (a).

to hc/4e and to robust Ac/6e over a widened fluctuation regime with
increasing temperatures®. Further theoretical and experimental stu-
dies are necessary to fully understand the possible realizations of
higher-charge superconductivity.

Chiral topological PDW

The chiral PDW ground state with fully gapped CFPs carries an integer
topological invariant V' € Z given by the total Chern number of the
occupied BdG quasiparticle bands in Fig. 3e. We obtain N'= -2 for
PDW.,, indicating two charge neutral chiral edge modes (CEMs) at the
sample boundary. Under inversion symmetric open boundaries in y-
direction (Fig. 4a), the spectrum of the BAG Hamiltonian for PDW; is
plotted in Fig. 4b, as a function of the momentum k, in the periodic x-
direction. Two CEMs of equal chirality inside the SC gap (red and blue
in Fig. 4b) pairwise localize on the opposite edges (Fig. 4c). We thus
conclude that the triple-Q complex PDWs are intrinsic chiral topolo-
gical superconductors.

Discussion

In this work, we studied loop-current Chern metals with CFPs and
found several thought-provoking correlated and topological states of
pertinent interests in quantum condensed matter physics. We pro-
posed a novel mechanism for a class of PDW superconductors with
loop-supercurrent circulating a vortex-antivortex lattice that emerge
when the loop-current CDW metal enters the SC state. It offers a
plausible explanation for the $ a, x 4a, PDW observed in CsV;Sbs. The
kagomé superconductors also exhibit fascinating phenomena asso-
ciated with rotational symmetry breaking. The implications are dis-
cussed in Methods together with recent experimental findings. The
microscopic origin of the pairing interaction in the multiorbital AV;Sbs
is beyond the scope of this work. It can certainly be mediated by
phonons and electron-phonon coupling', given the weak local Cou-
lomb repulsion and the absence of magnetism in AV;Sbs. In view of the
orbital current and CFPs in the normal state, the pairing interaction can
also be mediated by electronic fluctuations such as loop-current
fluctuations*®*** and Pomeranchuk fluctuations of the reconstructed
FSs in the CDW state®>. While a primary uniform charge-2e super-
conductor is unlikely to develop from the loop-current CDW, a com-
plex roton PDW with a 2ag % 2a, vortex-antivortex lattice is not ruled
out (“Methods”), which can be studied by microscopic model calcu-
lations in the future. In addition to the kagomé superconductors
AV3Sbs, our findings are relevant for quantum materials exhibiting

Methods

Realization of complex CDW in t-V;-V, model

The ¢-V4-V, model consists of nn hopping ¢, nn Coulomb repulsion V;,
and next-nn Coulomb repulsion V5,

H=—t Z(C};ng +h.C.) + Vl Zﬁlﬁj (9)
(ij)o

+Vy > g,
(i) (i)
where clT creates a spin-o electron on site i, and the density operator
;=% ,¢i.Cir- The Coulomb repulsions are decoupled in the density
and bond channel by introducing )A(,-j:clTchT +clT¢cj¢. The mean-field
Hamiltonian is,

Hyr= =Y (o thc)
(ij)o
-V Z()(;)(y +h.c. — |x;* - 2n;n +n,-nj) 10)
(i)
V2> ()(;}j(,j+h.c. Iyl - Zniizj+n,-nj>,
(i)
where the density n; = (f;) and the complex bond order parameters
Xii = (X are determined fully self-consistently. We consider states that
preserve Cg rotation symmetry. The loop-current, when emerges,
satisfies the continuity equation at the vertices of the kagomé lattice.
At vH filling, we obtain a 2aq x 2a, triple-Q complex CDW state,
which is an orbital Chern insulator, driven by Coulomb repulsions
V1=1.5t and V, =3t. Increasing the band filling to n=5.064/12, the self-
consistently determined state is indeed a loop-current Chern metal
with the band dispersion and the emergent CFPs shown in Fig. 5. The
pattern of the loop-current on the nn bonds is identical to the one
shown in Fig. 2a in the main text, with the complex hoppings on black,
green, and brown bonds given by 0.487 + 0.071i, 0.373 + 0.074i, and
0.367 + 0.076i, respectively. A detailed study of the t-V;-V, model is
presented separately®*.

Berry curvature, anomalous Hall conductivity, orbital magnetic
moment, and orbital magnetization

The Berry curvature of the nth quasiparticle band at momentum Kk is
given by®

Qn(k) =iVl X Vi)

11
both orbital-driven anomalous Hall effect and superconductivity, such =i <<%‘Z’k | %‘Z’k> — <%";<"k | %‘;{nk>> , (1
as the superconducting moiré graphene. x y y x
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Fig. 5| Complex CDW in ¢-V;-V, model. Band dispersion (a) in the 2 x 2 reduced BZ and the corresponding Chern FS pockets (b).

where u,, is the periodic part of the Bloch state wave function. The
Chern number of the corresponding band is obtained by integrating
the Berry curvature over the BZ,

Ca / Km0 1)

The intrinsic contribution to the anomalous Hall conductivity in a
2D system is given by integrating the Berry curvature over all fully and
partially occupied bands,

Oxy= — hZ/

where €, is the energy dispersion of the nth band relative to the
chemical potential, and f is the Fermi distribution function. The cal-
culated intrinsic anomalous Hall conductivity in the main text contains
contributions from both the fully occupied Chern bands and the CFPs
in the doped orbital Chern insulator.

The Berry curvature also induces an orbital magnetic moment of
the nth band at momentum k*

dk 2 (K)f (€10, 13

. €
mn(k)= - 12_ <Vkunk| x (Hk - €nk)lvkunk>

aunk 6unk> >A
l— |(Hy — €l =7~ ) — €€ |Z,
<< kT ok,

where Hy is the Hamiltonian of the system. Since the energy and wave
vectors in this paper are measured in units of ¢ and 1/ao, respectively,
the obtained values of m(k) plotted in Fig. 2e is in units of taZe/2h. The
orbital magnetic moment m(k) couples to an out-of-plane magnetic
field by the orbital Zeeman effect and offers an intriguing pathway for
field-tuning of the band structure. It is important to note that the
orbital magnetic moment m(k) is different from the orbital magnetiza-
tion M that enters the thermodynamic potential G=E - uN—-M-B and
is given by

14)

_Z / . (2”) [m, 4o - ,,an(k)]f(enk) s

It contains contributions from both the fully occupied Chern
bands and the CFPs in the doped orbital Chern insulator away from van
Hove filling, and can be measured in thermodynamic experiments.

4ao x 4ao and $a, x$a, CDW

The 2aq % 2ao CDW order causes FS reconstruction and the formation
of the CFPs connected by the dynamically generated wave vectors
Q,q, O Qy . Because the FS pockets are all electron-like, there is no
mstablllty in the particle-hole channel, making additional CDW

formation at these wave vectors unfavorable. To study their effect on
the electronic structure, we consider additional 4ao x 4ao ora, x 4 a,
CDWs in the simplest form,

ﬁcdw = Z ﬁa(r)cjm(r)caa(r)r

(16)
aor
with an onsite CDW potential
Pa(0)= pZ COS{ cdw * (T ro)} : 17)

Here the ordering wave vectors chw is equal to Qg or Q4a ,and
ro= (4, X 2a0 CDW
consndered in the main text.

Diagonalizing Hy, + Hegy + Hegy, the resulting low-energy bands
and FS are shown in Fig. 6 for a CDW potential p=0.1in the 4 x 4 folded
BZ. The results in the absence of H_,, are also plotted as brown curves
for comparison. It can be seen clearly that neither 4aq*4ao nor
$a,x $a, CDW can gap out the FS pockets. Instead, they reshape the
pockets into different sizes centered around I' in the 4 x 4 reduced BZ.
As aresult, the system cannot lower its energy significantly by forming
such additional CDWs.

Commensurate PDW order on kagomé lattice

In the main text, the general form of the triple-Q PDW order parameter
respecting the C¢ rotation and inversion symmetries has been derived
and given in Eq. (6). We reproduced it here for the convince of dis-
cussion,

(ry=e? 123ei"’vAZ cos [Qg (ry — r0)+¢n],
n=12,

Aaw (18)

where AZ=Ap, @,=0n-1)2mn/3 with £=0,+1, and ry denotes the
position of the commensurate PDW. In the presence of the underlying
kagomé lattice and parent 2aq x 2a, loop-current CDW, ro must locate
at the center of the C¢ rotation and inversion of the CDW shown in
Fig. 2a, and equwalent locations under 2aqx2ay translations.
Specifically, ry=(,3 33y +2p,a,+2n,a, with integers n; and n..
Additionally, the relatlve phase between +Q’7 modes, ¢,, can only
take the value of (0,0,0) or (§,%,%) that changes the three cosine
functions to sine functions.

Hereinafter, we refer to the PDW with ¢, = (0, 0, 0) as PDW,, and
that with relative phase (5,%,%) as PDW,. The spatial distributions of
the pairing order parameters of the %a,x %a, triple-Q PDWs are
shown in Fig. 7 for PDW, (a), PDW; (b), PDW,, (c), and PDW; (d). PDW,
and PDWj, are real and have circles of zeros and lines of zeros with
maximum amplitudes forming triangular and honeycomb lattices,
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Fig. 7 | Commensurate $a, x a, PDWs. Spatial distribution of (a) PDW,, (b)
PDW;, (c) PDW,, and (d) PDW;, evaluated with A, =0.1z. Small black and white
circles mark the Cq rotation and inversion centers of the loop-current CDW in
Fig. 2a. e Low-energy BdG quasiparticle bands for PDW.,. f Low-energy BdG

Energy E/t

(¢
=
K

Energy E/t
=

4 4

quasiparticle bands for PDW/,,. In (a and c), order parameters are real and repre-
sented by color intensity. In (b and d), order parameters are complex, with
amplitude represented by color intensity and phase denoted by arrows.

respectively. The complex PDW; and PDW; have point zeros forming
emergent vortex-antivortex lattices.

The symmetry of the PDW states described by Eq. (18) is
U(1) x Z, x Z,, with U(1) from the global SC phase. The discrete sym-
metries come from the 2 x 2 equivalent locations of rq in each 4 x4
PDW unit cell, which are marked by small black and white circles in
Fig. 7a-d. Under a translation ro - ro + 24 ,, since ZQg -a,=3n(l-6,,),
the PDW components in Eq. (18) gain a m-phase shift in the cosine
functions in two of the three hexagonal directions, while the remaining
one is unaltered. The Z, x 7, symmetry arises because the transformed
state can be brought back to the original one by a combination of
4aqy % 4ay transition and inversion symmetry operations. Equivalently,
this symmetry can be understood as the BAdG quasiparticle dispersions of
the PDW being invariant under A7 — —A in Eq. (18). As a result, the
relative phase ¢, in Eq. (18) and Eq. (6) in the main text can be defined as
modulo .

Because the parent loop-current Chern metal breaks TRS, only the
complex triple-Q PDW states with £ = + 1 need to be considered further.
Including the Hpq4yw for the complex chiral PDW with £=+1, the total
BdG Hamiltonian can be diagonalized, giving rise to the quasiparticle
spectrum shown in Fig. 7e and 7f. Clearly, compared to PDW.;, PDW/,
of the same amplitude are much less effective at gapping out the

quasiparticle bands and thus expected to be energetically unfavorable.
Calculating the mean-field state energies, defined as the expectation of
the total BAG Hamiltonian Eppw = (Hi, + Heaw + Hpaw), We find that
PDW/,, have substantially higher energy than that of PDW,,, while the
energy of PDW; is lower than that of PDW_; for the chosen normal state
loop-current direction on the bonds. Accordingly, we focused our
study on PDW; in the main text.

Finally, we make connections to the incommensurate hexagonal
PDW first studied in ref. 47 in the effective continuum limit. Without
considering the underlying lattice and the parent commensurate CDW,
the center of the PDW, ro, can slide freely along the three hexagonal
directions. This leads to two independent continuous and unde-
termined  phases, @)= Q; ‘fg and @)= Qé ‘o, and a
3= Q?, “fo= — @) — @5, corresponding to the two Goldstone modes
of the PDW states having U(1) x U(1) x U(1) symmetry as discussed in
ref. 47. In this case, PDW,, PDW.;, PDWj,, and PDW/,; recover Wy, Wy,
Wy, and Wy, in Table I of ref. 47, correspondingly.

4aq x 4agy and 2a, % 2a, PDW

Figure 8 shows the low-energy BdG quasiparticle bands for the
4ag x4ag and 2ag % 2a, PDW,, states in the 4 x4 reduced BZ.
Compared to those shown in Fig. 3e in the main text for the
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Fig. 8 | 4ao x 4ao and 2a, x 2ao, PDW. Low-energy BdG quasiparticle bands for the
3Q PDW.,, states with A, = 0.1 along high-symmetry path in the 4 x 4 reduced BZ.

The bands of the 2ag x 2a, PDW are folded into the 4 x 4 reduced BZ for the
convenience of comparison.

$a,* $a, PDW that pairs electrons on the outer FS pockets car-
rying the majority of the spectral weight (Fig. 3a), the 4ao x 4ao
and 2ag x 2ao PDW of the same amplitude are much less effective
at gapping out the quasiparticle bands and thus not the energe-
tically favorable PDW states. This does not rule out the possible
coexistence of these primary PDW states, which are all capable of
producing a smaller full gap due to the induced secondary uni-
form superconductivity.

Rotation and reflection symmetry breaking

In the original STM study of KV;Sbs, the intensity of the six CDW peaks
in the Fourier transform of the conductance map breaks all reflection
symmetries and thus exhibits a handedness, which can be flipped by a
magnetic field. The existence of this chiral CDW is currently debated.
A later STM work” finds that the handedness is absent, while a single
reflection symmetry about one of the hexagonal directions, i.e. a
reflection axis, remains and supports a rotational symmetry breaking
CDW with 120" oriented C, domains. Moreover, the rotation symmetry
is generally broken at high temperatures near the CDW transition®®,
independent of the 4a, charge stripe order that appears around 50-
60K in CsV3Sbs®, but not in KV5Sbs'>'?. However, the coherent elec-
tronic state with two-fold symmetry emerges only at low temperatures
as indicated by the unidirectional quasiparticle interference patterns
visible below about 35K, which is consistent with the two-fold elec-
tronic state observed in NMR and elastoresistance measurements®’.
These findings suggest that the rotation symmetry breaking down to
C, at T.qw can be driven by the out of phase stacking of the in-plane
2ap%2ap CDW with alternating SD and inverse-SD lattice
distortions'®*>68%,

Most recently, all three 120" oriented C, domains have been
observed to onset at T.q,, by optical birefringence scanning probes in
all three kagome metals AV;Sbs’’. In each of the C, domains, TRS
breaking is detected by optical Kerr rotation and circular dichroism”,
which can be described by the complex CDW in Eq. (4) with the real
part of hopping in p, along the reflection axis different from the other
two directions. The complex nonchiral phase factors* in p, produce a
similar loop-current distribution. Correspondingly, the triple-Q PDW
can break the rotation symmetry with the amplitude Af, in Eq. (18)
taking a different value along the reflection axis. Thus we expect the
results discussed here to be applicable to AV;Sbs under weak rotation
symmetry breaking.

Data availability
The data that support the findings of this study are available from the
corresponding authors upon request.

Code availability
The code that support the findings of this study are available from the
corresponding authors upon request.
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