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Noise-injected analog Ising machines enable
ultrafast statistical sampling and machine
learning

Fabian Böhm 1 , Diego Alonso-Urquijo 1, Guy Verschaffelt 1 &
Guy Van der Sande 1

Ising machines are a promising non-von-Neumann computational concept for
neural network training and combinatorial optimization. However, while var-
ious neural networks can be implemented with Ising machines, their inability
to perform fast statistical sampling makes them inefficient for training neural
networks compared to digital computers. Here, we introduce a universal
concept to achieve ultrafast statistical sampling with analog Isingmachines by
injecting noise. With an opto-electronic Ising machine, we experimentally
demonstrate that this can be used for accurate sampling of Boltzmann dis-
tributions and for unsupervised training of neural networks, with equal accu-
racy as software-based training. Through simulations, we find that Ising
machines can perform statistical sampling orders-of-magnitudes faster than
software-based methods. This enables the use of Ising machines beyond
combinatorial optimization and makes them into efficient tools for machine
learning and other applications.

Machine learning with neural networks has led to a revolution in our
capabilities to process and analyze large sets of complex data and
has become essential, e.g., for machine vision, traffic, stock market
prediction, or autonomous vehicle control. On the flipside of this
revolution is the fact that training neural networks is a computa-
tionally expensive task that has to be performed on resource-
intensive high-performance computing hardware. This is starting to
raise serious concerns about economical and ecological
sustainability1,2, which has instigated an intensive search for alter-
native computing systems, such as quantum annealers or hybrid
analog-digital computing concepts3–6, that can perform training of
neural networks significantly faster and more efficiently than cur-
rent generations of digital computers7,8. Among this drive for more
efficient computing concepts, analog Ising machines have emerged
as a promising solution9,10. They work based on the insight that
various difficult computational problems can bemapped to a simple
spin system, the so-called Ising model11, and implemented with
artificial spin networks based on analog physical systems12–15.
Through their natural tendency to evolve to their lowest
energy configuration, analog Ising machines are able to find

solutions, which allows to forgo many of the limitations of von-
Neumann-based computing platforms and has resulted in the
accelerated computation of difficult combinatorial optimization
problems4,12,16,17. However, while various neural network archi-
tectures can be mapped to analog Ising machines18–20, training these
models is currently very inefficient and much slower compared to
training on a digital computer. This is because training these neural
networks requires Boltzmann sampling, which is the estimation of
the neuron activation probabilities in a thermal equilibrium state. As
analog Ising machines are known to naturally implement spin sys-
tems at very low temperatures, they cannot reach a thermal equili-
brium at arbitrary temperatures and are thus unable to perform
Boltzmann sampling21. While alternative sampling methods based
on trapping in local energy minima have been proposed19,20,22,23,
these methods possess serious drawbacks due to their inaccuracy21,
complex temperature control schemes19, and their large perfor-
mance overhead23, which makes Ising machine-based Boltzmann
sampling slow and uncompetitive against software-based methods.

To enable efficient Boltzmann sampling with analog Ising
machines and leverage their inherent speed for accelerating machine

Received: 6 December 2021

Accepted: 19 September 2022

Check for updates

1Applied Physics ResearchGroup, Vrije Universiteit Brussel, Pleinlaan 2, 1050Brussels, Belgium. e-mail: fabian.bohm@vub.be; Guy.Van.der.Sande@vub.be

Nature Communications |         (2022) 13:5847 1

12
34

56
78

9
0
()
:,;

12
34

56
78

9
0
()
:,;

http://orcid.org/0000-0001-8516-9785
http://orcid.org/0000-0001-8516-9785
http://orcid.org/0000-0001-8516-9785
http://orcid.org/0000-0001-8516-9785
http://orcid.org/0000-0001-8516-9785
http://orcid.org/0000-0001-7635-1307
http://orcid.org/0000-0001-7635-1307
http://orcid.org/0000-0001-7635-1307
http://orcid.org/0000-0001-7635-1307
http://orcid.org/0000-0001-7635-1307
http://orcid.org/0000-0002-6291-0646
http://orcid.org/0000-0002-6291-0646
http://orcid.org/0000-0002-6291-0646
http://orcid.org/0000-0002-6291-0646
http://orcid.org/0000-0002-6291-0646
http://orcid.org/0000-0002-6724-2587
http://orcid.org/0000-0002-6724-2587
http://orcid.org/0000-0002-6724-2587
http://orcid.org/0000-0002-6724-2587
http://orcid.org/0000-0002-6724-2587
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-022-33441-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-022-33441-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-022-33441-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-022-33441-3&domain=pdf
mailto:fabian.bohm@vub.be
mailto:Guy.Van.der.Sande@vub.be


learning,weproposeauniversalwayof performing statistical sampling
with analog Isingmachines,where noise froman analog noise source is
injected to drive the Ising machine into a thermal equilibrium state.
Based on a time-multiplexed optoelectronic Ising machine15, we
experimentally demonstrate how this can be used to efficiently gen-
erate samples and approximate statistical distribution functions with
high accuracy. We also demonstrate the application of such noise-
induced sampling to the unsupervised training of neural networks and
experimentally show that Ising machines are able to achieve accuracy
equal to software-based training methods in an image recognition
task. Moreover, we numerically estimate the sampling rate of spatially
multiplexed analog Ising machines and find that, with off-the-shelf
components, a single analog Isingmachine is able to attainGSamples/s
sampling rates even for complex large-scale problems. Compared to
existing Ising machine-based and software-based sampling methods,
this presents a speedup of the sampling speed by several orders of
magnitude. As Boltzmann sampling is a computationally highly
expensive task during neural network training, noise-induced sam-
pling presents a way to leverage the inherent speed of analog Ising
machines for more efficient training. Furthermore, as Boltzmann
sampling is ubiquitous in various other applications, such as drug
research or finance22,24, it opens up the use of analog Ising machines in
fields beyond combinatorial optimization.

Results
Noise-induced Boltzmann sampling with analog Ising machines
Boltzmann sampling is the task of approximating the Boltzmann dis-
tribution function for an ensemble of N systems

PðfσgiÞ=
e�EðfσgiÞ=TP
qe

�EðfσgqÞ=T
, ð1Þ

where P({σ}i) is the probability of measuring a state {σ}i = {σ1, σ2, ..., σN}
with the corresponding energy E({σ}i) at a given temperature T. Here,
we assumeT and E to bedimensionless. For the Boltzmanndistribution
of an Ising spin system, the energy E({σ}i) is given by the Ising

Hamiltonian
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Such an Ising model describes a network of binary spins σm that
can point either spin up (σm = 1) or spin down (σm = − 1). The spins are
mutually coupled through the couplingmatrix Jmn and are subjected to
biases bm. Analog Ising machines are physical systems that implement
the Ising model, such that their energy is equivalent to equation (2).
Figure 1a shows a generalized schematic of a spatially multiplexed
analog Ising machine. Such an Ising machine is a feedback system that
consists of N parallel nonlinear systems with analog amplitudes xm,
which are used to represent N spin states25. Contrary to other types of
Ising machines with digital spin states4–6, the binary spins are encoded
in aphysical systemwith a continuous variable. Tomap thebinary Ising
spins σm to the analog variables xm, the individual nonlinear systems
possess a symmetrical bistability, which is induced by a pitchfork-type
bifurcation. A typical bifurcation diagram of the amplitude xm as a
function of the feedback gain α is shown in the inset in Fig. 1a. Spin
states are thenmapped to thesebistable states by taking the sign of the
amplitude σm = sign(xm). To use such spin systems for computation,
analog Ising machines possess a coupling system, which couples the
different nonlinear systems according to Jmn and thereby implements
the Ising Hamiltonian25,26. Figure 1b shows exemplary time evolution of
the Ising energy and the spin amplitudes xm when emulating a 2D spin
lattice with antiferromagnetic (Jmn = − 1) nearest neighbor coupling for
N = 100 spins with an analog Ising machine. When initialized in a ran-
dom state, the coupling leads to a reordering of the spins which, in
turn, minimizes the Ising energy. This reordering continues until the
system converges to a stable configuration corresponding to a mini-
mum of the Ising Hamiltonian. In general, analog Ising machines are
known to implement the Ising model at very low temperatures T,
which ensures that the final configuration is at or very close to the
global energy minimum of equation (2)21. While this makes them
inherently suitable for solving optimization problems, it also presents
a significant drawback for Boltzmann sampling, which requires the

Fig. 1 | Schematic of noise-induced sampling with spatially multiplexed and
time-multiplexed analog Ising machines. a Schematic of a spatially multiplexed
analog Ising machine for noise-induced sampling. The system consists of a set of N
bistable nonlinear systems that represent N spin states and are mutually coupled.
Inset: Bifurcation diagram of the spin amplitude as a function of the feedback gain
for a single bistable system. Below the bifurcation point at α = 1 (red dashed line),
only the trivial solution exists (solid black line), while above the bifurcation point,
the trivial solution becomes unstable (black dotted line) and two newbistable fixed

points arise (orange and blue line). b Exemplary time evolution of the Ising energy
(orange) and the spin amplitudes (blue) while solving a Maxcut optimization pro-
blem with N = 100 spins. c Experimental setup of the time-multiplexed opto-elec-
tronic Ising machine, where Gaussian white noise with a standard deviation of δ is
injected. PC polarization controller, ADC analog-digital converter, DAC digital-
analog converter, MZM Mach-Zehnder modulator, EA electronic amplifier, FPGA
field programmable gated array.
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ability to emulate the Ising model at any arbitrary temperature. In
order to emulate thermal equilibrium dynamics with analog Ising
machines, we propose to inject broadband noise into the system in
Fig. 1a. Contrary to realistic noise conditions in analog Ising machines,
where the standard deviation of the noise distribution δ is significantly
smaller than the spin amplitude (δ << xm)25, we take the noise strength
to be of the same magnitude as the spin amplitude (δ≅ xm). Similar to
the thermodynamic temperature, the noise then acts as a randomizing
element for the spins and prevents convergence to a stable state. We
conjecture that this can be used to drive analog Isingmachines into an
equilibrium state at a temperature determined by the noise strength.
While noise has been considered in analog Ising machines and digital-
analog computing concepts as a way of improving success rates and
exploring low energy states4–6,9,27–29, here we show that noise allows to
continuously generate statistically independent samples of the Boltz-
mann distribution at any arbitrary temperature.

We experimentally demonstrate this noise-induced continuous
Boltzmann sampling with a time-multiplexed opto-electronic analog
Ising machine. Moreover, in the methods section, we show that noise-
induced sampling can alsobe achievedwith other types of analog Ising
machines. Our time-multiplexed opto-electronic Ising machine is a
hybrid system, which consists of an opto-electronic analog nonlinear
system to generate the spin states and a field programmable gated
array (FPGA) to perform the spin coupling15. Such opto-electronic Ising
machines can be built inexpensively with off-the-shelf components
within a compact footprint and are resilient to perturbations. Contrary
to spatially multiplexed Ising machines, the system uses a time-
multiplexing scheme with time-discrete feedback, where spins
sequentially propagate through the feedback loop in an iterative
scheme. This allows to implement hundreds of thousands of spinswith
a single nonlinear system16. Figure 1c shows a schematic of our system.
The nonlinear analog system consists of a laser, whose light passes
through a Mach-Zehnder modulator (MZM) and is detected by a
photodiode. During each iteration k, the time-multiplexed sequenceof
spins is used to modulate the laser intensity, and the resulting pho-
tovoltage coming from the modulator is digitized by an analog-digital
converter (ADC1). The FPGA demultiplexes the signal to obtain the
spin amplitudes xm, performs amatrix-vector multiplication, and adds

biases bm to generate the feedback signal

f m½k�=αxm½k�+ β
X
n

Jmnxn½k�+ xsatbm

 !
: ð3Þ

Here, α is the feedback gain and β is the coupling strength. The
saturation amplitude xsat = maxð∣xm∣Þ is responsible for rescaling the
biases in relation to the spin amplitude and is determined by the
maximal possible spin amplitude, which is internally limited in our
experimental system by electrical components to xsat = 0.7V. The
feedback signal is multiplexed and injected into the input port of the
MZM through a digital-analog-converter (DAC) for the next iteration
k + 1 to close the feedback loop. We extend this scheme by adding an
additional Gaussian white noise signal with standard deviation δ. A
broadband noise signal is generated by an electrical analog noise
source that is amplified by an electronic amplifier (EA) with a band-
width of 300MHz. The noise signal is then digitized by an ADC (ADC2)
and added to the feedback signal in equation (3). We have also com-
pared this analog noise signal against an FPGA-internally generated
signal, using a pseudo-random number generator, and have verified
that both methods result in a comparable evolution of the spin
amplitude.

Based on this setup, we experimentally demonstrate that noise-
induced sampling is approximating the Boltzmann distribution at a
temperature of T = 2 for an antiferromagnetic (Jmn = − 1) square lattice
with nearest neighbor coupling consisting of N = 100 spins. In Fig. 2a,
we show the time evolution of the Ising energy for a noise strength of
δ = 1V with α = 0.7 and β =0.5. Contrary to regular noise conditions
(δ << xsat), the spin state does not converge to a stable configuration
but rather evolves continuously due to the injected noise. In Fig. 2b, we
show the resulting approximation of the Boltzmann energy distribu-
tion, which is obtained by taking samples after every iteration. We
compare a distribution made from 5000 consecutive samples against
software-based sampling using Markov chain Monte-Carlo (MCMC)
sampling and find that the distribution obtained with the Ising
machine agrees very well with software-based sampling. To quantify
the sampling accuracy, we employ the Kullback–Leiber divergence
DKL, which measures the overlap between two distributions Pa and

Fig. 2 | Experimental demonstration of noise-induced Boltzmann sampling
with a time-multiplexed opto-electronic Ising machine. Time evolution (a, c)
and sampled distribution function (b, d) of the Ising energy for noise-induced
sampling (a, b) and discontinuous sampling (c, d). In b, d The energy distributions
obtained with the Ising machine (IM) are compared to those obtained with the
Metropolis–Hastings algorithm (MCMC). e Boltzmann distribution obtained from
noise-induced sampling as a function of the noise variance δ2 for the three

degenerate energy levels of a 4-spin ring network (dots, squares, and triangles) at
α = 1.2 and β =0.5. The probabilities are compared to the analytical solutions (solid
lines) obtained from equation (1) at different temperatures T. The overlap of the
distributions is quantified by the Kullback–Leibler divergence DKL (dashed line).
f Relation between temperature and the noise variance for the problem in e for
different coupling strengths β.
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Pb. For discrete probability distributions, it is defined as

DKLðPaðxÞ, PbðxÞÞ=
X
x2X

PaðxÞ log
PaðxÞ
PbðxÞ

� �
: ð4Þ

Here, x are the possible outcomes in the probability space X. The
Kullback–Leiber divergence is always positive and becomes zero for
two perfectly matched distributions, while it diverges for two com-
pletely unmatched distributions. Although the Kulback–Leibler diver-
gence is no absolute measure of sampling accuracy, it allows us to
compare the accuracy of different sampling methods.

We utilize this to quantify the sampling accuracy compared to
existing Ising machine-based sampling methods based on trapping in
local energy minima. In Fig. 2c, we show the time evolution for such
discontinuous sampling when approximating the same distribution as
in Fig. 2b. For this, the Isingmachine is initialized 500 times and left to
run for 100 iterations until it converges to a stable configuration. The
system is operated at a high gain with small noise (α = 1.5, β =0.5,
δ = 0.1V), which forces convergence to different high energy states15,26.
After each run, the last step is taken as a statistical sample and used to
estimate the energy distribution. In Fig. 2d, we show the resulting
approximated energy distribution and observe a bad overlap with the
distribution obtained by MCMC sampling. To compare the sampling
accuracy to the noise-induced sampling in Fig. 2b, we calculate the
Kullback–Leibler divergence for both distributions in relation to the
distribution obtained by MCMC sampling. For the distribution pro-
duced with noise-induced sampling in Fig. 2b, we obtain a value of
DKL ≈0.04, which is close to a perfect overlap. As we will show in the
next section, such accuracy is also comparable to that ofMCMC-based
sampling for complex large-scale problems. For discontinuous sam-
pling on the other hand, we obtain DKL ≈0.16. Compared to noise-
induced sampling, the sampling is therefore significantly less accurate,
which makes discontinuous sampling unsuitable for applications
where high accuracy is required. An additional advantage over dis-
continuous sampling is significantly faster sampling. Discontinuous
sampling requires the Ising machine to first reach a stable configura-
tion before a sample canbe taken, which creates a significant overhead
and drastically reduces the sampling speed. The improved accuracy
and the ability to continuously draw samples, therefore, present a
major advantage of noise-induced sampling.

An additional drawback of discontinuous sampling stems from
the difficulty of controlling the temperature T. For discontinuous
sampling, the temperature is nontrivially linked to the system para-
meters and complex temperature estimation schemes have to be
applied for each specific problemand set of parameters, hencemaking
it difficult to set a temperature a-priori19. Toderive a general parameter
dependence of the temperature for noise-induced sampling, we ana-
lyze a simple Ising model for which the Boltzmann distribution in Eq.
(1) can be calculated analytically. For this, we consider a 4-spin-system,
where the spins are ordered in a ring structure and coupled anti-
ferromagnetically (Jij = −1) to their two nearest neighbors. This system
possesses three degenerate energy levels,with the ground state (GS) at
EGS = − 4 and two excited states (ES) at EES = 0 and EES = 4. To perform
continuous Boltzmann sampling, we let the system run for 1000
iterations at eachnoise level δ and take a sample after every iteration to
measure the probability of reaching the different energy levels. In
Fig. 2e, we show themeasured probabilities for the three energy levels
as a function of the noise variance δ2 for α = 1.2 and β =0.5. To relate
the noise variance to the system’s temperature, we analytically calcu-
late the occupation probabilities for the three energy levels as a
function of the temperature (solid lines).Weobserve that, by assuming
a linear relationship T∝ δ2 between temperature and noise variance, a
good agreement between the sampled and the calculated probabilities
is achieved for the entire temperature range. We also calculate the
Kullback–Leibler divergence for the entire temperature range (gray

dashed line) and find that it is below DKL < 0.01, hence indicating a
good overlap to the exact distribution function for each temperature.
In Fig. 2f, we show the linear relationship betweenT and δ2 for different
values of the coupling strength β. The temperature is extracted from
the noise-induced sampling by comparing the sampled and the exact
probabilities in Fig. 2e. The relationship between δ2 and T is then
obtained by linear interpolation. We find that the linear relationship
between noise and temperature holds true even as we change the
parameters in the system. The temperature follows a linear relation-
ship, where the slope is determined by the coupling strength β. Con-
trary to discontinuous sampling, this omits the need to extract
nonlinear parameter relationships. Once the slope of the linear rela-
tionship has beenobtained for a specific problem, the temperature can
be controlled apriori by adjusting the noisepower of the injected noise
signal. As we show in the following sections, this simple linear rela-
tionship also holds true for more general problems as well as for large
numbers of spins.

Unsupervised neural network training with analog Ising
machines
With its ability to sample Boltzmann distributions, we want to
experimentally investigate the application of noise-induced sampling
with our time-multiplexed opto-electronic Ising machine to the train-
ing of neural networks. In the methods section, we also demonstrate
how this can be extended to other kinds of analog Ising machines.
Boltzmann sampling is required in the unsupervised training of a
variety of stochastic generative neural network architectures, s.c.
Boltzmann machines, whose energy function can be directly mapped
to the Ising Hamiltonian18,30. During training, the weights and biases of
theneurons are optimized in a gradient descentwith the learning rate ϵ
to maximize the logarithmic likelihood between the neural network’s
output and the training data (details about the mapping and the
learning algorithm are given in the methods section)18. For each
update, Boltzmann sampling of the neuron activation probabilities has
to be performed using MCMC-based sampling, which is known to be
computationally difficult31. Here, we experimentally demonstrate
noise-induced sampling running on the opto-electronic Ising machine
in Fig. 1c to replace software-based sampling in the training of Boltz-
mann machines. We first consider emulating the behavior of single
neurons of a Boltzmann machine. For Boltzmann machines, the acti-
vation probability of a neuron as a function of its input is given by a
logistic function30. In Fig. 3a, we emulate single neurons of aBoltzmann
machine on the opto-electronic Ising machine, by taking individual
single Ising spins and sampling their activation probability through
continuous sampling for 1000 iterations at α = 1.2. Samples are
obtained after every iteration k. To obtain the activation probability
function, we average the spin state over all iterations as a function of
the neuron bias for different noise levels averaged over 100 spins.
When fitting the activation probability with logistic functions at dif-
ferent temperatures, we find a good agreement between the analog
Ising machine and the analytical solution. As before, the temperature
can be directly adjusted through the noise strength injected into the
analog Ising machine. We also consider sampling of the activation
probabilities within arbitrary neural networks. In Fig. 3b, we measure
the activation probabilities for a neural network consisting of 32 neu-
rons with random weights and spin biases at a noise level corre-
sponding to a temperature of T = 1. The activation probabilities of the
individual neurons are obtained by performing continuous sampling
for 20000 iterations atα =0.75, β =0.2, and δ =0.3V by taking samples
after every iteration k. We compare the probabilities to those obtained
with software-based sampling using the Metropolis–Hastings algo-
rithm and find a good agreement between the analog Ising machine
and the software-based sampling, hence indicating that sampling in
Boltzmann machines can be successfully emulated with analog Ising
machines.
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Finally, we use our time-multiplexed Ising machine to experi-
mentally demonstrate unsupervised training in an image recognition
task. In Fig. 3c, we show the unsupervised training for handwritten
digits with a restricted Boltzmann machine (RBM). An RBM is a neural
network consisting of a single visible and a single hidden layer. The
nodes between the layers are fully connected, while there are no intra-
layer connections. For the handwritten recognition task, we consider a
single RBM layer consisting of 100 hidden and 64 visible neurons,
which is trained with a learning rate of ϵ =0.2. The training dataset
contains 7188 8 by 8 greyscale images of single handwritten digits32

(sample images are shown as insets in Fig. 3c). During each training
iteration l, a minibatch of 100 training images is used for training and
the activation probabilities are approximated with the analog Ising
machine from 1000 samples. Samples are obtained after every itera-
tion of the analog Ising machine. The feedback, coupling and noise
strength are left constant for each training iteration l at α = 0.5 and
β = 0.75 and δ =0.6V. The constant parameters are an important
advantage over discontinuous sampling, where the sampling tem-
perature can shift during the training as neuronweights are updated19.
As the training of Boltzmannmachines is known to be very sensitive to
temperature changes, discontinuous sampling requires a regular re-
estimation of the temperature and frequent adjustments of the para-
meters to maintain accurate sampling.

We track the progress of the training as a function of the training
iteration l by analyzing the pseudolikelihood L, which is a common
measure in machine learning and indicates how closely the RBM is
approximating the training data33. When initializing the RBM with
random weights, we observe a quick increase of the pseudolikelihood
with the training before it begins to saturate after l ≈ 2000 training
iterations. We compare the Ising machine-based sampling to training
using MCMC-based sampling with the iterative Metropolis–Hastings
algorithm. During each training step, we run the Metropolis–Hastings
algorithm for 20,000 iterations, and samples are obtained after every
iteration.When comparing the twomethods, we observe a very similar
evolution of L with an overall higher maximum pseudolikelihood
achieved by the analog Ising machine (LIM = � 17:6, LMCMC = � 19:9).
This indicates that the Ising machine is able to achieve a better
approximation of the training data. To analyze the impact of this on
the recognition accuracy of the handwritten digits, we combine the
RBM with a single logistic regression layer. The regression layer is
trained on the activation probabilities of the hidden neurons in a
supervised way after each unsupervised training step of the RBM. The

prediction accuracy η for recognizing individual digits is shown as a
function of l in Fig. 3c. After l ≈ 300 training iterations, the prediction
accuracy saturates at itsmaximumvalue ηIM =0:943. Compared to just
a single prediction layer without an RBM (η = 0.77), the prediction
accuracy is significantly improved by using an RBM. The accuracy of
Ising machine-based training is comparable to training performed by
MCMC-based sampling, with a slightly lower maximal accuracy
achieved by the MCMC sampler (ηMCMC=0.938). The accuracy is also
comparable to that of training the RBM with the contrastive diver-
gence algorithm. Contrastive divergence is an approximation of the
probability distribution and is commonly used in the training of
RBMs34. It achieves amaximal prediction accuracy of ηCD =0.948 and a
maximal pseudolikelihood of LCD = � 19:9. Overall, the handwritten
digit recognition task demonstrates that noise-induced sampling with
analog Ising machines can be successfully used to train RBMs.
Remarkably, our experimental setup achieves a slightly improved
performance compared to MCMC-based sampling on digital compu-
ters and shows that software-based sampling can be replaced by ana-
log Ising machines.

Scalability and speed of analog Ising machine-based Boltzmann
sampling
Beyond the sampling problems in Fig. 2 and Fig. 3 withN ≤ 164, we also
demonstrate the scalability of Ising machine-based sampling to com-
plex large-scale problems with N ≤ 8192. Of particular interest are the
scaling of the sampling accuracy and the sampling speed for large spin
numbers and varying temperatures. Both are known to increase the
complexity of the sampling for MCMC-based methods, i.e. due to a
large probability space and effects such as critical slowing down35. To
probe the scalability of Ising machine-based sampling, we perform
sampling on a set of randomly generated graphs with anti-
ferromagnetic coupling (Jmn = − 1) for spin numbers from N = 16 to
N = 8192. Such random graphs are of particular interest, as they are
known to present difficult benchmark instances for combinatorial
optimization problems36. For each problem size N, we create 10 dif-
ferent graphs, where each node is randomly coupled to 8 other nodes
in the graph. To study these graphs,weperformnumerical simulations
of a spatially multiplexed analog Isingmachine, as shown in Fig. 1a.We
chose this simulation-based approach, as it enables us to study pro-
blem sizes beyond the current capabilities of our experimental system.
Moreover, it allows us to generalize the performance of noise-induced
sampling to different realizations of analog Ising machines, so that we

Fig. 3 | Experimental demonstration of unsupervised training of RBMs with a
time-multiplexed opto-electronic Ising machine. a Activation probability of
single neurons as a function of the neuron bias for different temperatures. The
probabilities have been obtained from continuous sampling of 100 independent
Ising spins at different noise levels (squares, dots, and triangles) and are compared
to the analytical solution at different temperatures (solid lines). b Activation
probabilities for anRBMwith 16 hidden and 16visible neuronswith randomweights

and biases. Probabilities for the analog Ising machine (IM, orange bars) have been
obtained by continuous sampling at a fixed noise strength and are compared
against probabilities obtained with the Metropolis–Hastings algorithm (MCMC,
blue bars). c Comparison of the pseudolikelihood L and the prediction accuracy η

for Ising machine- and MCMC-based sampling during unsupervised training of
handwritten digit recognition.
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can demonstrate the universality of our noise-induced sampling
approach. The numerical model we employ is a more general time-
continuous description of the spatially multiplexed analog Ising
machine in Fig. 1a25. Compared to our time-multiplexed experimental
system in Fig. 1, time-continuous analog Isingmachines implement the
Isingmodel in a fully analogway14,16,37,38. Here, spin state generationand
spin coupling are performed in parallel, e.g. using MZM networks or
resistor-crossbar arrays. This presents a highly efficient implementa-
tion of Ising machines, as such a system does not suffer from slow-
downdue to temporalmultiplexing, analog-digital conversion, and the
processing speed of an FPGA. In principle, the speed of such a fully
analog system is primarily limited by the analog bandwidth of the
components, which can be in the order of tens of gigahertz for
optoelectronic and all-optical systems14,37–39. This makes analogIsing
machines quite different from analog-digital computing
approaches4–6,29,40. Such systems are software-based implementations
of the Ising model, similar to simulated annealing and Hopfield
networks41,42, thatutilize large-scale analogvector-matrixmultipliers to
accelerate computationally expensive calculations. Contrary to a fully
analog computing system, they require digital computers to store and
process the spin states and are therefore bound by the clock fre-
quencies of their digital processing units. It is important to note that
our experimental time-multiplexed system in Eq. (3) is equivalent to
numerical integration of the equations of motion of a spatially multi-
plexed analog Ising machine43. As we show in the methods sections, a
time-multiplexed system thus presents a good approximation of a
spatially multiplexed analog Ising machine, so that findings from the
numerical simulations can also be generalized to our experimental
system.

To quantify the sampling accuracy, we compare the distribu-
tions obtained by noise-induced sampling with an analog Ising
machine against a reference distribution obtained by MCMC-based
sampling at a fixed temperature of T = 2. For the reference distribu-
tion, Pa in Eq. (4) is approximated with the iterative
Metropolis–Hastings algorithm. For each graph, the distribution is
approximated from 20 million sampling steps to ensure an accurate
reference distribution, as the Metropolis–Hastings algorithm is
known to converge to the true distribution in Eq. (1) for a large
number of samples44. Here, samples are obtained after every 100th
sampling step. For the sampling with the analog Ising machine, Pb in
Eq. (4) is approximated from 100,000 samples, where a sample is
taken after every single simulation iteration. For each random graph,

the noise level δ is adjusted accordingly to achieve a good overlap
with the reference distribution. The feedback strength and the cou-
pling strength are fixed at α = 0.3 and β = 0.2, although sampling is
also possible with other parameter combinations by adjusting the
noise level (see Fig. 2f). In Fig. 4a, we show the resulting
Kullback–Leibler divergence when comparing Ising machine-based
sampling against the MCMC-based reference distribution. On aver-
age, we find that Ising machine-based sampling is able to achieve a
Kullback–Leibler divergence well below DKL < 0.1 for problem sizes
beyond N ≈ 128 and therefore close to a perfect overlap. As a refer-
ence, the insets (i) and (ii) in Fig. 4a show sampled distributions in
comparison to MCMC-based sampling for N = 64 (i) and N = 8192 (ii).
For the sampled distributions, the Kullback–Leibler divergence is
around DKL,64 ≈0.09 and DKL,8192 ≈0.02 and we observe a good
match to the MCMC-sampled reference distributions. For smaller
problem sizes, we observe a rise in the average Kullback–Leibler
divergence, as some individual problems become harder to sample
accurately with the analog Ising machine. For these smaller pro-
blems, we note that there is a high probability for the system to be in
the ground state. This can become problematic for analog Ising
machines, as the inhomogenous analog spin amplitude can induce
mapping errors to the Ising Hamiltonian. In these cases, the analog
Ising machine has a lower probability than expected for reaching the
ground state, so that accurate sampling of them becomes more
difficult25,26. Interestingly, we find that this issue does not exist for
larger spin numbers, so that accurate sampling with analog Ising
machines is scalable to large-scale complex problems.

We also study the temperature T in Fig. 4b and c to establish its
influence on the sampling accuracy and to demonstrate that the linear
noise-temperature relationship in Fig. 2e holds true for more general
problems. In Fig. 4b, we study an exemplary graph from Fig. 4a for
N = 64. In the top panel, we show the average energy as a function of
the temperature as obtained from MCMC-based sampling and com-
pare it to noise-induced sampling with the analog Ising machine. For
the analog Ising machine, the noise variance δ2 is swept in a similar
fashion to Fig. 2e for α = 0.9 and β =0.1. As in Fig. 2e, a linear relation
between δ2 and T is shown by sweeping δ2 and comparing the average
energy of the sampled distribution to that ofMCMC-based sampling at
different temperatures. As with the 4-spin problem, we find that a
linear sweep of δ2 can very well reproduce the energy-temperature
relation of MCMC-based sampling for a large temperature range. This
indicates that the a-priori control of the temperature is also possible

Fig. 4 | Simulation-based investigation of the scalability of noise-induced
Boltzmann sampling. a Kullback–Leibler divergence as a function of the problem
size for sampling the energy distributions for different random sparse graphs
(dots). The solid line shows the average. The insets (i) and (ii) show exemplary
sampled distributions in comparison to the Metropolis–Hastings algorithm
(MCMC) for N = 64 (i) and N = 8192 (ii) spins. b, c Average energy (top panel) and

Kullback–Leiber divergence (lower panel) as a function of the temperature and the
noise variance δ2 for a sparse random graph with N = 64 b and N = 8192 c. The
average energy and Kullback–Leiber divergence is compared againstMCMC-based
sampling (blue lines). For DKL for the MCMC-based sampling, repeated sampling
runs are compared against the referencedistribution. The shaded regions show the
standard deviation.
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for more general problems. In the lower panel, we show the
Kullback–Leibler divergence for the different temperatures when
comparing the distribution obtained with noise-induced sampling to
an MCMC-sampled reference distribution. Averaged over 10 inde-
pendently sampled distributions, we observe that, while DKL < 0.1 for
temperatures above T ≳ 1, the sampling accuracy of the analog Ising
machine significantly deteriorates for lower temperatures. This is
expected, as trapping in local energyminima becomesmore prevalent
at low temperatures. Here, it becomes easy to end up in different
energy minima for different initial conditions, so that sampled dis-
tributions can differ significantly between repeated runs. It is impor-
tant to note that such temperature-dependent trapping in local energy
minima is a common phenomenon in MCMC methods. For higher
temperatures, DKL reaches a minimum of DKL ≈0.01 and shows that
accurate sampling with the Ising machine is possible over a large
temperature range.

Finally, we provide a more direct comparison of the sampling
accuracy between noise-induce sampling and MCMC-based sampling
with the Metropolis–Hastings algorithm. For this, MCMC sampling is
compared against its own reference distribution by performing repe-
ated sampling of the same graph. Here, the same number of iterations
is evaluated as for the reference distribution. Due to the non-
deterministic nature of MCMC-based sampling, such repeated runs
will result in small deviations between the sampled distributions,
which we quantify with the Kullback–Leibler divergence. In the lower
panel of Fig. 4b, we show the Kullback–Leibler divergence for 10
repeated sampling runs at different temperatures and observe that,
between the different runs, there can be significant differences in the
sampled distribution. For low temperatures, in particular, this results
in a significant increase of the Kullback–Leibler divergence. Here, the
sampling accuracy is on a very similar level to Ising machine-based
sampling. For increasing temperatures, the overall accuracy of the
MCMC-based sampling increases and achieves a Kullback-Leiber
divergence of DKL ≈0.0001. For the small-scale graph considered
here, while the accuracy of Ising machine-based sampling can already
be quite high, theMetropolis–Hastings algorithm can achieve a further
improvement in accuracy. We perform the same analysis as in Fig. 4b
for a large-scale graph. In Fig. 4c, we show an exemplary graph from
Fig. 4a with N = 8192 spins. When comparing the average energy
betweenMCMC-based and Isingmachine-based sampling in the upper
panel, we again observe a good agreement in the energy-temperature
relationship. As for the small-scale graph in Fig. 4b, this indicates that
the linear relationship between temperature and noise variance also
holds true for large spin numbers. For the Kullback–Leibler divergence
in the lower panel, we find that the sampling accuracy is quite com-
parable between Ising machine-based and MCMC-based sampling.
Remarkably, we find that DKL for the Ising machine-based sampling is
lower compared to MCMC-based sampling for temperatures between
T ≳ 1 and T≲ 3, thus showing that the sampling accuracy is on-par or
even improved compared to the Metropolis–Hastings algorithm for
this large-scale graph.

We also analyze the scalability of the sampling time for Ising
machine-based Boltzmann sampling. In Fig. 5a, we estimate the
potential sampling rate of a spatiallymultiplexed analog Isingmachine
in sampling the energy distributions in Fig. 4a at a temperature of T = 2
for different bandwidths B = 1/(2πτl). To determine the sampling rate 1/
τcor,B at bandwidth B, we calculate the correlation time τcor from the
autocorrelaton function CautoðτÞ= ðEðtÞ��EÞðEðt�τÞ��EÞh i

hðEðtÞ��EÞðEðtÞ��EÞi , where :::h i denotes
a time average and �E is the average energy. τcor,B corresponds to the
value where C(τ) has decayed by 1/e and provides an estimate for
the minimum time period between statistically independent samples.
We can therefore use the autocorrelation time as an estimate for the
maximally possible sampling rate. Based on this, in Fig. 5a, we analyze
the sampling rate for Ising machines with analog bandwidths ranging
from 10 GHz to 100MHz and observe a linear scaling of the sampling

rate with the bandwidth. Importantly, we note that the average sam-
pling rate is not affected by the problem size. This is due to the
simultaneous injection of noise into all spin systems. Compared to the
iterative Metropolis–Hastings algorithm, this enables very efficient
mixing so that fast exploration of different energy states is possible.
For the largest problem size (N = 8192), the average simulated sam-
pling rate is at 1/τcor,10GHz = 4.9GS/s, 1/τcor,1GHz = 667MS/s and 1/
τcor,100MHz = 19MS/s.

To compare the speed of the analog system to software-based
sampling, we consider the sampling rate of MCMC-based sampling
using the iterative Metropolis–Hastings algorithm. Similar to the
sampling rate for the analog Ising machine, in Fig. 5b, we calculate the
number of sampling steps zMCMC required to generate statistically
independent samples of the energy distribution. We observe an
exponential scaling of the number of iterations with the problem size
N, which is a common feature and a major contributor to the com-
putational complexity of MCMC-based sampling35. For the largest
problem size in Fig. 5b (N = 8192), zMCMC ≈ 30,000 sampling steps with
the Metropolis–Hastings algorithm are required to obtain statistically
independent samples. For highly efficient digital implementations of
the Metropolis–Hastings algorithm running on parallel FPGAs, where
iterations can be performed within approximately 10 picoseconds45,
this would translate to an average sampling rate that is six times slower
than an analog Ising machine with a bandwidth of 100MHz. With a 10
GHz analog Ising machine, sampling rates can then already be
improved by a factor of 1000 over software-based sampling. With the
ability to scale analog Ising machines to much higher bandwidths,
implementing noise-induced sampling on analog Ising machines,
therefore, offers a potential orders-of-magnitudes speedup in the
sampling speed, while the sampling accuracy is comparable toMCMC-
based sampling.

Interestingly, we find that even software simulations of noise-
induced sampling can be more efficient than the Metropolis–Hastings
algorithm. In Fig. 5b, we show the number of iterations zIM,sim that are
required during our simulations for achieving independent samples
with analog Ising machines. Compared to the Metropolis–Hastings
algorithm, the number of iterations does not increase exponentially

Fig. 5 | Simulated sampling rate of spatiallymultiplexedanalog Isingmachines.
a Estimation of the sampling rate of a spatiallymultiplexed analog Isingmachine at
different analog bandwidths for randomly generated sparse Maxcut problems at a
temperature of T = 2 (dots). The lines indicate the average of the different graphs.
The sampling rate is estimated from the autocorrelation function of the Ising
energy as the point when samples become statistically independent. b Number of
iterations z required z to create statistically independent samples with the
Metropolis–Hastings algorithm (MCMC) and with simulations of analog Ising
machines (IM,sim) using the forward Euler method. Also shown is the average
runtime t to obtain independent samples when executing theMetropolis–Hastings
algorithm and the forward Euler integration on the same CPU.
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with the problem size. Especially for large problems, we find that the
number of iterations can bemore than 100 times smaller compared to
the MCMC-based sampling. Based on the number of iterations, we
determine the average runtime of the Isingmachine simulations tIM,sim

and of the Metropolis–Hastings algorithm tMCMC for obtaining statis-
tically independent samples. For this, both algorithms are executed on
the same CPU. Overall, we find that due to the lower number of
iterations, the overall runtime is significantly faster for the Ising
machine simulations. For the largest problem sizes, we measure up to
300 times shorter computation times for the Isingmachine simulation.
While not as fast as a fully analog realization of an Ising machine, this
also makes software-based implementations of analog Ising machines
a promising alternative to MCMC-based sampling.

Discussion
We find that noise-induced sampling presents a significant improve-
ment in speed and ease-of-use for Boltzmann sampling with analog
Ising machines. While current discontinuous sampling requires the
analog Ising machine to perform a full initialization and equilibration
cycle to obtain just a single sample, noise-induced sampling omits
these bottlenecks and allows to generate samples at rates close to the
bandwidth of the analog system.Compared todiscontinuous sampling
running on quantum annealers, where samples can be generated at
rates of ~7 kS/s23, order-of-magnitudes improvements in the sampling
speed are possible with an analog Ising machine. The concept of
injecting noise from an analog source can also be adapted to other
optical or electronic systems (see methods section) and makes noise-
induced sampling a universal concept for Ising machine-based sam-
pling. Our method can easily be applied to existing large-scale analog
Ising machines, e.g. based on optical parametric or electronic
oscillators16,38, to extend their range of applications. By leveraging the
inherently high analog bandwidth of such systems, this can lead to a
generation of highly efficient statistical samplers that operate orders-
of-magnitude faster compared to digital computers. While not as fast
as a fully analog realization, noise-induced sampling can also be
adapted into Ising-machine-inspired sampling algorithms. Similar to
Ising machine-inspired optimization algorithms46, the reduced num-
ber of computations compared to the Metropolis–Hastings algorithm
provides a promising route to increase the efficiency of Boltzmann
sampling, similarly to other metaheuristic approaches such as cluster
algorithms47,48. Furthermore, noise-induced sampling could also serve
as a way for augmenting other metaheuristic approaches, e.g., as fast
samplers for parallel tempering49.

The improvements in sampling speed provided by noise-induced
sampling canyield significant advantages for a number of applications.
As Boltzmann sampling presents the most computationally expensive
task in training Boltzmann machines, we expect the improvements in
the sampling speed of analog Ising machines to translate into sig-
nificantly reduced training times, thereby bridging the existing effi-
ciency gap in applying analog Ising machines to machine learning
tasks. Compared to approximate software-based training methods,
such as contrastive divergence, full Boltzmann sampling is guaranteed
to converge to the correct distribution34,44. For more complex tasks
and ambiguous input data, as well as for more general types of
Boltzmann machines, a higher performance can therefore be expec-
ted, while contrastive divergence can introduce unwanted biases to
the training34,50. Beyond restricted Boltzmann machines, noise-
induced sampling can also enable effective training of more general
neural network structures, which are not accessible with approximate
training methods. As Boltzmann sampling is ubiquitous in various
other applications, we also see a large potential for using analog Ising
machines in other fields, such as finance or drug research. Analog Ising
machines using discontinuous sampling have already demonstrated
their use in structure based-screening for drug development22.
With the improved accuracy and higher speed of noise-induced

sampling, analog Ising machines can provide acceleration for drug
design. Noise-induced sampling, therefore, extends the usability of
analog Ising machines as accelerators for machine learning and opens
up applications beyond combinatorial optimization.

Methods
Time-multiplexed optoelectronics Ising machine
The time-multiplexed opto-electronic Ising machine uses a nonlinear
optical system, consisting of a laser, a Mach-Zehnder intensity mod-
ulator, and a photodiode. The laser is a single-mode wavelength-sta-
bilized DFB laser diode at a wavelength of λ = 1.55μm. The laser is
operated at approximately two times its threshold current at anoptical
power of around 0.3 mW. The optical modulator is a lithium
niobate MZM with an analog bandwidth of 13GHz. A constant bias of
Vbias ¼ 3:5V is applied to the modulator, which corresponds to half of
itsVπ voltage. In the experiments, the sign ofα andβ are inverted, since
the transfer function of the MZM has a negative slope at this point. To
relate the values of α and β in the experiments to the simulations, both
α and β are rescaled to feedback strength level, where the bifurcation
point of an uncoupled system occurs. For both the numerical model
and the experimental system, the bifurcation is then at α = 1. The signal
coming from the modulator is detected with a 150MHz bandwidth
GaAs photodiode. For the data acquisition and processing of the spin
states, we employ an FPGA system. During each iteration, a network of
N spins is generated by time-multiplexing, where the acquisition time
is divided into N intervals. The feedback signal fn[k] is encoded in a
piecewise constant function, where the amplitude of each interval is
equivalent to the spin amplitude xn. Each interval is 7 μs long, which
results in an effective sampling rate of 139,000 spins per second. The
signal is generated by the FPGA and converted into an analog wave-
form by a 14-bit DAC before being injected into the input port of the
MZM. Due to the voltage limitations of the ADC, the signal is limited
to ±0.7V. The signal coming from the photodiode is simultaneously
digitized by a 14-bit ADC and the spin states are extracted by sub-
tracting the DC bias of the photodiode and sampling the amplitude of
the signal. The FPGA then performs thematrix-vectormultiplication in
equation (3) to generate the signal for the next iteration. To inject the
noise signal, we generate a Gaussian white noise signal using the built-
in noise source of a Tektronix AWG520 arbitrary waveform generator.
The signal is amplified by a 300MHz operational amplifier before
being digitized by an ADC. The signal is then added to the feedback
signal fn[k] by the FPGA, with the noise strength being adjusted
numerically in the FPGA. We have compared this analog noise source
against an FPGA-internally generated signal, using a pseudo-random
number generator, and have verified that the accuracy of the noise-
induced sampling is equal between the two different methods. For a
fully analog Ising machine, it is, therefore, feasible to use analog noise
sources to achieve noise-induced sampling.

Numerical model
Spatially multiplexed opto-electronic Ising machines are time-
continuous feedback systems, whose time evolution is modeled by
the following ordinary differential equation25:

dxm
dt

=
1
τl

�xmðtÞ+ cos2 αxmðtÞ+β
X
n

ðJmnxnðtÞ+ xsatbmÞ+ δζ ðtÞ � π=4

 " #
� 1=2

 !
:

ð5Þ

In the following, we refer to eq. (5) as the full model. The system is
bandwidth limited by a low-pass filter with the cutoff frequency B = 1/
(2πτl). Noise is modeled by a Gaussian white noise term δζ(t) with zero
mean and a standard deviation of δ. To drive the system to the correct
operating point, a bias of −π/4 is applied, which corresponds to the
point where half of the optical input power passes through the MZM.
The transfer function of the MZM is modeled by a cos2 nonlinearity
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and a constant of 1/2 is subtracted to remove the DC bias. To better
approximate the behavior of the time-multiplexed Isingmachine in the
experiments, the above model is modified. In the experimental setup
(Fig. 1c), a crucial aspect arises due to the internal voltage limitations,
which limit the feedback signal to a maximal amplitude of ±0.7 V.
Figure 6a shows the transfer function of the MZM as a function of the
input voltage. The system is biased at ~3.5 V, which corresponds to the
Vπ/2 point. Around this bias, the feedback signal is able tomodulate the
MZM output within a limited voltage range depicted by the gray
region. We find that this modulation is significantly smaller than Vπ, so
that the transfer function is effectively almost linear within the mod-
ulation range. Furthermore, the voltage limitations clip the amplitude
to themaximumandminimumvoltages for a large gain. To account for
this behavior, we model the analog Ising machine with the following
ordinary differential equation:

dxm

dt
=

1
τl

ðα � 1Þxm +βðPnJmnxn + xsatbmÞ+ δζ ðtÞ
� �

∣xm∣≤0:4

0 else

(
ð6Þ

In the following,we refer to Eq. (6) as the clippedmodel. In Fig. 6b,
we experimentally measure the spin amplitude distribution of the
time-multiplexed Ising machine for 100 uncoupled spins (β = 0) as a
function of α. We compare this distribution with the fixed points
obtained from the full model and the clipped model. While for a gain
close to the bifurcation point (α = 1), the experimental system is close
to the full model in Eq. (5), for large gain, the clipped model better
matches the behavior of the experimental system. As we are operating
at a gain, that is further away from the bifurcation point, we have
therefore selected the clipped model for the simulations of analog
optoelectronic Ising machines.

It is important to note that the temporal evolution of our time-
multiplexed opto-electronic setup is equivalent to a numerical inte-
gration of the time-continuous model in Eq. (6). This can be seen by
considering a forward Euler integration of Eq. (6). The forward Euler
integration is a standardmethod for approximating partial differential
equations _xðtÞ= f ðxðtÞÞ andworks by discretizing the continuous time t
into small time steps. For each time step, the time evolution of x(t) is
then approximated from the previous time step in an iterative way:

x k + 1
� �

= x k
� �

+h f ðx k
� �Þ: ð7Þ

For every iteration k, x(t) is thenwell approximated for sufficiently
small step widths h. Inserting the equation of motion of the Ising

machine in Eq. (6) into Eq. (7), we obtain:

xm k + 1
� �

=
xm k
� �

+ h
τl

ðα � 1Þxm k
� �

+βðPnJmnxn k
� �

+ xsatbmÞ+ δζ ðtÞ
� �

∣xm k + 1
� �

∣≤0:4

x k
� �

else

(

ð8Þ

We note that for h = τl, the equation simplifies to

xm k + 1
� �

=
αxm k

� �
+βðPnJmnxn k

� �
+ xsatbmÞ+ δζ ðtÞ ∣xm k + 1

� �
∣≤0:4

xm k
� �

else

(

ð9Þ

This is equivalent to the feedback signal generated in the FPGA of
our experimental system in eq. (3). The time-multiplexed system is
therefore equivalent to a numerical integration with a fixed step width
ofh = τl. Todemonstrate that this serves as anadequate approximation
of the time-continuous model, we show the Kullback–Leibler diver-
gence for the random sparse graphs in Fig. 7a for α = 0.9 and
β = 0.1 when simulating eq. (9). Compared to the simulation with a
smaller step width in Fig. 4a (where h =0.1 was chosen), we find that
the sampling accuracy is mostly unaffected by the larger step width in
the time-discretemodel. In Fig. 7b,we show thenumberof iterations as
well as the CPU runtime for obtaining statistically independent sam-
ples when simulating eq. (9) on a CPU. Compared to Fig. 5b, we find
that the overall number of iterations needed to obtain statistically
independent samples is slightly reduced by the larger step width.
Overall, the sampling accuracy and scaling are well-matched with the
simulation of the time-continuous system in Fig. 5b and Fig. 4a.We can
therefore conclude that the numericalfindings can alsobe extended to
our experimental system as well as to other time-multiplexed Ising
machines12.

Runtime analysis of Metropolis–Hastings algorithm and Ising
machine simulations on a CPU
Based on the number of iterations required to obtain statistically
independent samples in Fig. 5b we analyze the runtime of bothMCMC
and Ising machine simulations on a CPU. For the Ising machine simu-
lations, the differential Eq. (6) is integrated using the forward Euler
method with a step width of h =0.1. MCMC simulations are performed
using the Metropolis–Hastings algorithm. This is an iterative algo-
rithm, that updates a random single spin σm during each iteration
according to {σ}new = {..., σm,new, ...} = {..., −σm,old, ...}. After changing the
sign of the randomly selected spin, the energy before Eold and after the
update Enew are compared. The update is accepted if Enew ≤ Eold. If

Fig. 6 | Characterizationof the time-multiplexed optoelectronic Isingmachine.
aMeasurement of the MZM output as a function of the input voltage. The dashed
line shows the operating bias voltage of the Ising machine and the gray region

denotes the voltage range. b Measurement of the spin amplitude distribution as a
function of the gain for 100uncoupled spins (β =0). The fixed points are compared
against the numerical models in Eqs. (5) and (6).
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Enew > Eold, then the spin update will be accepted with a probability of

P = e
�ðEnew�Eold Þ

T : ð10Þ

Otherwise, the spin state will remain unchanged for the next
iteration.

The average runtime of both algorithms is estimated from the
average time required for performing one single iteration on a Intel
Core i7-7700HQ CPU and thenmultiplying it with the number of steps
in Fig. 5b. The runtime for a single iteration is obtained by repeatedly
running both algorithms for 100,000 iterations for all graph sizes from
N = 16 to N = 8192 and then dividing the averaged runtime by the
number of iterations. In general, the time required for performing a
single Monte–Carlo step is around five times faster than for perform-
ing a single iteration with the Ising machine simulation. Still, we find
that a reduced number of required iterations results in a significantly
faster runtime for sampling with the Ising machine simulation.

Mapping of restricted Boltzmann machines to Ising machines
RBMs are Boltzmann machines with a bipartite connection structure.
They consist of visible neurons vm = 0,1f g and hidden neurons
hm = 0,1f g, which are organized into two distinct layers. The layers are
fully interconnected with each other while no connections exist within
the layers. By stacking several RBMs, a deep belief network (DBN) can
be formed, where visible neurons serve as the input and hidden neu-
rons serve as output layers that feed into the next layer. An important
step in training RBMs and DBNs is layerwise unsupervised training.
During unsupervised training, the logarithmic likelihood of the acti-
vation probabilities of the neurons is maximized in each RBM layer in
relation to the training data. The biases for the visible neurons bm,vis,
hidden neurons bm,hid and the connection weights wmn are optimized
in a gradient descent with the learning rate ϵ during each training
iteration according to

wmn l
� �

=wmn l � 1
� �

+ ϵ vmhn

� 	
data � vmhn

� 	
model


 �
ð11Þ

bm,vis l
� �

= bm,vis l � 1
� �

+ ϵ vm
� 	

data � vm
� 	

model


 �
ð12Þ

bm,hid l
� �

=bm,hid l � 1
� �

+ ϵ hm

� 	
data � hm

� 	
model


 �
: ð13Þ

:::h idata and :::h imodel denote the expectation values of the neuron
activation probabilities for the RBM with and without training data

injected into the input layer respectively. While :::h idata can be calcu-
lated in a straightforward way18, the expectation values for the free-
running system :::h imodel have to be approximated through Boltzmann
sampling. In general, this sampling is considered NP-hard and com-
putationally expensive to do on digital computers. Instead, less accu-
rate estimation methods that can only be applied to RBMs, such as
contrastive divergence, are often employed34.

The energy of RBMs is calculated similarly to the Ising Hamilto-
nian according to

ERBM = �
X
mn

wmnvmhn �
X
m

bm,visvm �
X
m

bn,hidhn ð14Þ

To map the binary neurons vm = 0, 1f g and hm = 0, 1f g to an Ising
spinmodel σm = �1,1f g, we employ the linear relations vm = (σm,vis + 1)/2
and hn = (σn,hid + 1)/2. Inserting these relations into equation (14), we
obtain the Ising Hamiltonian corresponding to the restricted Boltz-
mann machine

ERBM,Ising = � 1
4

X
mn

wmnσm,visσn,hid �
1
4

X
mn

wmnσm,vis �
1
4

X
mn

wmnσn,hid

� 1
2

X
m

bm,visσm,vis �
1
2

X
m

bn,hidσn,hid:

ð15Þ
Here, we exploit the invariance of the Ising Hamiltonian under

constant energy shifts to remove the constant energy terms from Eq.
(15). Comparing Eq. (15) to the Ising Hamiltonian, we find that the first
termcorresponds to the coupling term,wherewmn is equivalent to Jmn.
The last four terms then are equivalent to the bias term inEq. (2). TheN
hidden and M visible neurons are expressed as a combined spin state
{σ} = {σ1,vis, ..., σN,vis, σ1,hid, ..., σM,hid}.

RBM training algorithm
The RBM and its training are implemented with the scikit-learn
machine learning library for Python 3. The training data is generated
from the digits dataset32. To increase the difficulty and the size of the
training dataset, each image is additionally shifted by one pixel into all
four spatial directions. This results in a five times larger dataset con-
taining 8985 images. The dataset is split into 7188 images for training
and 1797 images for testing. For each training iteration, the RBM is
trained in an unsupervised way. After the unsupervised training step, a
logistic regression layer is trained on the output of the RBM in a
supervised way. For this, the training dataset is applied as input to the

Fig. 7 | Scalability of sampling accuracy and speed for time-multiplexed analog
Ising machines. a Kullback–Leibler divergence as a function of the problem size
for sampling the energy distributions for the different random sparse graphs in
Fig. 4a (dots) using simulations of the time-discretemodel in eq. (9). The solid line
shows the average. b Number of iterations z required to create statistically

independent samples for the graphs in awith the Metropolis–Hastings algorithm
(MCMC) and with simulations of analog Ising machines (IM,sim) using the time-
discrete model. Also shown is the average runtime t to obtain independent
samples when executing the Metropolis–Hastings algorithm and the time-
discrete Ising machine model on the same CPU.
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visible RBM layer. The logistic regression layer uses the newton-cg
solver for optimizing its hyperparameters with an inverse regulariza-
tion strength of 6000. After the supervised training, the prediction
accuracy is then measured by using the test dataset.

Implementation of noise-induced Boltzmann sampling with
general gain-dissipative systems
To show the universality of noise-induced sampling, we consider its
implementation on various types of analog Ising machines. In general,
analog Ising machines can be realized with a number of gain-
dissipative systems, ranging from optical parametric oscillators to
electronic oscillators. To model the temporal evolution of these sys-
tems, the equations of motion can be unified into a generalized
model25. Different systems are then expressed through their nonlinear
transfer function, which comprises a variety of function classes. In
addition to the clipped nonlinearity used formodeling opto-electronic
system (Eq. (6)), we consider gain-dissipative systems based on poly-
nomial and sigmoid nonlinearities. Gain-dissipative systems based on
polynomial functions are commonly used in the modeling of analog
Ising machines based on optical parametric oscillators, polariton
condensates, or ring resonators. Their equation of motion is given by

dxm

dt
= ðα � 1Þxm � x3

m + β
X
n

Jmnxn + xsatbm

 !
+ δζ ðtÞ: ð16Þ

Gain-dissipative systemsbased on sigmoid functions are common
in the modeling of neural networks but have recently also been iden-
tified as a good choice for building analog Ising machines25. Their
equation of motion is given by

dxm

dt
= � xm + tanhðαxm +β

X
n

Jmnxn + xsatbm

 !
+ δζ ðtÞÞ: ð17Þ

To test the implementation of noise-induced sampling with the
different systems, we perform simulations of the equations of motion
using the forward Euler method. First, we perform noise-induced
sampling of a 2D Ising model with N = 100 spins at different tem-
peratures. In the 2D Ising model, spins are arranged in a grid structure
and coupled to their four nearest neighbors. It is a common bench-
mark for statistical sampling, as it possesses a second-order phase
transition and therefore exhibits critical phenomena, such as critical
slowing down. We perform noise-induced sampling by simulating
equation (6), equation (16), and equation (17) for different noise

variances δ2 The simulations are performed with an integration step
width of h =0.1 for 90,000 iterations at α = 0.8 and β = 0.1. In Fig. 8, we
show the average Ising energy obtained from the different systems in
comparison to MCMC-based sampling using the Metropolis–Hastings
algorithm. Over the entire temperature range and specifically at the
phase transition point Tcrit ≈ 2.27, we find a good agreement between
software-based and Ising machine-based sampling. In the insets in
Fig. 8, we show exemplary comparisons of the sampled energy dis-
tribution of the different models. Compared to MCMC-based sam-
pling, the different analog Ising machine models provide good
approximations of the distribution and hence demonstrate that noise-
induced sampling can provide accurate Boltzmann sampling inde-
pendent of the specific type of analog Ising machine. In Fig. 8b, we
show the temperatureas a functionof thenoise variance in the 2D Ising
model for the different systems. As for the 4-spin system in Fig. 2, we
again observe a linear relationship between the noise variance and the
temperature of the Ising model.

Finally, we consider the different systems for the unsupervised
training task in Fig. 4. Here, we perform sampling through simulations
of Eq. (6), Eqs. (16), and (17) with a step width of h = 1 at α = 0.9 and
β = 0.1 for 1000 steps. The machine learning model is identical to the
one in Fig. 4 and is trained with a learning rate of ϵ =0.1. For each
model, the noise level is adjusted to δpoly = 0.13, δclip = 0.12 and
δsigm = 0.19. In Fig. 8, we track the pseudolikelihood and the prediction
accuracy as a function of the training iteration. When comparing the
different models, we note that their performance is almost identical
with slight differences in the maximum prediction accuracy
(maxðηpolyÞ=0:938, maxðηclipÞ=0:953 and maxðηsigmÞ=0:944). Over-
all, wefind that unsupervised training can be performed on a variety of
analog Ising machines through noise-induced sampling.

Data availability
The authors declare that all data needed to evaluate the conclusions of
the paper are present in the paper. The sparse random graphs files
have been deposited in the Open Science Framework under ’Böhm, F.
Noise-injected analog Ising machines enable ultrafast statistical sam-
pling and machine learning. (2022). https://doi.org/10.17605/OSF.IO/
347XT’. Additional data are available from the corresponding authors
upon reasonable request.

Code availability
The modified scikit-learn library files for training RBMs with Ising
machines have been deposited in the Open Science Framework under

Fig. 8 | Simulated Boltzmann sampling performance of different analog Ising
machine models. a Average energy at different temperatures for the 2D Ising
model. Samples are obtained with the Metropolis–Hastings algorithm (MCMC,
solid line) and with Isingmachine simulations for different gain-dissipative systems
(triangle: polynomial, square: clipped, circle: sigmoid). Insets: energy distributions

for the four different systems at T = 1.8 (i) and T = 3.4 (ii). b Relation between noise
variance δ2 and the temperature for the 2D Ising model for the different gain-
dissipative systems. c Unsupervised training for the digit recognition task in Fig. 4
using simulations of different gain-dissipative systems.
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