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Decay and renormalization of a longitudinal mode
in a quasi-two-dimensional antiferromagnet
Seung-Hwan Do 1,9✉, Hao Zhang 1,2,9, Travis J. Williams 3, Tao Hong 3, V. Ovidiu Garlea 3,

J. A. Rodriguez-Rivera 4,5, Tae-Hwan Jang6, Sang-Wook Cheong 6,7, Jae-Hoon Park 6,8,

Cristian D. Batista 2 & Andrew D. Christianson 1

An ongoing challenge in the study of quantum materials, is to reveal and explain collective

quantum effects in spin systems where interactions between different modes types are

important. Here we approach this problem through a combined experimental and theoretical

study of interacting transverse and longitudinal modes in an easy-plane quantum magnet

near a continuous quantum phase transition. Our inelastic neutron scattering measurements

of Ba2FeSi2O7 reveal the emergence, decay, and renormalization of a longitudinal mode

throughout the Brillouin zone. The decay of the longitudinal mode is particularly pronounced

at the zone center. To account for the many-body effects of the interacting low-energy modes

in anisotropic magnets, we generalize the standard spin-wave theory. The measured mode

decay and renormalization is reproduced by including all one-loop corrections. The theore-

tical framework developed here is broadly applicable to quantum magnets with more than

one type of low energy mode.
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One of the strongest signatures of collective quantum
behavior is the spontaneous quasi-particle decay in
interacting bosonic systems, as observed in superfluids1–3

and quantum magnets4–8. In the latter case, spontaneous magnon
decay has been studied in a growing number of lattice geometries
and model systems where large quantum fluctuations enhance
this many-body effect9,10. A key finding of these studies is that the
strong decay process is accompanied by a significant renormali-
zation of the overall spectrum11–16. This spectral renormalization
leads to measurable effects in the thermal dynamic and transport
properties17, which are inexplicable without considering the
renormalization of the quasi-particle mass. At the same time, the
renormalization of the spectra opens an avenue to understand
quantum systems since the renormalized single-magnon disper-
sion provides a stringent test for theories that attempt to describe
magnon decay. In other words, approaches that do not fully
incorporate these many-body effects will not yield correct values
of the interaction parameters extracted from experimental
studies.

An important question is how to understand quasi-particle
decay in quantum magnets when there is more than one type of
low-energy mode, i.e. when the parent particles are not of the
same type as the daughter particles. Anisotropic magnets with
spin S≥ 1 provide a common example of this situation. The
additional fluctuations (quadrupolar for S≥ 1, octupolar for
S≥ 3=2, etc.) can generate modes which are not captured by
standard SU(2) approaches at the linear level. Rather, the physics
is more conveniently described in terms of generalized SU(N)
spin-wave theory, where the low-energy modes are described by
N � 1 distinct bosons18. For example, anisotropic S ¼ 1 systems
where both transverse and longitudinal modes are expected, have
been previously treated by linear SU(3) theories17–23. While lin-
ear SU(N) approaches to capture the correct number of low-

energy modes, they are unable to reproduce the quasi-particle
decay and renormalization generated by the interaction between
these modes. To capture these effects requires going beyond the
linear level and thus an objective of this paper is to generalize the
1/S-expansion of the SU(2) treatment to SU(3) in order to
account for the quasi-particle decay and renormalization pro-
duced by the interaction (nonlinear) terms using the quintes-
sential example of interacting longitudinal and transverse modes
for an S ¼ 1 easy-plane quantum magnet as a test case.

In easy-plane quantum magnets, phase transitions can be driven
by either fluctuations of the phase or the amplitude of the order
parameter24. The phase fluctuations are the transverse modes of the
order parameter (Goldstone modes in the long-wavelength limit),
whereas amplitude fluctuations correspond to the longitudinal
modes. Due to the gapless nature of the Goldstone transverse modes,
the longitudinal or “Higgs” mode is kinematically allowed to decay
into two transverse modes. This decay becomes more significant in
low-dimensional systems. Indeed, the longitudinal mode in two-
dimensional (2D) antiferromagnets was originally assumed to be
overdamped due to an infrared divergence of the imaginary part of
the longitudinal susceptibility25,26. However, more recent theoretical
work predicted that the longitudinal peak should remain visible even
in 2D27–33. One aspect of this problem, which has not been
emphasized in previous works, is that the rather strong decay of the
longitudinal mode is accompanied by a significant renormalization
of the gap and the dispersion of the modes. As noted above, this
additional many-body effect provides a hard test for theories that
attempt to reproduce the measured decay of the Higgs mode.

As a starting point to understand the physics described above,
we focus on the quasi-2D Heisenberg square lattice with effective
S ¼ 1 with an antiferromagnetic exchange coupling (eJ) and a
strong easy-plane single-ion anisotropy (eD). In this case, α ¼ eJ=eD
can be viewed as a tuning parameter that can be used to drive a
system from a quantum paramagnet (QPM) to an antiferro-
magnet (AFM) with an intervening QCP as shown in Fig. 1. Near
the QCP, spontaneous symmetry breaking produces two trans-
verse modes (one of them is a Goldstone mode) and a long-
itudinal Higgs mode. The longitudinal mode is unstable with
respect to decay into a pair of transverse modes resulting in an
intrinsic line broadening9,34.

In this paper, we use inelastic neutron scattering to study the
spin excitation spectrum of Ba2FeSiO7. The high-quality neutron-
scattering data reveals a complex spectrum where transverse
modes are resolution limited, whereas a longitudinal mode dis-
plays significant Q-dependent broadening throughout the Bril-
louin zone (BZ), demonstrating the importance of quasi-particle
decay even away from the long-wavelength limit. The neutron-
scattering results further show that the longitudinal mode has a
very small gap clearly demonstrating that Ba2FeSiO7 is relatively
close to a QCP. To understand the inelastic neutron-scattering
data, we implement a generalized SU(3) spin-wave
calculation17,18,22 and compute the low-energy excitation spec-
trum of an effective low-energy spin S ¼ 1 model. After
demonstrating that the generalization of the well-known
1=S-expansion of the SU(2) spin-wave theory35–41 is simply a
loop expansion42 of the SU(3) spin-wave theory, we show that the
one-loop correction is enough to account for the broadening of
the longitudinal mode and the large renormalization of the gap
and the dispersion of this mode. We further show that not
including the one-loop corrections results in Hamiltonian para-
meters that place the exact ground state of the spin Hamiltonian
for Ba2FeSi2O7 on the nonmagnetic side of the QCP—contrary to
experimental fact. This provides a dramatic demonstration of the
importance of including renormalization effects, where the linear
spin-wave calculation overestimates the stability range of the
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Fig. 1 Schematic diagrams near the quantum critical point. The schematic
phase diagram illustrates the O(2) quantum critical point (QCP) between
the antiferromagnetic (AFM) state and the quantum paramagnet (QPM) as
a function of α ¼ eJ=eD (eJ is a Heisenberg exchange and eD is a easy-plane
single-ion anisotropy of effective S= 1). The low-energy excitations of the
QPM are two degenerate Sz=±1 modes (black line) with a gap, Δ, which
closes at the QCP. The spontaneous U(1) symmetry breaking leads to a
gapless magnon or transverse mode (T-mode), indicated with a blue line,
which is accompanied by a gapped longitudinal mode (L-mode) indicated
with the orange line. Near the QCP, the energy and the lifetime of the
L-mode are strongly renormalized (dashed orange line) due to the decay
into the continuum of two transverse modes (shaded orange region).
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magnetically ordered state. The fact that the one-loop correction
can simultaneously account for the real and imaginary part of the
self-energy of the longitudinal mode, as well as of the renorma-
lization the transverse mode dispersion, confirms that the easy-
plane quantum magnet Ba2FeSi2O7 is an ideal platform for
studying many-body effects in the proximity of the O(2) QCP.

Results
Model material. Figure 2a illustrates the crystal structure of
Ba2FeSi2O7 comprising layers of FeSi2O7 separated by Ba atoms. As
shown in Fig. 2b, the FeO4 tetrahedra of the FeSi2O7 layer are
connected via SiO4 polyhedra and the two adjacent Fe2+ atoms are
coupled through the superexchange interaction, J, that is mediated
by the two oxygen ligands (red dashed line in Fig. 1b). The resulting
square lattice of magnetic moments is vertically stacked along the c
axis, leading to a quasi-2D simple tetragonal spin lattice.

A detailed description of the single-ion state of the Fe2+ ion is
given in Note 1 of the Supplementary Information. The combina-
tion of a relatively large spin–orbit coupling (λ ~20meV) and a
dominant tetrahedral crystal field (ΔTd), splits the free-ion levels, 5D
(L= 2, S= 2), into several multiplets. The lowest energy S ¼ 2
multiplet has a significant orbital character due to the finite
spin–orbit coupling, that combined with the tetragonal distortion
(δTetra) by large compression of the FeO4 tetrahedra leads to a rather
strong easy-plane single-ion anisotropy43,44. The five S ¼ 2 energy
levels are then split into a singlet Sz ¼ 0 ground state and two
excited Sz ¼ ±1 and Sz ¼ ±2 doublets with energies D and 4D,
respectively (see Fig. S1a of the Supplementary Information).
Because the gap D of the Sz ¼ ±1 doublet is four times smaller
than the gap of the Sz ¼ ±2 doublet and the dominant super-
exchange interaction J is smaller than D/4 in Ba2FeSi2O7, the low-

energy spectrum is well captured by projecting the S ¼ 2 spin
Hamiltonian into the Sz ¼ 0 and Sz ¼ ± 1 low-energy states.

The resultant S ¼ 1 effective spin Hamiltonian describes the
competition between a QPM (eJ � eD) with each spin of the lattice
having dominant Sz ¼ 0 character, and a collinear AFM state
(α ¼ eJ=eD > αc) with staggered magnetization in the ab plane (see
Fig. 2b). Ba2FeSi2O7 turns out to be on the antiferromagnetic side
with a Néel temperature TN= 5.2 K44. Below TN, the spins order
antiferromagnetically with propagation vector Qm = (1, 0, 0.5),
corresponding to ðπ; π; πÞ as shown in Fig. 2c. The magnetic
moments are highly confined in the ab plane due to easy-plane
anisotropy, giving rise to the magnetic structure shown in Fig. 2b.
A neutron diffraction study on a powder sample revealed a
significantly reduced ordered moment of 2.95 μB, which is only
63% of the full moment of 4.36 μB (gab ¼ 2:18) expected for an
S ¼ 2 spin44, suggesting the proximity to the quantum critical
point. In addition, as described in further detail below, our
analysis confirms that α ¼ eJ=eD � 0:184 is close to the critical
value, α2Dc = 0.18 and α3Dc = 0.1 for 2D and 3D, respectively,
obtained from quantum Monte Carlo simulations22.

The spin excitations of Ba2FeSi2O7 are generically described by
an antiferromagnetic S ¼ 2 spin Hamiltonian on a simple
tetragonal lattice:

H ¼ J ∑
hr;r0i

½Sxr Sxr0 þ SyrS
y
r0 þ ΔSzrS

z
r0 �

þ J 0 ∑
hhr;r0ii

½Sxr Sxr0 þ SyrS
y
r0 þ Δ0SzrS

z
r0 �

þ D∑
r
ðSzr Þ2:

ð1Þ

The bracket 〈r,r′〉(〈〈r,r′〉〉) indicates that the sum runs over
intralayer (interlayer) nearest-neighbor spins with isotropic

Fig. 2 Crystal and magnetic structure of Ba2FeSi2O7. a Crystal structure of Ba2FeSi2O7. Ba atoms separate layers composed of FeSi2O7, rendering a quasi-
two-dimensional structure. b In the FeSi2O7 layer, FeO4 tetrahedra are connected via SiO4 polyhedra, and the adjacent two Fe2+ atoms are exchange
coupled by two oxygen ligands. The red dashed line indicates the exchange pathway J within two-dimensional square spin network. The interlayer coupling
J0 is found here to be much weaker than J. Red arrows indicate the moment direction in the collinear AFM phase as determined in ref. 44. The black solid
line indicates the chemical unit cell. c HK-reciprocal space with L= 0.5 in the tetragonal structure (P�421m). The blue solid line and the black circle indicate
the Brillouin zone and zone center, respectively. The coordinates (H, K, L) of the reciprocal lattice of the origin lattice are related to ðkx; ky; kzÞ of the
magnetic lattice formed by the Fe2+ atoms through kx ¼ πðH� KÞ, ky ¼ πðHþ KÞ, and kz ¼ 2πL. d Illustration of the spin fluctuation modes. T1 and T2

indicate transverse fluctuation in the ab-plane and out-of the plane, respectively. L indicates longitudinal fluctuation of spin.
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superexchange interaction JðJ 0Þ. Δ(Δ′) is the intralayer (interlayer)
uniaxial anisotropy and the last term represents the easy-plane
single-ion anisotropy (D > 0).

In the large D/J limit, the Sz ¼ ±2 doublet is separated from the
Sz ¼ ±1 doublet by an energy gap 3D. The low-energy subspace
of magnetic excitations can then be further reduced by projecting
out the Sz ¼ ±2 doublet. The reduced low-energy Hamiltonian
Heff results from projecting H onto the low-energy subspace S
spanned by the triplet of states with Sz ¼ 0; ± 1: Heff ¼ PSHPS.
The resulting effective spin S ¼ 1 Hamiltonian is

Heff ¼ ~J ∑
hr;r0i

½sxr sxr0 þ syrs
y
r0 þ ~Δszrs

z
r0 �

þ eJ 0 ∑
hhr;r0ii

½sxr sxr0 þ syrs
y
r0 þ ~Δ0szrs

z
r0 �

þ ~D∑
r
ðszrÞ2:

ð2Þ

with eJ ¼ 3J , eJ 0 ¼ 3J 0, eΔ ¼ Δ=3, eΔ0 ¼ Δ0=3, and eD ¼ D. As we will
see below, this simple effective Hamiltonian can explain not only
the in-plane antiferromagnetic ordering observed in Ba2FeSi2O7

(see Fig. 2b), but also the spectra of quasi-particle excitations,
including rather strong renormalization effects due to proximity to
the QCP.

Inelastic neutron scattering. To investigate the spin excitation
spectrum in Ba2FeSi2O7, we performed inelastic neutron scattering
using two instruments; the cold neutron triple-axis spectrometer
(CTAX) at the High Flux Isotope Reactor, and the time-of-flight
hybrid spectrometer (HYSPEC) at the Spallation Neutron Source at
Oak Ridge National Laboratory45. An overview of the inelastic
neutron-scattering results is presented in Fig. 3 through contour

maps of the neutron-scattering intensity, IðQ;ωÞ, along [H, H, 0.5]
and [H, 0, 0.5]. For both spectra, strongly dispersive spin excitations
extending up to energy ~2.7meV are observed. Whereas the dis-
persion along [0, 0, L] direction is weak with a bandwidth of
~0.5meV (see Note 4 in the Supplementary Information), which is
expected for spin excitations of a quasi-two-dimensional spin
system.

There are several distinct features in the inelastic neutron-
scattering data. An intense spin-wave excitation emanates from
the magnetic zone center (ZC), Q= (1, 0, 0.5), which arises due
to the in-phase oscillation between Fe2+ spins in the plane. We
refer to this mode as T1. Along the [H, 0, 0.5] direction toward the
zone boundary (ZB) at Q= (0, 0, 0.5), the T1-mode reaches its
maximum energy of ~2.5 meV. Another weak, but sharp mode, is
visible along [H, 0, 0.5] with an energy of 2.5 meV at the ZC. We
refer to this mode as T2. These two modes are expected for a
strong easy-plane antiferromagnet, where transverse magnons
split into gapless in-plane fluctuations (T1-mode) and gapped
out-of-plane fluctuations (T2-mode). The finite value of the
energy gap of the out-of-plane fluctuation at the ZC is associated
with the strength of the easy-plane single-ion anisotropy46.

The T1 and T2 transverse magnon modes are also observed along
the [H, H, 0.5] direction in Fig. 3d. Noticeably, an additional sharp
mode is observed at the top of the T1-mode. This mode is visible
along the entire Brillouin zone boundary. We refer to this additional
mode as “L”-mode. The L-mode is visible in the spectra along [H, 0,
0.5] as well, however, it exhibits dramatic line broadening near
the ZC. To demonstrate more clearly the Q-dependence of the
modes, Fig. 4 shows cuts at constant momentum transfers for
multiple points along [H, 0, 0.5] and [H, H, 0.5]. Two pronounced
peaks, corresponding to the T1- and L-modes, remain sharp along

a b GLSWT GLSWT + one-loopcData

(0,0,π) (π,π,π) (2π,2π,π) (3π,3π,π) (0,0,π) (π,π,π) (2π,2π,π) (3π,3π,π)(0,0,π) (π,π,π) (2π,2π,π) (3π,3π,π)
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Fig. 3 Inelastic neutron scattering of Ba2FeSi2O7. a Contour map of the inelastic neutron-scattering (INS) data as a function of energy and momentum
transfer along the [H, 0, 0.5] direction measured at T = 1.6 K (<TN) using the HYSPEC time-of-flight spectrometer at SNS. d Contour map of the INS data
as a function of energy and momentum transfer along [H, H, 0.5] direction measured at T = 1.4 K (<TN) using the cold Neutron Triple-Axis spectrometer
(CTAX) at HFIR. The instrumental resolutions at energy= 2.5 meV for each instrument are indicated with blue bars along the y-axis in a and d. The two
transverse modes and the longitudinal mode are labeled with T1, T2, and L, respectively. b, c, e, f INS intensities calculated by the generalized linear spin-
wave theory (GLSWT) and GLSWT plus one-loop corrections (GLSWT+one-loop) with the parameter sets A and B given in Table 1, respectively. The
instrumental resolution of HYSPEC and CTAX was modeled in the calculated spectra using a Lorentzian function.
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the ZB (Fig. 4b). As already noted, the situation is very different
near the ZC where the L-mode is significantly broadened (Fig. 4a).
We note that the L-mode remains a broad peak near the ZC, rather
than a featureless excitation. To investigate the extent of the
broadening effect, Gaussian line shapes for the T1-, T2-, and L-
modes were fit to the individual cuts in Fig. 4. The line widths
obtained from the fits are displayed in Fig. 7a–d. These results
reveal that the L-mode is three times broader than the instrumental
resolution at the ZC (see Fig. 4a), whereas it has comparable line
width to instrumental resolution near the ZB.

Generalized spin waves. In this section, we introduce a general-
ized SU(3) spin-wave calculation17,18,22,47, which is required to
capture the two low-energy (longitudinal and transverse) modes of
Ba2FeSi2O7. Clearly, a linear treatment is not enough to capture the
decay of the longitudinal mode into two transverse modes. Con-
sequently, the main aim of this section is to lay the groundwork for
introducing the loop expansion42 (generalization of the 1/S-
expansion35–41) in the section describing the nonlinear corrections.

To account for the transverse and longitudinal modes revealed
by the INS experiment, the usual SU(2) spin-wave theory (SWT)
must be generalized to SU(3)18, by introducing the SU(3)
Schwinger boson representation of the spin operators
Sνr ¼ byrSνbr, where br ¼ ðbr;þ1; br;�1; br;0ÞT ,

Sx ¼ 1ffiffiffi
2

p ðλ4 þ λ6Þ;Sy ¼ 1ffiffiffi
2

p ðλ5 � λ7Þ;Sz ¼ λ3; ð3Þ

λi are the Gel–Mann matrices and the Schwinger boson operators
satisfy the local constraint

∑
m¼± 1;0

byr;mbr;m ¼ M ¼ 1: ð4Þ

We note that the SU(3) Schwinger boson representation of the
spin operators should not be confused with the Schwinger boson
approximation36,48–50, which is qualitatively different from the
semi-classical approach that we describe below. The magnetically
ordered state of Ba2FeSi2O7 can be approximated by a product
(mean-field) state of normalized SU(3) coherent states

jψri ¼ cosθj0i þ ðsinθcosϕj1i þ sinθsinϕj � 1iÞeiQm�r; ð5Þ
where Qm ¼ ðπ; π; πÞ ((1, 0, 0.5) in the chemical lattice) is the
AFM ordering wave vector. Although a general SU(3) coherent
state is parameterized by four independent parameters for
degenerate representations51, the two independent parameters θ
and ϕ are enough to describe the collinear order under
consideration. The three basis states mj iðm ¼ 0; ±1Þ are
represented by creating a boson with the quantum number m
from the vacuum: jmi ¼ byr;mjϕi.

As in the usual spin-wave theory, we introduce an SU(3)
transformation that rotates the boson operators, ebr ¼ Urbr, to a
local basis that includes the coherent SU(3) state (5) as one of its
three elements. This local transformation allows us to align the
quantization axis with the direction of the local SU(3) order
parameter. The spatial dependence of Ur can be removed by
working in a twisted frame, where the original AFM order
becomes a FM one. This can be done by rotating the spin
reference frame of one of the two sublattices of the tetragonal
lattice by an angle π along the z axis: szr ! szr , and sx;yr ! �sx;yr . In
the new reference frame, the effective Hamiltonian (2) becomes

~Heff ¼ ~J ∑
hr;r0i;ν

aνs
ν
r s

ν
r0 þ ~J 0 ∑

hr;r0i;ν
bνs

ν
r s

ν
r0 þ ~D∑

r
ðszrÞ2; ð6Þ

with ax ¼ ay ¼ bx ¼ by ¼ �1, az ¼ eΔ and bz ¼ eΔ0, and the
SU(3) transformation reads

U ¼
�sinϕ cosϕ 0

cosθcosϕ cosθsinϕ �sinθ

sinθcosϕ sinθsinϕ cosθ

0B@
1CA: ð7Þ

The bosonic representation of eHeff is

~Heff ¼ ~J ∑
hr;r0i;ν

aν~b
y
r
~Sν~br~b

y
r0
~S
ν~br0

þ ~J 0 ∑
hr;r0i;ν

bνebyr eSνebrebyr0eSνebr0
þ ~D∑

r
ð1� ~b

y
r
~A~brÞ;

ð8Þ

where eSν ¼ USνUy, eA ¼ UAUy, and Aαβ ¼ δα;0δβ;0: Note that

the unitary transformation (7) is chosen in such a way that the ebr;0
boson is macroscopically occupied, namely hebr;0i ¼ hebyr;0i ’ ffiffiffiffiffi

M
p

.
According to the constraint (4), M ¼ 1 for the case of interest.
However, we will keep usingM because 1=M is the parameter of the
perturbative expansion that will be introduced below. Note thatM ¼
2S for the usual SU(2) spin-wave theory. The main assumption

behind the 1=M expansion is that hebyr;�1
ebr;�1i; hebyr;þ1

ebr;þ1i � M.
Under this assumption, we can expand the spin operators Sμ and the
quadrupolar operator ðSzÞ2 in powers of 1=M (see Note 5 in
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Fig. 4 Detailed line-cuts of INS spectra. a Constant momentum cuts at
points along the [H, 0, 0.5] direction measured using HYSPEC at SNS,
integrated over H= [H−0.05, H+0.05] at selected H, K = [−0.1, 0.1], and
L= [0.4, 0.6]. b Constant momentum cuts at points along the [H, H,
0.5] direction measured using CTAX at HFIR. Blue bars at the bottom of the
panels indicate the instrumental resolutions for HYSPEC and CTAX at the
proximate energy transfers. The blue and orange shaded regions are the
results of fitting Gaussian line shape to transverse (T1, T2) and longitudinal
(L) modes, respectively.
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the Supplementary Information). The resulting expansion of eHeff iseHeff ¼ M2Hð0Þ þMHð2Þ þM1=2Hð3Þ þM0Hð4Þ þ O M�1
� �

; ð9Þ
where the linear term Hð1Þ vanishes because the parameters θ and ϕ
in Eq. (5) are determined by minimizing the mean-field energy

Hð0Þ ¼ ð2~JeΔþeJ 0eΔ0Þsin4θcos22ϕ

� 1
2
ð2eJ þeJ 0Þsin22θð1þ sin2ϕÞ þ eDsin2θ: ð10Þ

Since the AFM order is invariant under time reversal followed
by one lattice translation, the states Sz ¼ ±1 must have equal
weight in the mean-field state (5), implying that ϕ ¼ π=4. By
minimizing Hð0Þ with respect to θ, we obtain

x � sin2θ ¼ 1
2
�

eD
8ð2eJ þeJ 0Þ : ð11Þ

The quadratic term Hð2Þ represents the generalized linear spin-
wave (GLSW) Hamiltonian. After Fourier transforming the
bosonic operators,

~brα ¼
1ffiffiffiffiffiffi
Ns

p ∑
k

~bkαe
ik�r; ð12Þ

where Ns is the number of sites, Hð2Þ can be brought into a
compact form by introducing the Nambu spinor

~bk ¼ ðebk;þ1;
ebk;�1;

eby�k;þ1;
eby�k;�1Þ

T
,

Hð2Þ ¼ ∑
k

∑
α;β¼± 1

b
!y

k Hð2ÞðkÞ b!k; ð13Þ

with

Hð2ÞðkÞ ¼
�
ΔαβðkÞ ΛαβðkÞ
ΛβαðkÞ ΔβαðkÞ

�
: ð14Þ

The matrix elements are

ΔαβðkÞ ¼∑
ν

�ð2aν~J þ bν~J
0ÞðeSν

αβ
eSν

00 � ðeSν

00Þ2δαβÞ

þ ð~Jaν ∑
ν0¼x;y

cos kν0 þ ~J 0bν cos kzÞeSν

α0
eSν

0β

�
�

~D
2
ð~Aαβ � ~A00δαβÞ;

ð15Þ

ΛαβðkÞ ¼ ∑
ν

~Sν

α0
~Sν

β0
~Jaν ∑

ν0¼x;y
cos kν0 þ ~J 0bν cos kz

	 

: ð16Þ

The collinear mean-field state (5) has a residual Z2 symmetry
associated with a π-rotation along the direction of the ordered

moments (local ez axis). The bosonic operator ebyþ1 picks up minus
sign under this Z2 symmetry because it creates the state witheSz ¼ �1. In contrast, the bosonic operator eby�1 remains invariant
because it creates the state with eSz ¼ 0. This symmetry analysis
implies that the ebþ1 and eb�1 bosons must be decoupled in Hð2Þ

because a non-vanishing hybridization term would otherwise
break this Z2 symmetry:

Hð2Þ ¼ ∑
k;α¼± 1

½Ak;α
~b
y
k;α
~bk;α �

Bk;α

2
ð~b�k;α

~bk;α þ ~b
y
k;α
~b
y
�k;αÞ� ð17Þ

with γxyk ¼ cosðkxÞ þ cosðkyÞ, γzk ¼ cosðkzÞ and the expressions
for Ak;α and Bk;α are given in Note 5 of the Supplementary
Information.

The diagonal form of Hð2Þ,

Hð2Þ ¼ ∑
k;α¼± 1

ωk;α

�
βyk;αβk;α þ

1
2

�
ð18Þ

is then obtained by applying an independent Bogoliubov
transformation for each bosonic flavor,

ebk;± 1 ¼ uk;± 1βk;± 1 þ vk;± 1β
y
�k;± 1; ð19Þ

with

uk;± 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

� jAk;± 1j
ωk;± 1

þ 1

�s
;

vk;± 1 ¼
Bk;±

jBk;± j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

� jAk;± 1j
ωk;± 1

� 1

�s
: ð20Þ

The operators βyk;± 1 create quasi-particles with energy

ωk;± 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
k;± 1 � B2

k;± 1

q
; ð21Þ

where ωk;þ1ðωk;�1Þ is the dispersion relation of the transverse
(longitudinal) modes. The neutron-scattering intensity IðQ;ωÞ is
related to the spin-spin correlation function through

IðQ;ωÞ /f 2ðQÞ∑
μ;ν

δμν �
Q̂μQ̂ν

Q2

 !

´
1

2πNs
∑
Ns

i;j

Z þ1

�1
dteiωt�iQ�ðri�rjÞhsμi ðtÞsνj ð0Þi;

ð22Þ

where Q is the momentum vector transfer, and f ðQÞ is the
magnetic form factor of Fe2+. In the Discussion section, we will
show that although the GLSW approach discussed in this section
can reproduce the dispersion relations of all observed low-energy
modes in Ba2FeSi2O7, it cannot account for various interaction
effects that are revealed by the INS experiments. To capture these
effects, we must then include the next order terms in the
1=M-expansion.

Nonlinear corrections. In this section, we demonstrate that the
generalization of the 1=S-expansion is simply a loop expansion.
Based on this result, we compute the one-loop corrections to the
linear theory presented in the previous section. As we explain in
the next section, the one-loop correction accounts for both the
broadening and the energy renormalization of the longitudinal
mode near the zone center.

After Fourier transforming and applying a Bogoliubov
transformation, the cubic contributions to the generalized spin-
wave theory become

Hð3Þ ¼ Hð3Þ
c þHð3Þ

l ; ð23Þ

with

Hð3Þ
c ¼ 1ffiffiffiffiffiffi

Ns

p ∑
qi

∑
αi¼± 1

δðq1 þ q2 þ q3Þ

´
� 1
3!
V ð3Þ

s ðq1;2;3; α1;2;3Þβq1;α1βq2;α2βq3;α3
þ 1

2!
V ð3Þ

d ðq1;2;3; α1;2;3Þβy�q1;α1β
y
�q2;α2

βq3;α3 þ h:c:
�
;

ð24Þ
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and

Hð3Þ
l ¼ 1ffiffiffiffiffiffi

Ns

p ∑
q

∑
α¼± 1

½V ð3Þ
l ðq; 0; q; α;�1; αÞβy0;�1 þ h:c:�

¼
ffiffiffiffiffiffi
Ns

p
∑

α¼± 1
½VL;αβ

y
0;�1 þ h:c:�:

ð25Þ

Here V ð3Þ
d and V ð3Þ

s are the decay and sink vertices, respectively.
The symmetry-allowed cubic vertices are depicted in the second
and third lines of Fig. 4. Note that, unlike the SU(2) case, collinear
magnetic ordering does not preclude cubic terms in the
expansion (9) of the generalized SU(N) spin-wave theory with
N > 2. For the SU(3) case under consideration, the residual Z2

symmetry (π-rotation along the local ez-axis) only requires that
the ebþ1 boson must appear an even number of times (e.g., ebþ1

ebþ1

or ebyþ1
ebyþ1) in the cubic terms. Hð3Þ

l is a linear term that originates
from the normal ordering of the cubic vertices. This term
renormalizes the optimal value θ that was obtained from the
minimization ofHð0Þ. The integral of V ð3Þ

l ðq;α;�1Þ over the entire
Brillouin zone is the so-called cubic–linear vertex, which is
nonzero only for the longitudinal boson at the ordering wave
vector q= 0 (in the twisted frame). The explicit forms of V ð3Þ

d;s and

V ð3Þ
l are derived in Note 7 of the Supplementary Information.
We will now describe the construction of a systematic

perturbative field theory that is controlled by 1=M. This scheme
can be applied to study anharmonicities starting from any
generalized spin-wave theory based on a Schwinger boson
representation of the generators of SU(N). The well-known
1=S-expansion will be recovered for the particular case N ¼ 2 and
M ¼ 2S. As we will demonstrate below, the 1=M-expansion is
just a particular example of the loop expansion that is commonly
used to describe spontaneous symmetry breaking in particle
theory42. The connection is more evident after noticing that M
becomes an overall prefactor of the rescaled Hamiltonian (Eq.
(9)), H ¼ Heff =M, once we also rescale the bosonic fields

according to �br;ν ¼ ebr;ν= ffiffiffiffiffi
M

p
. Since the original interaction

vertices V ðnÞðn≥ 3Þ scale as V ðnÞ � ðMÞ2�n
2, all vertices of the

rescaled Hamiltonian Hð�br;ν; �b
y
r;νÞ become of order M, while the

propagator is still of order 1=M. Thus, the order p of a particular
one-particle irreducible diagram is V � I, where V is the number
of vertices and I is the number of internal lines (note that the
frequency ω is of order M0 because the quadratic contribution
hHð2Þi is independent of M). Since the number of loops is
L ¼ I � V þ 1 (Every vertex introduces a delta function that
reduces the number of independent momenta by one, except for
one delta function that is left over for overall energy-momentum
conservation), we obtain the desired result: p ¼ 1� L.

Let us rederive this result without rescaling the fields and the
Hamiltonian. As we already mentioned, Eq. (9) tells us that the
interaction vertices V ðnÞðn≥ 3Þ scale as V ðnÞ � ðMÞ2�n

2. The quasi-
particle propagator

G0;αðk; iωÞ ¼ ð�iωþ ωk;αÞ�1; α ¼ ±1 ð26Þ
where ω is the Matsubara frequency, scales as G0;αðkÞ � M�1

because ωk;α is of order M (see Eq. (9)). The dressed single-
particle propagator is obtained from the Dyson equation,

G�1ðk; iωÞ ¼ G�1
0 ðk; iωÞ � Σðk; iωÞ; ð27Þ

where Σðk; iωÞ is the single-particle self-energy. At a given order
in M, the dressed propagator includes two external legs, L
independent loops, I internal lines (bare propagators G0) and Vn

interaction vertices of the type V ðnÞ. After a summation over the

Matsubara frequency ω � M1, each loop gives a contribution of
order M1. Hence, the order p of a particular one-particle
irreducible diagram contributing to Σðk; iωÞ is

p ¼ L� I þ ∑
n≥ 3

Vn

	
2� n

2



: ð28Þ

Since each internal line connects a pair of vertices, we have

∑
n≥ 3

nVn ¼ 2I þ 2; ð29Þ

where ∑n≥ 3nVn is the total number of lines. Furthermore, the
number of loops is equal to the number of independent
momentum integrals. From the conservation of momentum at
each vertex, we have

L ¼ I �
	
∑
n≥ 3

Vn � 1



: ð30Þ

By combining the above results, we obtain

p ¼ 1þ ∑
n≥ 3

Vn � ∑
n≥ 3

nVn

2
¼ 1� L; ð31Þ

implying that the order of a given diagram is determined by the
number of loops.

The lowest-order O (M0) Feynman diagrams are shown in
Fig. 6. Since the inverse of the bare boson propagator is of order
O (M1), the remaining diagrams of order O (M0) give a relative 1/
M-correction to the poles of the bare propagators. The real part of
the new poles corresponds to the renormalized single-particle
energy, whereas the imaginary part corresponds to the decay rate,
which is responsible for the broadening of the quasi-particle
peaks measured with INS.

The contributions to the self-energy from the decay and from
the source diagrams shown in Fig. 6 are

Σd
αðq; iωÞ ¼

1
2Ns

∑
k;α1;α2¼± 1

jV ð3Þ
d ð�k; k þ �q; q; α1; α2; αÞj2
iω� ωk;α1

� ωqþ�k;α2

; ð32Þ

Fig. 5 Basic ingredients of the perturbative field theory in 1/M for
Ba2FeSi2O7. Solid (dash) lines represent the bare propagator of the
transverse (longitudinal) boson. The symmetry-allowed cubic vertices are
shown on the second and third lines. The red (blue) dot represents a decay
(sink) vertex. The cubic–linear vertices are listed on the fourth line. The last
line represents the normal vertex Vð4;NÞ

αα from Hð4Þ .
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and

Σs
αðq; iωÞ ¼ � 1

2Ns
∑

k;α1;α2¼± 1

jV ð3Þ
s ðk; �k þ �q; q; α1; α2; αÞj2
iωþ ωk;α1

þ ωqþ�k;α2

; ð33Þ

respectively.
Finally, the diagrams that appear in the last line for both panels

of Fig. 6 arise from the normal ordering of the quartic term Hð4Þ

in Eq. (9). These contributions simply renormalize the quadratic
Hamiltonian:

Hð4Þ
NO ¼ ∑

q;α;α0
½V ð4;NÞ

αα0 βyq;αβq;α0 þ ðV ð4;AÞ
αα0 β�q;αβq;α0 þ h:c:Þ�; ð34Þ

where V ð4;NÞ
αα0 ðV ð4;AÞ

αα0 Þ represents the normal (anomalous) con-
tributions. Since Hð4Þ

NO is of order M0, only the diagonal normal
contribution arising from the normal vertex V ð4;NÞ

αα0 δα;α0 gives a
relative correction of order 1=M to the bare single-particle energy
given in Eq. (21) (the anomalous terms in Eq. (34) give a relative
correction contribution order 1=M2). The derivation of V ð4;NÞ

αα is
included in Note 7 of the Supplementary Information.

We note the parallel between the decay, sink, and quartic
diagrams that give the 1/M-correction to the single-particle self-
energy and the ones that appear in the 1/S-expansion of the
standard SU(2) spin-wave theory of non-collinear Heisenberg
magnets11. The main difference is that the SU(3) theory includes

an extra bosonic flavor that enables more symmetry-allowed
decay channels. In addition, the cubic–linear diagram exists even
in absence of magnetic field because the magnitude of the ordered
magnetic moment can be renormalized by changing the
variational parameter θ. These diagrams, shown in the third line
of Fig. 6a and the fourth line of Fig. 6b, are obtained by
contracting one of the legs of the decay vertex with the
cubic–linear vertex shown in Fig. 5. By using the Feynman rules,
the cubic–linear diagrams are calculated as

Σcl
α ðqÞ ¼ � 1

ω0;�1
ð½V ð3Þ

d ð0; �q; q;α;�1; αÞ�*VL;α þ h:c:Þ: ð35Þ

By applying the analytic continuation ω± iδþ ! iω and
adopting the so-called on-shell approximation ω ¼ ωq for Eq.
(32) and Eq. (33), the renormalized pole of the dressed
propagator G is calculated aseωq;α � ieΓq;α ¼ ωq;α þ V ð4;NÞ

q;αα þ Σcl
α ðqÞ þ Σs

αðq;ωq;αÞ þ Σd
αðq;ωq;αÞ,

where the imaginary part of the pole eΓk;α arises from the decay
term Σd

α, that accounts for the observed broadening of the
longitudinal mode in most regions of the BZ (see Fig. 3c, f) (the
calculations are summarized in Note 9 of the Supplementary
Information and ref. 52). Moreover, the shift in the real part of the
pole implies a corresponding renormalization in the model
parameters. By fitting the neutron-scattering data with the
renormalized dispersion peaks eωq;α at the ZC, we obtain the set
of optimal Hamiltonian parameters listed as set B in Table 1 and
discussed further below.

Discussion
Comparison between experiment and theory. To understand
the spin excitation spectrum of Ba2FeSi2O7 and demonstrate the
importance of using the one-loop corrections, we start the com-
parison between experiment and theory with the GLSWT (i.e.
without one-loop corrections). Figure 3b and e shows contour
plots of IðQ;ωÞ (Eq. (22)) calculated with the GLSWT along the
[H, 0, 0.5], and [H, H, 0.5] direction, respectively. The Hamil-
tonian parameters (see set A in Table 1) are extracted by fitting
the measured positions of the quasi-particle peaks (Gaussian-
fitted peak centers of the experimental data) at the ZC. The
GLSWT reproduces the dispersion of the observed two transverse
modes T1 and T2 along the [H, 0, 0.5] and [H, H, 0.5] directions
(Fig. 3b, e). Noticeably, the calculated longitudinal mode closely
reproduces the experimental dispersion of the “L”-mode, which
demonstrates that the SU(3) spin-wave theory describes the
quasi-particles in Ba2FeSi2O7.

Notably, the GLSWT does not reproduce the broadening and
renormalization of the longitudinal modes observed in the
inelastic neutron-scattering data. This is because the effect arises
from the decay of a longitudinal mode into two transverse modes
that is induced by the cubic term Hð3Þ of the expansion (Eq. (9)).
To capture this effect, the 1=M-correction from the one-loop

a

b

Fig. 6 Diagrammatic representation of the Dyson equation. a One-loop
diagrams that contribute up to the order M0 for the transverse boson.
b One-loop diagrams that contribute up to the orderM0 for the longitudinal
boson. The dressed propagator is denoted by a thick line, whereas the bare
propagator is denoted by a thin line.

Table 1 Parameter sets of GLSWT and GLSWT+one-loop
models.

Theory Label eJ (meV) eD (meV)

GLSWT A 0.245 (7) 1.61 (6)
GLSWT+one-
loop

B 0.266 (6) 1.42 (4)

The parameters of the effective S ¼ 1 model extracted by fitting the Gaussian-peak centers of
the experimental dispersion with the GLSWT and GLSWT + one-loop calculated energies at the
zone center Qm = (1, 0, 0.5) In both cases, we assume eJ0 ¼ 0:1eJ, and eΔ ¼ eΔ0 ¼ 1=3, i.e. Δ ¼
Δ0 ¼ 1 for the S ¼ 2 model (Heisenberg model without exchange anisotropy). The parameter set
is referred to by its label (A or B) in the text.
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expansion (see “Nonlinear correction” section) must be included.
The GLSWT+one-loop correction can then describe the
broadened spectrum of the longitudinal mode. The new
Hamiltonian parameters, which are determined via the same
procedure that is described above (see set B in Table 1), allow us
to reproduce the observed spectrum (see Fig. 3c, f).

A more in-depth comparison between theory and experiment
is shown in Fig. 7a and b. These figures show the quasi-particle
dispersions along the [H, 0, 0.5] direction calculated with the
GLSWT and GLSWT plus one-loop corrections compared to the
measured dispersion. Near the ZC, Qm = (1, 0, 0.5) the energy of
longitudinal mode obtained from the GLSWT is noticeably higher
than the peak center of the measured “L”-mode (orange dots).
The discrepancy in the dispersion is resolved by introducing the
one-loop corrections. The real part of the self-energy renorma-
lizes the energy of the longitudinal mode, leading to a better
agreement with the observed peak positions near the ZC. At the
same time, the imaginary part of the self-energy obtained from
the decay diagrams, Σd

α; leads to an intrinsic line broadening of
the longitudinal mode that is missing in the GLSWT. In Fig. 7b
and d, the lower (upper) boundary of the red-shaded region is
given by eωk;�1 �ð ÞeΓk;�1; representing theoretical line broadening
of the longitudinal mode that is compared against the experi-
mental FWHM (orange error bars). In particular, the above-
mentioned effects are most striking at Qm = (1, 0, 0.5), therefore
we present a comparison of the intensity line-cut at this
momentum transfer in Fig. 7e. It is interesting to note that the
energy shift of the transverse mode is also captured by the one-
loop corrections.

After verifying that the one-loop corrections can simulta-
neously capture the broadening of the longitudinal mode and the
energy shift of both the transverse and the longitudinal modes at
the magnetic ZC, it is natural to ask if this also holds true far away
from the ZC. Figure 7f, g is the intensity cuts for two
representative points on the ZB. At a first glance, the peak
centers of both modes are reasonably reproduced by the one-loop

corrections. A more detailed analysis reveals that the experi-
mental FWHM of both peaks is equal to the instrumental
resolution. However, as illustrated in Fig. 8a, since the long-
itudinal modes are still inside the two-magnon continuum, the
one-loop correction predicts an intrinsic broadening (black
curves) in Fig. 7f, g.

To understand the origin of this discrepancy, we trace back the
decay channel of the longitudinal mode on the zone boundaries.
The two-magnon continuum at the zone edge starts at an energy
equal to the sum of the single-magnon energies at the zone center
and the zone boundary. Due to the U(1) symmetry of the effective
Hamiltonian, the magnons are gapless at the zone center, implying
that the onset of the two-magnon continuum coincides with the
single-magnon branch (see Fig. 8). In absence of U(1) symmetry,
the magnon modes become gapped and the longitudinal mode
does not need to lie inside the two-magnon continuum for
arbitrary values of the wave vector (see Fig. 8b). A small magnon
gap pushes the onset of the two-magnon continuum to be above
the energy of the longitudinal mode at the zone boundaries. This
modification of the two-magnon spectrum precludes the decay of
the longitudinal mode near the zone boundary and explains the
experimental observation. We then conjecture that the single-
magnon dispersion is indeed gapped.

Unfortunately, it is difficult to extract the size of this gap from
our INS data because of the large quasi-elastic scattering.
Nevertheless, the analysis presented in Note 2 of the Supplemen-
tary Information indicates that our data are indeed consistent
with a finite spin gap. We note that the gap can be captured by
working with the original spin S ¼ 2 Hamiltonian (Eq. (1)). The
tetragonal symmetry allows for a single-ion anisotropy term of
the form HA ¼ A∑i½ðSxi Þ4 þ ðSyi Þ4�, which breaks the global U(1)
symmetry, generating a finite gap for the transverse mode.
However, when we project the original S ¼ 2 Hamiltonian onto
the low-energy space to obtain the effective spin S ¼ 1
Hamiltonian (Eq. (2)), the term HA simply renormalizes the
single-ion anisotropy, implying that the low-energy model

GLSWT GLSWT + one-loop
a b

L

T2

e      Q=(1,0,0.5)
        GLSWT
        GLSWT 
       + one-loop

c d
GLSWT GLSWT + one-loop
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        GLSWT
        GLSWT 
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Fig. 7 Comparison between measured and calculated spectrum. Comparison of the measured and calculated dispersion along the [H, 0, 0.5] (a, b) and
[H, H, 0.5] (c, d) directions. In all panels of this figure, the theoretical results are obtained for the parameter set B in Table 1. a–d Blue and orange filled
circles indicate the measured transverse and longitudinal modes, obtained from the Gaussian fitting to the data shown in Fig. 4a. Dots and error bars
indicate peak centers and full width at half maxima (FWHM) of the observed modes, respectively. Lines indicate the calculated dispersions obtained from
the GLSWT and GLSWT+one-loop corrections. The red-shaded region in b and d depict the decay (line broadening) of the longitudinal mode given by the
one-loop corrections. e–g Comparison between the measured (blue dots) and calculated (orange and black lines) INS intensities at three high-symmetric
Q-points at (1, 0, 0.5), (0, 0, 0.5), and (0.5, 0.5, 0.5). All the experimental data were measured using CTAX with fixed Ef = 3meV. For GLSWT, two
transverse and longitudinal modes are denoted with T1, T2, and L.

NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-021-25591-7 ARTICLE

NATURE COMMUNICATIONS |         (2021) 12:5331 | https://doi.org/10.1038/s41467-021-25591-7 |www.nature.com/naturecommunications 9

www.nature.com/naturecommunications
www.nature.com/naturecommunications


acquires an “emergent” U(1) symmetry that is absent in the
original high-energy model. Lastly, we note that the energies of
the longitudinal mode on the zone boundaries after the one-loop
corrections are slightly lower than the measured values. This level
of discrepancy can be attributed to the missing second-order

corrections O J2

3D

� �
to the low-energy model (2) or to missing

terms in the original Hamiltonian (1). A simple analysis shows
that a second nearest-neighbor AFM interaction with eJ2 � 0:2eJ
can account for this discrepancy. For simplicity,eJ2 is not included
in our calculation. Except for the discrepancy near the zone
boundaries, the effective S ¼ 1 model with one-loop corrections
successfully captures most features of the INS data inside the BZ.

Finally, we emphasize that the loop expansion preserves the
Goldstone mode that results from the spontaneous breaking of
the emergent U(1) symmetry group of eHeff . More specifically, the
O M0
� �

correction to the real part of the self-energy vanishes for

the Goldstone mode (see Note 8 in the Supplementary Informa-
tion), although the individual contributions from the diagrams
shown in Fig. 5 diverge as 1/q in the long-wavelength limit. We
note that previous attempts of computing the decay of the
longitudinal mode34 have not accounted for the renormalization
of the single-particle dispersion arising from the 1/M-correction
to the real part of the self-energy. This correction leads to a
significant change in the extracted ratio α ¼ eJ=eD of Ba2FeSi2O7,
cf. αGLSWT ¼ 0:152; and αGLSWTþone�loop ¼ 0:187: This change is
a direct consequence of the substantial renormalization of the
energy ωL Qm

� �
of the longitudinal mode at the ZC. In fact, an

accurate calculation that goes beyond the one-loop approxima-
tion estimates that the critical αc required to close the gap ωLðQmÞ
for eJ 0 ¼ 0:1eJ , and eΔ ¼ eΔ0 ¼ 1=3 is around 0.158. In other words,
the Hamiltonian parameters extracted from fitting the experiment
with the GLSWT place Ba2FeSi2O7 on the quantum paramagnetic
side of the phase diagram shown in Fig. 1, which obviously
contradicts the experimental evidence. In contrast, the set of
parameters obtained from the GLSWT+one-loop correction
(αGLSWTþone�loop) place the material at the magnetically ordered
phase of the exact phase diagram. Furthermore, the calculated
ordered moment is very close to the measured value 2.95 μB (see
Note 12 of the Supplementary Information for discussion of the
reduction of the ordered moment). In general, nonlinear
corrections become increasingly important upon approaching
the QCP and logarithmic corrections due to multi-loop vertex
renormalizations become relevant very close to this
point28,31,53,54. The fact that one-loop correction is enough to
reproduce the spectrum of Ba2FeSi2O7 indicates that this material
is still far enough from that critical regime.

In summary, Ba2FeSi2O7 provides a natural realization of a
quasi-2D easy-plane antiferromagnet in the proximity of the QCP
that signals the transition into the QPM phase. Previous examples
of low-dimensional easy-plane quantum magnets in the proxi-
mity of this QCP were typically located on the quantum
paramagnetic side of the quantum phase transition17,20,21,23.
Ba2FeSi2O7 then allows us to explain the strong decay and
renormalization effects of the low-energy transverse and long-
itudinal modes of the AFM state. Furthermore, the distance to the
O(2) QCP could be in principle controlled by chemical
substitution, while the application of an in-plane magnetic field,
that gaps out the transverse modes, can be used to control the
decay rate of the longitudinal mode.

Here, we have used the INS data of Ba2FeSi2O7 as a platform to
test a loop expansion based on an SU(3) spin-wave
theory17,18,20,55, that captures the longitudinal and the transverse
modes at the linear level. This loop expansion, which generalizes
the well-known 1=S-expansion of the SU(2) spin-wave theory,
allows us to reproduce the measured width and renormalization
of the longitudinal and transverse modes near the zone center by
just including a one-loop correction. Small discrepancies near the
zone boundary are attributed to limitations of the effective low-
energy S ¼ 1 model that we adopted for this work.

The loop expansion that we have described in this manuscript
provides a general scheme for treating quantum magnets with
more than one type of low-energy mode. In general, quantum
magnets that exhibit low-energy modes with N � 1 different
“flavors” can be treated semi-classically using an SU(N) spin-
wave theory. The parameter of the semi-classical expansion is the
number of loops in the Feynman diagrams that contribute to the
single-particle propagator.

Methods
Sample preparation. A single crystal of Ba2FeSi2O7 was grown using an optical
floating zone melting method44. Polycrystalline Ba2FeSi2O7 feed-rods were

Fig. 8 Kinematic constraints for the decay of the longitudinal mode. The
blue (orange) curve shows the calculated transverse (longitudinal) band
dispersions along [H, 0, 0.5] with the GLSWT (using parameters set B in
Table 1). The light blue-shaded areas indicate the two-transverse mode
continuum, whose lower edge is indicated with a black solid line (Emin

2 ).
a Results of the effective S ¼ 1 model. b Same as a but for a gapped branch
of transverse modes (an ad hoc gap has been added to Eq. (21)).
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prepared using the solid-state reaction method. The stoichiometric powders of
BaCO3 and Fe2O3, and SiO2 were mixed, ground, pelletized, and sintered with
intermediate heating in a reduced gas atmosphere. Ba2FeSi2O7 single crystal was
grown using a floating zone furnace in the same gas environment.

Inelastic neutron-scattering measurement. Inelastic neutron-scattering measure-
ments were performed using the cold neutron triple-axis spectrometer (CTAX) at the
High Flux Isotope Reactor (HFIR) and the hybrid spectrometer (HYSPEC) at the
Spallation Neutron Source (SNS) at Oak Ridge National Laboratory45. A 2.15-g single
crystal was aligned with the (H;H; L) and (H; 0; L) in the horizontal scattering plane
for CTAX and HYSPEC experiments. A liquid helium cryostat was used to control
temperature. At CTAX, the initial neutron energy was selected using a PG (002)
monochromator, and the final neutron energy was fixed to Ef = 3.0meV by a PG (002)
analyzer. The horizontal collimation was guide-open-40′−120′, which provides an
energy resolution with a full width half maximum (FWHM) = 0.1 and 0.18meV for
ΔE= 0 and 2.5meV, respectively. For the HYSPEC experiment, Ei = 9meV and a
Fermi chopper frequency of 300Hz were used, which provides an energy resolution of
FWHM= 0.28meV and 0.19meV at ΔE= 0 and 2.5meV, respectively. Measurements
were performed at T = 1.6 K and 90 K by rotating the sample from−50 to 170° with 1°
steps. Data were symmetrized over positive and negative H and integrated over K =
[−0.1, 0.1] and L = [0.4, 0.6]. In Fig. 3a, there appears to be quasi-elastic scattering
below 0.5meV in low Q-region. This scattering arises from the incompletely blocked
direct beam due to the oscillating collimator. All of the datasets were reduced and
analyzed using MANTID56 and DAVE57.

Data availability
The datasets generated during and/or analyzed during the current study are available
from the corresponding authors on reasonable request.
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