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ABSTRACT: The free energy change accompanying the bending of the main chain of a comb-branched polymer is
evaluated in terms of excluded-volume interactions among side chains to obtain λ−1

b (the increase of the Kuhn segment
length). It is assumed that without such interaction, the polymer backbone has a Kuhn length of λ−1

0 and each side
chain consisting of n (�1) bonds is Gaussian. At the theta point where the effective binary cluster integral (a linear
combination of the binary cluster integral β2 and the ternary cluster integral β3) vanishes, λ−1

b in the first-order perturbation
approximation increases in proportion to n2β3. On the other hand, it is proportional to n2β2 in the good solvent limit,
in which the mean-field approximation is used for the calculation. These results give a fairly satisfactory explanation of
the experimentally observed n-dependence of the total Kuhn length (λ−1

0 + λ
−1
b ) for polystyrene polymacromonomers in

cyclohexane at the theta point and in toluene (a good solvent).
KEY WORDS Comb Polymer / Chain Stiffness / Kuhn Segment Length / Ternary Cluster Inter-

action / Polymacromonomer /

Recent experimental studies on polymacromonomer
solutions1–8 have shown that comb-branching structure
remarkably stiffens the main chain, despite being com-
posed of flexible chains, and that the Kuhn segment
length λ−1 (in the wormlike chain model9) increases
with increasing side chain length and solvent power.3, 5

Such stiffening effects may be considered to arise from
repulsive interactions among side chains, but our the-
oretical understanding of them is yet unsatisfactory as
mentioned below.

Computer simulations10–14 on comb-branched
chains in the self-avoiding limit show the gyration
radius of the main chain to increase markedly with
increasing n (the number of bonds in each side chain),
substantiating that the backbone becomes stiffer.
However, the simulated dimensional data do not
always allow a prediction of the n-dependence of
λ−1. Birstein et al.,15 Fredrickson,16 and Subbotin
et al.17 evaluated λ−1 (correctly, the contribution
from excluded-volume interactions to λ−1) for comb
polymers with dense side chains in good solvents, but
the exponents ν they derived for the scaling relation
λ−1 ∝ nν were at variance: ν = 1.62 (Birstein et al.),
1.875 (Fredrickson), and 2 (Subbotin et al.). Since
the first two groups took scaling approaches, their
expressions contain no numerical constant and hence
are incomplete. Birshtein et al.15 also obtained a ν of
1.375 in theta solvents (again with no numerical con-
tent) by taking into account three-segment interactions
among side chain units in the mean-field (or smoothed
density) approximation.18 As was shown elsewhere,19

however, this approximation (i.e., ignoring the chain
connectivity) leads to erroneous results as far as ternary

cluster interactions are concerned.
In the present work, we evaluate the effect of dense

side chains on λ−1 for a comb-branched polymer in both
theta and good solvents. Our approach utilizes distribu-
tion functions for the side chain configuration and thus
differs from those taken by the previous workers,15–17

who replaced a comb-polymer by a bent thick cylinder.

THEORETICAL

Basic Equations
We consider a regular-comb molecule whose main

chain, straight in the reference state, is uniformly bent
with a radius of curvature Rc and whose flexible side
chains interact with one another and also with the main
chain. The increase of the free energy, ∆F(= F − F0),
accompanying the bending is related to the Kuhn seg-
ment length λ−1

b for the main chain by18, 20

λ−1
b = 4R2

c
∆F

LkBT
(1)

Here, L is the contour length of the main chain and kBT
has the usual meaning; the subscript 0 attached to the
free energy F signifies the reference state. The stiff-
ness expressed by eq 1 represents the contribution from
all excluded-volume interactions to the total Kuhn seg-
ment length λ−1 for the main chain. Denoting any other
contributions by λ−1

0 , we have

λ−1 = λ−1
0 + λ

−1
b (2)

We note that λ−1
0 contains the contribution from (short-

range) interactions between main-chain units and side
chain units very near the main chain. As is the case
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Figure 1. Schematic representation of the comb polymer
molecule considered in this work. The filled and unfilled circles
represent the main- and side-chain units, respectively.

for the electrostatic persistence length,21, 22 the present
problem is to evaluate ∆F.

Stiffness at or near the Theta Point
The structure of the regular-comb molecule consid-

ered here is schematically shown in Figure 1. The main
chain is composed of m units of contour length h (so
that L = mh), and every unit has a side chain consisting
of n (�1) units of bond length b; all the mn units are re-
garded as chemically identical. The side chain linked to
the ith main chain unit may be called the ith side chain
(1 ≤ i ≤ m). We assume that L is infinitely long and
that without excluded-volume interactions, all the side
chains obey the Gaussian statistics.

If binary and ternary interactions are considered,
∆F/kBT in the vicinity of the theta point may be ob-
tained by expanding the partition function (in the con-
ventional cluster expansion for excluded-volume ef-
fects) in powers of β2 (the binary-cluster integral) and
β3 (the ternary-cluster integral).18 The resulting expres-
sion in the first-order perturbation expansion is

∆F/kBT = β2I2 + o(β2
2)

+ β3(I31 + I32) + o(β2
3) + o(β2β3) (3)

where

I2 =
∑
i< j

∑
pi,pj

[P(0pi p j ) − P0(0pi p j )] (4)

I31 =
∑

i< j<k

∑
pi,pj ,pk

[P(0pi p j , 0pi pk ) − P0(0pi p j , 0pi pk )]

(5)

I32 =
∑
i, j

∑
pi

∑
pj<qj

[P(0pi p j , 0pjq j ) − P0(0pi p j , 0pjq j )]

(6)

In these equations, P(0pi p j ) represents the unperturbed
probability density that the pith unit (1 ≤ pi ≤ n) in

Figure 2. Diagrammatic representation of binary (a) and
ternary (b,c) cluster terms for interactions among side chain units
in the comb polymer molecule.

the ith side chain and pjth unit in the jth side chain are
in contact, and the subscript 0 again signifies the ref-
erence state of the main chain. The three P0’s are dia-
gramatically shown in Figure 2, in which the side chain
configurations (a), (b), and (c) correspond to P0 (0pi p j),
P0 (0pi p j , 0pi pk ), and P0(0pi p j , 0pjq j ), respectively. Two
points are to be noted here.

First, the terms associated with binary and ternary in-
teractions within any single side chain do not appear in
eq 3, because the probability densities for them are in-
dependent of whether the main chain is bent or straight.
Second, eq 3 includes neither binary interactions be-
tween main-chain and side-chain units nor ternary in-
teractions among them. For convenience of our pre-
sentation the contributions from those interactions to
∆F/kBT are discussed after the calculation of I2, I31,
and I32.

We place the origin at one end of the main chain,
and denote by P(R; pi, i) dR the probability that the
pith unit (of the ith side chain) lies between R and R +
dR when the ith main chain unit is fixed at a position
ri. Since the side chain is Gaussian, this distribution
function is given by

P(R; pi, i) =

(
3

2πpib2

)3/2
exp

(
−3(R − ri)2

2pib2

)
(7)

With this and the corresponding equation for the jth
side chain, P(0pi p j ) is calculated from

P(0pi p j ) =
∫

P(R; pi, i)P(R; pj, j)dR (8)

to be

P(0pi p j ) =

(
3

2πb2

)3/2 1

(pi + pj)3/2
exp

− 3(r j − ri)2

2b2(pi + pj)


(9)

where (r j − ri)2 is the square distance between the ith
and jth main-chain units. Evidently, P0(0pi p j )is given
by eq 9 with (r j − ri)2 replaced by (t j − ti)2 where t j (=
jh) denotes the contour distance of the jth main-chain
unit measured from the chain end at the origin.
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Using Skolnick and Fixman’s expression22 for the
square distance on a space curve

(r j − ri)
2 = (t j − ti)

2

1 − (t j − ti)2

12R2
c
+ · · ·

 (10)

we obtain for large Rc

P(0pi p j ) − P0(0pi p j ) =

(
3

2πb2

)3/2 1

8b2R2
c

(t j − ti)4

(pi + pj)5/2

× exp

− 3(t j − ti)2

2b2(pi + pj)

 (11)

Substitution of this into eq 4, followed by summation,
gives

I2 =
n2L

32πh2R2
c

(12)

where we have replaced the sums by integrals.
Extending the above calculation to the ternary inter-

action among three side chain units pi, pj, and pk, we
get

P(0pi p j , 0pi pk ) − P0(0pi p j , 0pi pk ) =

(
3

2πb2

)3 1

8b2R2
cD5/2

×[pi(tk − t j)
4 + pj(tk − ti)

4 + pk(t j − ti)
4]

× exp

{
− 3

2b2D
[pi(tk − t j)

2 + pj(tk − ti)
2

+ pk(t j − ti)
2]

}
(13)

where

D = pi p j + pj pk + pi pk (14)

Introduction of eq 13 into eq 5, followed by integration
over i, j, and k, gives a lengthy expression. However,
many terms are equivalent and I31 is simplified to

I31 =
3n2L

64π2b2h3R2
c

×
∫ 1

0

∫ 1

0

∫ 1

0

x j(xi + xk)2

(xix j + x jxk + xk xi)2
dxidx jdxk

(15)

where xi = pi/n, x j = pj/n, xk = pk/n. The triple
integral is evaluated to be 1.2286, yielding

I31 = 0.05759

(
n
πbRc

)2 L

h3
(16)

Equation 6 is straightforwardly evaluated to be

I32 =
n2L

8πR2
ch2
√
σ

(
3

2πb2

)3/2
(17)

where σ is a cut-off parameter representing the mini-
mum number of units necessary for the contact of the

pjth and qjth units. It should be noted that I2, I31, and
I32 (eqs 12, 16, and 17) are all proportional to n2.

As already noted, eq 3 involves no contribution from
excluded-volume interactions between the main chain
and side chains. The first-order contribution from such
binary interactions to ∆F/kBT may be expressed as

β2
′∑

i, j

∑
pi

[P(0pi j) − P0(0pi j)]

where β2
′ is the binary cluster integral (≈ β2) for the

interaction between a pair of main-chain and side-chain
units and P(0pi j) is the probability density for the con-
tact between the jth main-chain unit and the pith unit
in the ith side chain (note that P(0pi j) is given by eq 9
with pj = 0). Since this contribution does not contain
the sum over pj, it is of the order of n and hence may
be neglected compared to β2I2 for large n (see eq 12).
The same is true for the ternary interaction terms cor-
responding to β3I31 and β3I32. These negligible contri-
butions to ∆F/kBT imply that eq 3 with eqs 12, 16, and
17 are applicable (1) to regular comb polymers whose
long side chains are linked to every s main-chain units
(or residues), with s being an integer greater than unity,
and (2) even to polymacromonomers whose main-chain
units are chemically different from side chain units. In
the case (1), h in these equations is replaced by sh. In
the case (2), the magnitude of β2

′ has to be comparable
to or smaller than that of β2.

The desired λ−1
b for the comb polymer chain in the

vicinity of the theta point is obtained from eqs 1 and 3
with eqs 12, 16, and 17 as

λ−1
b =

n2

8πh2

β2 +
4√
σ

(
3

2πb2

)3/2
β3



+0.02334
(n

b

)2 β3

h3
+ · · · (18)

At the theta point where the second virial coefficient
vanishes for high molecular weight,23, 24

β2 +
4√
σ

(
3

2πb2

)3/2
β3 = 0

so that λ−1
b reduces to

λ−1
b = 0.02334

(n
b

)2 β3

h3
(at the theta point) (19)

This equation predicts that comb polymers with dense
side chains in the theta state are stiffened by ternary
interactions among side chains and that λ−1

b increases
in proportion to the square of the side chain length.
This n-dependence of λ−1

b is stronger than what was
predicted by Birstein et al.15 from a scaling analysis
without consideration of the chain connectivity.
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Stiffness in Good Solvents
In the good solvent limit in which binary interactions

overwhelm ternary interactions, we express ∆F/kBT as

∆F
kBT

=
β2

2

∫
{[ρ(R)]2 − [ρ0(R)]2}dR (20)

using the mean-field approximation. Here, ρ(R) is the
probability density given by

ρ(R) =
∑

i

∑
pi

P∗(R; pi, i) (21)

and the subscript 0 refers to the reference state of the
main chain. The asterisk attached to the distribution
function signifies that the comb chain is fully perturbed
by excluded-volume effect. With eq 21, eq 20 is rewrit-
ten

∆F
kBT

= β2

∑
i< j

∑
pi

∑
pj

∫
[P∗(R; pi, i)P

∗(R; pj, j)

−P0
∗(R; pi, i)P0

∗(R; pj, j)]dR (22)

If the uniform expansion approximation is invoked,
P∗(R; pi, i) is given by

P∗(R; pi, i) =

(
3

2πpiα2b2

)3/2
exp

(
−3(R − ri)2

2piα2b2

)
(23)

with α the linear expansion factor. Then, eq 22 becomes
identical to β2I2 (eq 12), yielding

λ−1
b =

1
8π

(n
h

)2
β2 (24)

Note that I2 in eq 12 is independent of b. Equations
18 and 24 suggest that the n-dependence of λ−1

b is in-
sensitive to solvent condition, good or poor. In other
words, λ−1

b /n2 varies roughly through the magnitude of
the cluster integrals. It should be noted again that eqs
18, 19, and 24 are applicable to regular comb polymers
with one side chain for every s main-chain units if h is
replaced by sh.

Except for the numerical coefficient, eq 24 (with sh
in place of h) coincides perfectly with the expression
λ−1

b = 0.047(n/sh)2β2 (in our notations) derived for a
cylindrical (bent) brush by Subbotin et al.17 using a so-
phisticated self-consistent field approach. The differ-
ence between the numerical coefficients of 0.040 and
0.047 may be considered rather small since the ap-
proaches of this group and ours are quite different and
involve inevitable approximations.

COMPARISON WITH EXPERIMENT

The unfilled and filled circles in Figure 3 show exper-
imental data4–8 of λ−1 plotted double-logarithmically

Figure 3. Experimental λ−1 for polystyrene polymacromono-
mers4–8 in toluene at 15◦C (good solvent: unfilled circles) and in
cyclohexane at 34.5◦C (theta solvent: filled circles), compared with
the theoretical solid curves (see the text for the details). The dashed
lines represent the theoretical λb

−1.

against n for polystyrene polymacromonomers in
toluene at 15◦C, a good solvent, and in cyclohexane
at 34.5◦C, a theta solvent, respectively, where we have
taken one monomer as a unit. The present theory (eqs
2, 19, and 24) to be compared with these data con-
tains λ−1

0 , h, and β2 for the good solvent and λ−1
0 , h,

b, and β3 for the theta solvent. Except for λ−1
0 , all

of them are experimentally known: h = 0.27 nm for
polystyrene polymacromonomers in both solvents,4–8

β2 = 0.034 nm3 (for linear polystyrene in toluene25 at
15◦C), β3 = 4 × 10−3 nm6 (determined from the third
virial coefficient for linear24 and star polystyrene26, 27

in cyclohexane at 34.5◦C), and b = 0.74 nm (for linear
polystyrene in cyclohexane28 at 34.5◦C). The remain-
ing parameter λ−1

0 was chosen as 12 nm in toluene and
8 nm in cyclohexane so as to give the closest agreement
between theory and experiment.

The upper and lower solid curves in Figure 3 repre-
sent the values calculated from eq 2 with eq 24 for the
good solvent and eq 2 with eq 19 for the theta solvent,
respectively. Their fits to the data points for the respec-
tive solvents are good, leading to the conclusion that the
experimentally observed stiffening effect of side chain
length in polymacromonomer solutions is fairly satis-
factory explained by excluded-volume interactions be-
tween or among side chains. The dashed lines in the
figure refer to the theoretical λ−1

b in the two solvents.
With increasing n, these curves sharply rise with slope
2, differing from the n1-dependence of experimental
λ−1. However, they come quite close to the data points
for the largest n, thus revealing the significant contribu-
tion of λ−1

0 to λ−1 for smaller n in each solvent.
The λ−1

0 values chosen for the above fitting are much
larger than that (about 2 nm) for linear polystyrene.29, 30

This does not seem odd, because side chain residues
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near the main chain should sterically hinder the internal
rotation about main-chain C–C bonds, thereby stiffen-
ing the backbone. The steric effect on λ−1

0 may be an
increasing function of n, but it must become indepen-
dent of n when n exceeds a certain value. The apprecia-
ble difference in λ−1

0 between toluene and cyclohexane
solutions can be regarded as a solvent effect. Though
seldom observed for flexible polymers, large solvent ef-
fects are known for semiflexible polymers.31

CONCLUDING REMARKS

The present theoretical work shows that regular-
comb polymers with long branches in both good and
theta solvents are remarkably stiffened by excluded-
volume interactions among side chains. The Kuhn
segment length λ−1

b associated with those interactions,
i.e., λ−1 − λ−1

0 , increases in proportion to n2β3 in the
theta state and n2β2 in the good solvent limit. The n2-
dependence in the latter solvent agrees with the ear-
lier prediction by Subbotin et al.17 The present the-
ory gives a fairly satisfactory explanation to the experi-
mentally observed side-chain length dependence of λ−1

for polystyrene polymacromonomers in cyclohexane at
the theta temperature and toluene at 15◦C, a good sol-
vent, when λ−1

0 in each solvent is properly chosen. In
a quantitative term, however, the theory leaves room
for improvement since the Gaussian-chain approxima-
tion used here for unperturbed side chains can be rather
crude for polymers with relatively small n. This ap-
proximation becomes better as n increases, but the pre-
dicted n2-dependence remains to be tested by experi-
ment because of the lack of experimental λ−1 data for
very large n.
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