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ABSTRACT: The Rayleigh ratio R9 for multicomponent solutions containing stiff-polymer and small-molecular components 
of arbitrary concentrations is formulated using the scaled particle theory for wormlike spherocylinders combined with the 
generalized Ornstein-Zernike integral equation. The general expression for R0 obtained is applied to the following specific 
cases: ( 1) ternary solutions consisting of two homologous polymer species and a solvent, (2) solutions of polydisperse polymer 
samples, and (3) ternary solutions containing two solutes of different chemical species (e.g., one polymer dissolved in a mixed 
solvent). The result for the case of (1) is compared with experimental data for dilute through semidilute solutions containing 
two different molecular-weight samples of poly(n-hexyl isocyanate), a semiflexible polymer. 
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Light scattering is a useful technique to characterize 
polymer molecules and their intermolecular interactions 
in solution. When applying this technique to multi
component polymer solutions, one has to take into ac
count some special effects inherent to multicomponent 
systems. 1 · 2 In order to consider these effects, light scat
tering theories for multicomponent polymer solutions 
were proposed by many authors. 3 - 8 These theories are 
mainly concerned with dilute polymer solutions, and 
give us recipes to determine the true molecular weight, 
second virial coefficient, and radius of gyration of poly
mers. 

In Part II of this series of papers, 9 we formulated 
the Rayleigh ratio R8 or the light-scattering structure 
factor for isotropic solutions of monodisperse wormlike 
spherocylinders of arbitrary concentrations, by the scaled 
particle theory combined with the generalized Orn
stein-Zernike integral equation. The formulated R8 was 
shown to be favorably compared with experimental data 
for dilute through semidilute solutions of a semiflexible 
polymer, poly(n-hexyl isocyanate). 

In the present study, we have extended the previous 
formulation to multicomponent polymer solutions con
taining macromolecular and small-molecular compo
nents to obtain R8 valid at arbitrary concentrations. 
While the present theory is not applicable to solutions 
of flexible polymers due to approximations used in the 
formulation, it is utilized to analyze light-scattering data 
for concentrated multicomponent solutions contain
ing stiff-chain polymers, which include important in
formation to characterize intermolecular interactions 
among solute components. 10 

FORMULATION 

Rayleigh Ratio at the Zero-Scattering Angle 
Consider a solution consisting of r macromolecular 

and small-molecular species (solutes) and a primary 
solvent, and suppose that the solute species s ( = I, 
2, · · ·, r) is composed of No,s identical isotropic scat
tering (monomer) units; for small-molecular species, the 
whole molecule is regarded as one scattering unit with 
N o.s =I. By fluctuation theories of light scattering, the 
excess Rayleigh ratio R0 (for vertically polarized inci
dent light) of this multicomponent solution over that of 
the primary solvent at the zero-scattering angle is related 
to thermodynamic properties of the solution by 2 •11 

(I) 

where ), is the wavelength of light in vacuum, ot is the 
r-dimensional row vector whose element as (s =I, 2, · · ·, 
r) is the excess polarizability of the monomer unit of 
species s, the superscript T represents the transpose of 
the row vector ot, and J.l is the symmetric matrix whose 
element is given by 

( a2 ff/ksT) 
f.lsr= a ·a ' Co,s Co,t T,!l',co,u' 

= No.:No,r [ ( 1.11',co,u' (2) 

with the free energy density ff and the chemical potential 
Jls of species s; ksT is the Boltzmann constant multiplied 
by the absolute temperature. In eq 2, c0 ,; and c; are 
the monomer and polymer number concentrations of 
species s, respectively, and f-1° is the chemical potential 
of the primary solvent. (If species s is a small-molecular 
component, c0 _; = c; .) Strictly speaking, the above equa
tions are valid for multicomponent solutions which are 
in a dyalitic equilibrium with the pure primary solvent 
under the osmotic pressure depending on the composi
tion of the solutions.* 1 • 11 Here we neglect the pressure 
dependence of Jls to apply the equations to multicom
ponent solutions under a constant pressure. 

t Present address: Graduate School of Engineering, Yamagata University, Yonezawa, Yamagata 992--8510, Japan. 
* 1 In eq 2, ff is the characteristic function per unit volume V for systems under constant T, V, and J1. o. 
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In part I of this series, 12 we calculated the osmotic 
compressibility or R 0 for monodisperse stiff polymer 
solutions by the scaled particle theory for wormlike 
spherocylinder solutions incorporated with intermo
lecular dispersion interactions as a thermodynamic per
turbation. The thermodynamic quantities f.lst for multi
component polymer solutions can be calculated by the 
same theory, as mentioned below. 

Let us consider a solution of volume V containing r 
wormlike spherocylinder components; the component s 
has the contour length Lc,s of the cylinder part, the 
hard-core diameter d5 , and the persistence length q., and 
the solution contains ns molecules of the component s. 
Applying the previous result* 2 of the scaled particle 
theory 13 for f.l., we have 

I ( r5st 2MsMt ) 
f.lst= -+ rst 

No,,No,t c,' NA 
(3) 

where b51 is Knonecker's delta, N A is the Avogadro 
constant, Ms is the molecular weight of species s, and 
rst is the apparent second virial coefficient between 
species s and t, which is defined by 

2M M I [ c' ( c' ) 2 
__ s_t r =-- B +C ---+D --

N st-j _ 1 st st 1 _, st 1 -1 A -IJC -IJC -IJC 

+ Es{ I 
3

] + f3w,st ( 4) 

In this equation, c' is the total number concentration of 
spherocylinders (=I:= 1 nsf V), and 

and 

r 

V= I XSIJS 
s=l 

Bs.t = 2bstPst + + l)s + tJt 

+ (ctusPtu + + v.(2btu + 

+ vt (2bus + b:J} + l)sl)t 

Dst = t t XuXv [v/cwvO'tu + 
u=1 v=1 3 

+ Dt(csuvPsu + cs0uJJ 

+ [vs(cuvtPuv + c:vt) + vtCcuvsPuv + c:v.)J 

r r r 

(5) 

(6) 

(7) 

(8) 

Est= L L L XuXvXw[2tJstJtCcuvwPuv + c:vw)J (9) 
u=1v=1w=1 

with the mole fraction x. ( = n./2::= 1 nJ of the com
ponent s, the spherocylinder volume v. ( = {- Lc,sd; + 
7; d;) of the components, and the parameters defined in 
Table I for the cases of homogeneous mixtures (d.= d 
for all s) and heterogeneous mixtures. In eq 6--9, Pst 

represents the reduction of the intermolecular excluded 
volume between the components s and t by the orien
tation defined by eq 1I of ref I3, and Pst =I in the 
isotropic state. 

In eq 4, the last term f3w,st represents the binary cluster 
integral with respect to the soft dispersion interaction 
between species sand t, which is formulated in APPENDIX. 
The explicit form in the isotropic state is given in Table 
I, where r51,st (or r51 for homogeneous mixtures) repre
sents the strength of the isotropic dispersion interaction 
between the components s and t. It is noted that f3w,st 
in eq 4 is just the first thermodynamic perturbation 
term by the soft dispersion interaction and higher per
turbation terms are neglected in eq 4. 12 

Angular Dependence of the Rayleigh Ratio 
In order to formulate the angular dependence of the 

excess Rayleigh ratio R0 , we have to refer the dis
tribution-function theory of light scattering. In terms 
of the Fourier transforms w.(k; i 1,j1) of the intramo
lecular distribution function for the monomers i 1 and 
j 1 in the same polymer chain 1 of species s and the 
Fourier transforms h.1(k; i 1 , i 2 ) of the intermolecular 
total correlation function for the monomers i 1 and i2 

in the different polymer chains I and 2 of species s and 
t, respectively, R0 can be written by2 

+Co' 1 rxsrxtXo,sXo,thst(k) J (I 0) 

Here c0 ' is the number concentration of the total scatter
ing units of all solute species, x 0 ,s is the mole fraction 
of the scattering units of species s in the total units, and 
ws(k) and hst(k) are defined by 

and 

(k: the absolute value of the scattering vector). Equation 
10 is conveniently written in the following matrix no
tation: 

(I3) 

where S(k) is the r x r structure factor matrix defined by 

S(k) = Q(k) + c0 ' fi(k) (14) 

with two matrices,Q(k) and II(k), whose st elements are 
respectively given by 

(15) 

and 

(16) 

The st element SstCk) of S(k) is referred to as the partial 
structure factor for species s and t. 

*2 Equations 7 and 8 of ref 13 contain errors; Bin eq 7 and B,'/2 and c;;3 in eq 8 should be replaced by B/2, B,, and C, respectively. 
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Several workers 14 - 18 calculated ws(k) using the worm
like chain model. Among them, the calculation of Yo
shizaki and Y amakawa 18 is the most accurate in the k 
range of light scattering. In the following, we use their 
result for ws(k). 

The function l'z51(k) may be calculated using the gener
alized Ornstein-Zernike (GOZ) integral equation. 19 - 24 

In Part 11,9 we utilized this equation to formulate R0 for 
monodisperse polymer solutions. The extension of the 
equation to multicomponent polymer solutions may be 
given by23,24 

H(k) = Q(k)C(k)Q(k) + c0 'Q(k)C(k)H(k) (17) 

or 

H(k) =[I- c0 'Q(k)C(k)r 1Q(k)C(k)Q(k) (18) 

where C(k) is the r x r matrix whose st element is the 
Fourier transform C51(k) of the (average) direct corre
lation function between scattering units of species s 
and t, and I is the unit matrix. 

As mentioned in Part Il,9 the GOZ integral equation 
includes the following approximations: 

(l) It does not consider the intramolecular excluded
volume effect for polymer species, i.e., the interaction 
between monomer units or interaction sites belonging to 
a same polymer chain (the self interaction). 

(2) It takes into account all single-contact terms in 
h51(k) for any sizes of interacting clusters, but neglects 
all multiple-contact terms for interacting clusters where 
at least a pair of polymer chains interact on more than 
one pair of interaction sites. 

(3) In eq 17 and 18, the Fourier transforms of the 
polymer-polymer and polymer-small-molecule direct 
correlation functions are replaced by ones C51(k) averaged 
along the chain contours. That is, the equations neglect 
the dependence of those direct correlation functions on 
the position of the interacting monomer-units along the 
polymer chains. 

Although the self-interaction and the multiple contact 
in polymer chains play important roles in light scattering 
behavior of flexible polymer-good solvent systems, 2 their 
importance may be much reduced with increasing the 
polymer chain stiffness. 9 It is well known that polymer 
chains with sufficient stiffness take unperturbed con
formations even in good solvent. 25 Therefore, the above 
approximations (1) and (2) may be good for such stiff
chain polymer solutions. Furthermore, if the polymer 
chain is homogeneous and long enough, the averaging 
process of the Fourier transforms of the direct cor
relation functions along the polymer chain contour 
may not substantially affect the final result of the in
tegral equation. 

In addition to the above, we have used the following 
approximation in eq 17 and 18: 

(4) Each small molecular component is regarded as 
a semifiexib1e spherocylinder in the scaled particle theory 
to formulate R 0 above, so that the direct correlation 
function concerned with the small molecular component 
has to be regarded as an orientation-dependent quan
tity.26 To obtain eq 17 and 18, however, those direct 
correlation functions have been preaveraged isotropical
ly with respect to the orientation of small molecular 
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components, and the orientational dependence has not 
been explicitly considered. 

This approximation is expected not to affect the 
(isotropic) Rayleigh ratio within the light scattering k 
regiOn. 

Combining eq 14 and 18, we have 

S(k) - 1 = Q(k) - 1 - c0 ' C(k) (19) 

Thus we can calculate the partial structure factor S51(k), 
if we know C5,(k). The direct correlation function has a 
nature of taking non-zero values only when two scat
tering units (or interaction sites) concerned approach 
within their interaction ranges. If we choose monomer 
units of polymer species and whole small molecules as 
scattering units or interaction sites, their interaction 
ranges are too short to detect by light scattering ex
periments; i.e., the interaction ranges multiplied by the 
light scattering k are all much smaller than unity. In such 
a condition, C51(k) can be approximated by C51(0). 

Comparing eq 1 with eq 13, we have the relation 

Jl = [c0 ' S(O)] - 1 = c0 ' - 1!2(0) - 1- C(O) (20) 

where the second equation is obtained using eq 19. 
Inserting eq 3 and 15 into eq 20, we can relate the quantity 
C51(0) to the apparent second virial coefficient rsr by 

2Mo sMo t . . r 
NA st 

Csr(O) = (21) 

where M 0 s is the molecular weight of the monomer unit 
of species's. (It is noted that (V5(k) is equal to No,s at 
k=O.) Therefore, eq 13, 19, and 21 give us the final 
expression of R0 • 

At the end of this section, we should refer to other 
theories dealing with the same problem. Schweizer and 
Curro23·24 calculated the structure factor for polymer 
mixtures from the GOZ equation using the closure 
procedure based on "the mean spherical approxima
tion." Their method may be more rigorous than ours 
mentioned above, but it needs an involved numerical 
analysis to solve the integral equation, and the struc
ture factor cannot be expressed in an analytical form. 
Benoit and Benmouna27 also calculated R0 for solu
tions of polymer mixtures with arbitrary concentra
tions by the GOZ integral equation. In their formulation, 
interactions among monomer units were represented in 
terms of excluded-volume parameters (9A, 9R, 9AR), 
which are not explicitly specified from the molecular 
level but treated just as phenomenological parameters. 
(In fact, their excluded-volume parameters are concen
tration dependent, though the original authors did not 
argue their dependence.) 

APPLICATIONS TO SOME SPECIFIC SYSTEMS 

Ternary Solutions with Two Homologous Polymer Species 
Let us consider first a solution of two stiff-polymer 

samples (components 1 and 2) of the same kind but with 
different molecular weights, dissolved in a solvent. These 
polymer samples have the identical hard-core diameter 
d, the persistence length q, the dispersion interaction 
parameter b, the excess polarizability a, and the monomer 
molecular weight M 0 . From eq 13, 19, and 21, we have 
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Kc 

Ro 

where c is the total polymer mass concentration, W 5 , 

M 5 , and P.(k) are the weight fraction (in the total 
polymer), the molecular weight, and the intramolecular 
interference factor ( = w5(k)f N o.J of polymer species s, 
respectively, K is the optical constant defined by 

(23) 

with the refractive index n of the solution, and rst is the 
apparent second virial coefficient for species sand t, given 
by eq 4. 

Solutions ol Polydisperse Polymer Samples 
If L 5 fd is much larger than unity for all s, rst defined 

by eq 4 are independent of s and t, being written as 

ndNA { 1 [ i5c' 
r2,st=F2=4M 2 1+4 1 -I 

L -vc -vc 

+5 -- +2 -- +-( vc' ) 2 
( vc' ) 3

] 6 } 
1-vc' 1-vc' d 

(24) 

where ML is the molar mass per unit contour length of 
polymer. In such a case, the inverse of the structure factor 
matrix S(k)- 1 can be simplified, and eq 13, 19, and 21 
finally yield 

(25) 

where M w is the weight average molecular weight and 
P(k)z is the z-average intramolecular interference factor 
defined by 

(26) 

At 8=0, where P(k)z= 1, the above equation gives 
Kef R 0 identical with that for a monodisperse polymer 
solution with the molecular weight equal to Mw and 

(22) 

volume fraction equal to i5c'. Thus polydispersity in 
molecular weight does not change the form of the 
equation for Kef R0 , if the solution contains only 
sufficiently high molecular weight stiff-polymer compo
nents. The same conclusion was previously obtained for 
the equation for the concentration gradient in poly
disperse stiff-polymer solutions in sedimentation equi
librium experiments. 10 On the other hand, the angular 
dependence of Kef R0 is strongly affected by polydispersity 
through P(k)z-

When the total polymer concentration c' of a poly
disperse polymer solution is sufficiently low, we can use 
the second virial approximation. Expanding each ele
ment [S(k)- 1 ],1 with respect to c' and omitting the 
higher vi rial terms, we obtain 11 

Kc 

Ro 
(27) 

where A 2 ,st is the second virial coefficient for the com
ponents s and t given by 

Az.st=(Fst)c=o= (Bst+f3w,st) (28) 
s t 

with Est and f3w,st given by eq 6 and in Table I, respectively. 

Ternary Solution with Two Solutes of Different Chemical 
Species 
Next consider a solution contains two different kind 

solute components 1 and 2, each of which is a stiff
polymer or a small molecule. In general, the two so
lute components have different light-scattering powers, 
which can be expressed in terms of the refractive index 
increments Ys=anfac5 • Equations 13, 19, and 21 gives the 
Rayleigh ratio for this system as 

Re elM! pl (k)y1 2 + c2M 2P2(k)y/ + 2cl CzMl M2P 1 (k)Pz(k)(y/ r 11- 2yly2r 12 + Y! 2 r 22) 
(29) 

K' [1 + 2c1 M 1 P 1 (k)r 11 ][1 + 2c2M 2 P2(k)r 22] -4c1 c2M 1 M 2 P 1(k)Pz(k)r 12 2 

EXPERIMENTAL TEST OF EQUATION 22 

In order to test the validity of the above derived 
equation 22 of R 8 for ternary solutions containing two 
different molecular weight samples of a homologous 
polymer, we made light scattering measurements for 
isotropic dichloromethane (DCM) solutions with two 
fractionated poly(n-hexyl isocyanate) (PHIC) samples. 
We have chosen two PHIC samples, K-3 [Mw= 1.11 x 
105 ; (the root-mean-square radius of gyration)= 
26.6nm] and V-1-2 [Mw= 1.06 x 106 ; 

nm], previously used for light scattering study of binary 
solutions. 12 DCM solutions of each PHIC sample, 
separately prepared, were filtrated by Millipore filters 
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directly into a light scattering cell to prepare a ternary 
solution with a given composition. Light scattering 
experiment was made at 20oC in the same procedure as 
in the previous study. 12 

Figure 1 shows the plots of Kef R0 vs. k 2 for DCM 
solutions containing the two PHIC samples with three 
different mixing ratios, which are expressed by ( 2 = 
w2 Mw, 2f(w 1Mw,l +w2Mw, 2 ) where the subscripts I and 
2 indicate the lower and higher molecular weight 
samples, K-3 and V-1-2, respectively. The angular 
dependence of Kef R0 becomes stronger with increasing 
( 2 , but is almost independent of the total polymer 
concentration c. 

Equation 22 contains the following molecular pa
rameters: L 1, L 2 , q, d, and 61. Among them, L 1 and 
L 2 can be calculated from M w,l and M w, 2 with the molar 
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Light Scattering from Multicomponent Polymer Solutions 

Table I. Parameters appearing in eq 4 and 6-9 

Homogeneous mixture Heterogeneous mixture 

rr S L,,,L,,,( d, + d,) 

3(u,+u,) 

2(u.+ lrr2 d')b, 
rr 2 2 

4 [d, (L,,, + 2d,) +d, (L,,,+ 2d,) +2d,d,(L,,,+ L,,,)] 

2(v.+ ; 2 ; 2 d 3 ) 

[ 
2rr 3] b, 2 b,+4(v,+v,)+3 d 

I; 2 = 0.2596 c / 10 2 gcm 

c' =2.03x I0- 3 gcm- 3 

2.300 

0 0 0 0 0 0 
0 

0 1.881 

1.388 

0.9413 
0.7410 
0.5687 
0.3782 
0.1896 
0 

d= 1.08 nm 

0. =- 0.31 nm 

0.5 1.0 1.5 2.0 

k 2 / 10-3 nm- 2 

I; 2 = 0.4755 

I 
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----\.) 

'< 

rr2 
g- d,d,d.(L,,u + d.)L,,,L,,, 

(c) S2=0.7547 

c' = 1.15 x gem 3 
c/J0- 2 gcm- 3 

1.343 

l.123 

0.9057 

0.6318 
0.5136 
0.3628 
0.2492 
0.1234 
0 

d = 1.09 nm 

0. =- 0.31 nm 

c' = 1.71 x 10 3 gcm- 3 
c/10- 2 gcm- 3 

Figure 1. Angular dependence of KciR0 for dichrolomethane so
lutions containing two poly(n-hexyl isocyanate) samples of different 
molecular weights with three different mixing ratios; ( 2 = w2 M w. 21 
(w 1 Mw. 1 +w2 Mw. 2 ) with Mw. 1 =l.llxl05 and Mw. 2 =1.06xl06 ; c* 
(the overlap concentration)= (314rrN A) x [(<S 2 )i12 I M 1)w 1 + I 
M 2 )w2 ]- 1 with (S 2 )) 12 = 26.6 nm and (S2 )i12 = 97.9 nm; solid curves, 
calculated from eq 22 with ML=740nm- 1 , q=21 nm, and values of 
d and b1 given in each panel. 

0 
0 0.5 1.0 

k 2 /10-3 nm- 2 

2.503 

2.008 

1.449 

1.002 
0.7997 
0.599 
0.4001 
0.1997 
0 

d = 1.07 nm 

0. =- 0.25 nm 

1.5 2.0 

mass per unit contour length Mv For PHIC in DCM 
at 20°C, M L = 740 nm -l and q = 21 nm, which were 
determined from the molecular weight dependence of 
the intrinsic viscosity and radius of gyration for PHIC 
in DCM. 12 •28 Thus we use those parameter values and 
search for the interaction parameters d and b1 leading 
to the best fit of the Kc/ R0 data shown in Figure 1 to 
eq 22, where P 1(k) and Pik) are calculated by the 
theory ofYoshizaki and Yamakawa/ 8 ' 29 and rst (s, t= 1 
and 2) are estimated from eq 4 along with the parameters 
listed in Table I. The fitting results are shown by the 
solid curves in Figure 1, which are obtained by selecting 
d and b1 values given in each panel. The agreement 
between the theory and experiment is almost satisfactory. 
Furthermore, the values of d and b, selected are close 
to those obtained previously from the concentration 
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V) 

I 
0 ,..... 

(; 2 = 0.4755 
c / 10 · 2 gem 3 

2.503 

2 OOH 

1.449 

!.002 

0.7997 

0.599 

(1.400! 

0.!997 

0 

k 2 /10- 3 nm- 2 

Figure 2. Comparisons of experimental results of Kef R0 for the 
ternary solutions of PHIC ((2 =0.4755) with eq 25 and 26, using the 
molecular parameters same as in Figure lb. 

dependence of the osmotic compressibility for binary 
solutions of PHIC and DCM (d= 1.07 nm and 61 = 
-0.36nm). 12 

As mentioned in the previous section, if both Ldd and 
L 2/d are sufficiently larger than unity, eq 22 can be 
approximated by a much simpler eq 25 with eq 24. Figure 
2 compares the experimental results of Kc/ R6 for ternary 
PHIC solutions with ( 2 =0.4755 with the values calcu
lated from eq 25 and 24 with the molecular parameters 
same as in Figure 1 b. The theoretical curves closely 
fit to the experimental data points; similar good fitting 
was obtained for ternary solutions with ( 2 =0.2596 and 
0.7547. Thus we can say that the polymer-end effect on 
Kc/ R6 is not important for the present ternary PHIC so
lutions. This effect was also unimportant on the second 
virial coefficient of PHIC in DCM. 10•12 

Figure 3 compares the same experimental data of Kc/ 
R6 with theoretical results calculated by eq 27 and 28 
simplified using the second virial approximation. The 
agreement between experiment and theory is not good 
at high concentrations, demonstrating that the second 
virial approximation is not good for the present ternary 
PHIC solutions with c much higher than the overlap 
concentration c* indicated in Figure lb. 
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APPENDIX. FORMULATION OF THE SOFT 
DISPERSION INTERACTION 

Let IX5 be the local excess polarizability tensor per unit 

290 

I 
Oil 

0 s 
V) 

I 
0 ,..... 

"' c.:: -..... 

(; 2 = 0.4755 
c / 10- 2 gem - 3 

0 0 0 ° 0 0 0 2.503 

2.008 

!.449 

!.002 

0.7997 

0.599 

0.400! 

0.!997 

0 

Figure 3. Comparisons of experimental results of Kef R0 for the 
ternary solutions of PHJC (( 2 =0.4755) with eq 27 and 28, using the 
molecular parameters same as in Figure I b. 

length of a wormlike spherocylinder (WSC) of species s 
in a solvent with the dielectric permittivity e. The tensor 
(l5 is assumed to be cylindrically symmetric; IJ(s,l ( =()(5 , 2 ) 

and ()(5 , 3 denote the local excess polarizabilities parallel 
and perpendicular to the cylinder axis, respectively. 

According to the theories of McLachlan30 •31 and 
Imura and Okano, 32 the local dispersion energy (or the 
van der Waals free energy) Gslvm sb) between two 
unit-length portions of WSCs a and b of species s and 
t, respectively, on the contour points sa and sb is written as 

3 

G5,(Sa, sb)= -(ksT/x 6 ) I ls,,klckl2 (Al) 
k,l = 1 

Here x is the distance between the contour points sa and 
sb, and 

00 

lst,kl = I' as,k(iwn)Q(t.l(iwn)/ e 2(iwn) (A2) 
n=O 

where iw" = 2nink8 T/11 is the imaginary frequency with 
the Planck constant 11, and the prime over the summation 
indicates that the n = 0 term is multiplied by 1/2. The 
coupling constant ck1 is defined by 

ckl = aba) · al(sb)- 3[ak(sa) · e][a1(sb) · e] (A3) 

where ak(sa) is a unit vector along the principal 
axis k (I) at the contour point s. (sb), and e is a unit 
vector directed from the contour point sa to the point sb. 
Assuming the pairwise additivity of the dispersion energy, 
we can calculate the total dispersion energy W51 between 
WSCs of species s andt by 

(A4) 

where Ls and L, are the contour lengths of the WSC of 
species sand t, respectively. Since GsrCsa, sb) is defined in 
solution, w st should be regarded as the potential of mean 
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force. 
Let us first consider two long WSCs of species s and 

t. We assume that the persistence lengths qs and q1 of the 
WSCs are much longer than the interaction range of 
Gs1(Sa, sb). [It is noted that Gs,(sm sb) is a short range 
function of x from eq Al.] In such a case, two or more 
pairs of contour portions on the two interacting WSCs 
seldom come close within the interaction range simul
taneously. Therefore, it is enough to consider only the 
case that the two WSCs interact with each other at 
one pair of contour portions (the single contact ap
proximation). As a result, wst calculated from eq A4 
may be approximated by that for corresponding straight 
spherocylinders. 

The binary cluster integral f3w,st with respect to wst for 
two long stiff WSCs may be written as 12 

(A5) 

with 

4 f 00 
( Wst oo • )d bst = -'---Ism y I r 

n (ds+dtl/2 kBT 
(A6) 

where r is the shortest distance between the two 
spherocylinders, y is the angle formed by the two tangent 
vectors of the spherocylinders at the closest contour 
points, wst,a:; is H'st for infinitely long spherocylinders of 
species s and t, and the angular brackets represent the 
orientational average of the two chains; one should not 
confuse bs, with the Kronecker delta. (In eq A6, we 
used the high-temperature approximation for the Mayer 
function, and also assumed w to be zero at r <d.) We 
can calculate ws,,oo from eq A4, where x and e depend 
on sa and sb, but ak(sa) and a1(sb) do not depend on sa 
and sb. The final result is written as 

kBT 
wst 00 = ---- Ust I +1st AP2(cosy)] (A7) 

· r 4 lsinyl · · 

where, P 2 is the second Legendre polynomial, and 

3n 
Jst,I =32 (19Jst,ll + 10Jst,l3 + 3Jst,33)' 

n 
Jst,A =s (Jst,ll- 2Jst,I3 +1.,,33) (AS) 

which depend on at and e. Using eq A7, bst is calculated 
to be 

with 

and 

bst,I =- 32Jst,If3n(ds+ dt)3 , 

bst,A = - 32Jst,Af3n(ds + dt) 3 

'1st= f f dada' P 2(a · a')Js(a)l,(a') 

(A9) 

(AlO) 

(All) 

where l,(a) and ],(a) are the orientational distribution 

functions of the unit tangent vector a to the wormlike 
chain contour for species sand t, respectively. 

The integral in eq A4 for w, cannot be expressed in 
an analytical form when Lc.s and Lc,t are finite, and 
thus it is not easy to incorporate the end effect of 
spherocylinders on f3w.st· Here we treat the end effect, 
according to Sato and Teramoto 33 who previously con
sidered the same problem for stiff polyelectrolytes. 
They approximated the electrostatic interaction potential 
of a stiff polyelectrolyte by a square-well potential to 
calculate the electrostatic binary cluster integral. 
Similarly, we approximate wst of spherocylinders with a 
soft dispersion potential by the following square-well 
potential: 

{ w = 
st O' 

(ds + dt)./2 s rs (ds + d,)/2 + !Jst (AI 2) 
otherwise 

where wsto and !Jst are two constants. When the solution 
is isotropic, this potential yields 

n 2 
f3w.st =2 [Lc,sLc,t+ 2(Lc,s + Lc.r)(ds + dt) + 2(ds + dt) ]bi,st 

(A13) 

where b1,st = wsto 11s1/k8 T, and terms of order of bi,stl 
(ds+d,) were omitted.* 3 This equation reduces to eq 
A5 in the isotropic state, when both Lc,s and Lc,t are 
much larger than ds + d,. Although Sa to and Teramoto 
calculated the electrostatic cluster integral also in an 
anisotropic state, we do not discuss the end effect on the 
anisotropic part of f3w,st in this paper. 
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