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ABSTRACT: An attempt was made (1) to establish a theory of pore characteristics, including 
pore size distribution N(r) (r, radius of pore) for porous polymeric membranes, prepared by the 
phase separation method, using two-phase volume ratio R ( = Vcl)/Vc2 >; V(1l and Vc 2> are volumes 
of polymer-lean and -rich phases, respectively) and radius of secondary particle S2 and (2) to 
compare the N(r) calculated from R and S2 with that by an electron micrographic (EM) method. 
For this purpose, we assume that secondary particles (i.e., polymer-rich phase) and hypothetical 
vacant particles (i.e., polymer-lean phase) are placed randomly on a hexagonal closest packing 
lattice and that x vacant particles contact with each other to form a pore (referred to as 
vacant-particle pore). An expression of the probability P(x) that a given pore contains x vacant 
particles was derived. With consideration of an increase in pore size after drying, N(r) for 
vacant-particle pores, N.(r) was derived, using R, S2 and pore density of vacant-particle pores Np 
(number/m2), and by translating x to pore radius r. The condition of determining Np from Rand 
S2 was established. N(r) for inter-polymer-particle pores, N1(r) (i.e., crevasses of closest-packed 
secondary particles) was also calculated by using Rand S2 . The theory predicts that smaller pore 
size can be attained with smaller R and S2 • Phase volume ratio R was found to be determined 
through use of a theoretical equation on porosity, using experimental porosity Pr(d4) determined 
from electron micrographs and approximate of degree of collapse of a membrane k'( =L0 /Ld; L0 , 

thickness of cast solution; Lct, that of dried membrane). Collapse of a hypothetical gel membrane 
during coagulation process explains well the findings that theoretical N(r) coincides fairly well with 
that by EM method only when apparent phase volume ratio RA is employed instead of R. 

KEY WORDS Particle Growth Concept / Phase Separation / Porous 
Polymeric Membrane / Pore Size Distribution / Hexagonal Lattice / 
Secondary Particle/ Vacant Particle/ Cellulose Cuprammonium Solution/ 
Collapse/ 

In the previous papers, 1 •2 we proposed a 
theory of nucleation (steps a and b in Figure 
I), growth of nuclei to the primary particles 
(steps b--d in Figure I), and growth of the 
primary particles to the secondary particles 
(steps d-f in Figure I) in the process of 
formation of the porous polymeric membranes 
by the phase separation method (i.e., solvent-

casting method) in the case when initial 
polymer volume fraction vg is less than the 
polymer volume fraction at a critical solution 
point v;. In subsequent steps, the secondary 
particles contact with each other to form gel 
membranes, which become dried membrane 
through desolvation and drying (steps g-j in 
Figure I). 
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Figure 1. Elementary steps in porous polymeric membrane formation by the phase separation method: 
vg, polymer volume fraction of the solution when the phase separation occurs; v;, polymer volume 
fraction of critical solution point; steps a and f-j correspond to those of a and f-j in Figure I 0, respectively. 
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Figure 2. Schematic representation of a membrane structure and pores: a), A multi-layer model of a 
membrane; filled sphere, polymer particle; unfilled sphere, vacant particle; diameter of these spheres are 
2S2; b), A hypothetical plane; c) Vacant-particle pores on a hexagonal closest packing lattice; d) 
Inter-polymer-particle pores brought about by contacted polymer particles. 

Based on electron microscopic observation 
of membranes prepared by the solvent-casting 
method, Kamide et al. proposed "particle 
growth concept" on membrane formation 
mechanism in the phase separation method 
(Figure 1)3 .4 and "two-dimensional thin layer 
model" of membrane surface (Figure 2b)4 

which consists of the secondary particles of 
polymer-rich phase (referred to as "polymer 
particles") with radii of S2 and hypothetical 
particles of polymer-lean phase (referred to as 
"vacant particles"), whose radii are also S2 • In 
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the thin layer model, regarding a portion 
consisting of _contacting vacant particles as 
pores, whose boundary should be fully sur
rounded by polymer particles (Figure 2c; we 
define these pores as "vacant-particle pores"), 
Kamide and Manabe (KM)4 attempted to 
derive an tentative equation of pore radius 
distribution N(r) (r, radius of pore) of 
membranes as a function of S2 and two phase 
volume ratio at the instant when phase 
separation occurs R ( = V< 1>/ V< 2>; V< 1> and V< 2> 

are volumes of polymer-lean and -rich phases, 
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respectively), which is indirectly calculated 
from porosity Pr of a membrane evaluated by 
an electron micro graphic (EM) method. 5 

Unfortunately, N(r) of KM theory contains 
the following unnegligible drawbacks: a) In 
calculation of probability of appearance of the 
vacant-particle pore with x vacant particles 
P(x), a portion which does not contain any 
vacant particle (i.e., x=0) is mistakenly 
considered as a vacant-particle pore. Further
more, P(x) was normalized over the range of 
x=O to x=NTL. Here, NT is a total number 
of both particles (polymer- and vacant
particles) in the unit area of the plane (see, eq 
1) and L is volume fraction of polymer-lean 
phase (see, eq 2). Accordingly, the final 
equation of N(r) can not ascertain the existence 
of Np vacant-particle pores in unit area by KM 
theory. b) They thought that R could be 
indirectly determined from Pr by EM method, 
however, R thus calculated often deviates 
significantly from R directly determined in 
actual phase separation experiments. c) Even 
if x = 0, small crevasses are · formed between 
closely-packed polymer particles and these 
crevasses should be regarded as pores, which 
we define as inter-polymer-particle pores, but 
these crevasses were not considered in KM 
theory. These inter-polymer-particle pores 
must be taken into consideration indepen
dently. d) Pore density Np can not be deter
mined explicitly for a given condition of R and 
Sz. 

Recently, Kamide et al.6 disclosed for 
membranes by the phase separation method 
that the ov0r-all supermolecular structure 
changed significantly depending on the distance 
from the top surface of a membrane and within 
a given thin layer with the constant distance 
from the surface, the particular supermolecular 
structure of the layer remained almost uniform, 
and that N(r) for each portion of the ultra-thin 
layer was constant for a given distance. These 
experimental facts leaded them to the conclu
sion that porous polymeric membrane pre
pared by the phase separation method should 
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be considered as a composite, in which many 
hypothetical ultra-thin layers are piled up, and 
they presented a "three-dimensional structure 
model" of a membrane, assuming that the 
over-all supermolecular structure is uniform 
(Figure 2a). 7 

In this article, we attempted (1) to derive a 
reliable equation of N(r) for vacant-particle 
pores of a thin layer using R and S2 (eq 24) 
by improving the drawback a) of the previous 
KM theory, (2) to interpret the experimental 
disagreement between two kinds of R; the one 
is calculated indirectly from Pr evaluated by 
EM method and the other is directly deter
mined in actual phase separation experiments 
[drawback b) in KM theory], by considering 
collapse (steps g-h in Figure 1) of gel 
membranes, with the three-dimensional model 
of a membrane (Figure 2a), proposing a new 
concept of apparent phase volume ratio RA ( eq 
39), (3) to derive equations for pore density of 
inter-polymer-particle pores and pore size 
distribution of them using Rand S2 (eq 31 and 
34, respectively) [drawback c)], and (4) to give 
concrete physical meanings of determining Np 
value from the boundary condition [drawback 
d)], demonstrating effects of Rand S2 on N(r). 

THEORETICAL BACKGROUND 

Lattice Theory for Vacant-Particle Pore 
Pore Radius Distribution. After the growing 

particles approached their asymptotic size (i.e., 
the secondary particle; step f in Figure 1 ), the 
particles contact with each other forming pores 
by settling the coagulated solution without any 
further agitation (step gin Figure 1). 

Assume that a membrane consists of 
multi-layers (see, Figure 2a) and that the pore 
characteristics of a hypothetical plane within 
the membrane, parallel to the membrane sur
face is kept the same. 6 Consider a hypothetical 
plane with thickness 2S2, parallel to the surface 
of the coagulated solution and assume that the 
solution consists of the polymer particles with 
radius of S2 and "hypothetical particles" of 
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polymer-lean phase, whose radius is also S2 

(see, Figure 2b). Let the number of the polymer 
particles per unit area of the plane be re
presented by NT/(R + 1) and that of the hy
pothetical polymer-lean particles (referred to 
as "vacant particles") by NTR/(R +I). Here, 
NT is a total number of both particles in the 
unit area of the plane and is roughly estimated 
as 

1 
N---

T- (nS/) 
(1) 

Obviously, a group of vacant particles contact 
directly with each other, building a pore. 
Hereafter, we call this pore a vacant-particle 
pore (Figure 2c). A total number of vacant
particle pores per unit surface area (i.e., pore 
density) is represented by Np. 

Assume that polymer particles and hypo
thetical vacant particles are placed randomly 
on a two-dimensional hexagonally close-pack
ed lattice of the hypothetical plane to evaluate 
number of distinguishable arrangements of the 
mixtures of the polymer particles and the 
vacant particles on the. lattice (Figures 2b and 
2c). In this sense, the lattice coordination 
number is six. In the hypothetical planes of a 
gel membrane, a portion whose boundary is 
fully surrounded by polymer particles and 
which is concurrently occupied by the consec
utively connected vacant particles yields a 
vacant-particle pore (Figure 2c). Here, we 
neglect the crevasse of the contacted polymer 
particles (Figure 2d), which will be discussed 
as inter-polymer-particle pore later. 

The pore size can be approximately re
presented by the number x of vacant particles 
constituting a single vacant-particle pore. And 
a pore radius r distribution N(r) for vacant
particle pores can be evaluated by translating 

P(x)= WNp- 1(NTL-Np-x+ 1) 

WN/NTL-Np) 

a distribution of the number x of vacant 
particles constituting single pores on the 
hexagonal lattice sites. Consider the case when 
NTL vacant particles are divided into Np cells. 
Here, L is volume fraction of polymer-lean 
phase given by the following equation, 

R 
L=~~-. 

R+ 1 
(2) 

To ascertain the existence of Np pores 
beforehand, one vacant particle is, in advance 
of counting, distributed to each cell. The 
number of ways, W Np(NTL- Np) of partition
ing the remaining (NTL- Np) vacant particles 
into Np cells is given by 

W (N L-N )= {(Np- l)+(NTL-Np)}!. 
Np T p (Np- l)!(NTL-Np)! 

(3) 

After ascertaining the existence of Np vacant
particle pores by distributing one vacant 
particle to all Np cells, a single pore, arbi
trarily chosen, is fulfilled with (x - 1) vacant 
particles further to realize the pore with x 
vacant particles. Next, the number of ways, 
WNp_i(NTL-Np-x+ 1), of partitioning the 
remaining (NTL-Np-x+ 1) vacant particles 
into (Np - 1) pores (i.e., all the pores except 
for the pore filled with x vacant particles and 
note that the single pore has already x vacant 
particles) is given by 

WNp-/NTL-Np-x+ 1) 

{(Np-2)+(NTL-Np-x+ 1)}! 

(Np-2)!(NTL-Np-x+ 1)! 
(4) 

Accordingly, when Np pores are formed by 
partitioning NTL vacant particles, the desired 
probability P(x) that x vacant particles are 
partitioned in a given pore is 

(NTL-x- l)!(Np- l)!(NTL-Np)! 

(Np-2)!(NTL-Np-X+ l)!(NTL-1)! 
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(NTL-Np)(NTL-Np-1)· · ·(NTL-Np-x+2)(Np- l) 

(NTL- l)(NTL-2)· · ·(NTL-x) 
(5) 

Assuming that Np» 1 and NTL-Np»X, eq 5 
can be simplified into 

(6) 

On the other hand, for Np=NTL, x becomes 
unity and 

P(x)= 1 . (7) 

It should be noted that P(x) is normalized for 
the range of x= 1 to oo, 

I (,-¾rJ ~, 
x=l ( 3J~-}) . 

(8) 

Here, NTL vacant particles are consumed to 
build Np pores and then the following equation 
of the boundary condition of vacant particles 
holds, 

NTL 

L NpxP(x) = NTL . (9) 
x=l 

By rewriting eq 9 average x can be defined as 
follows: 

- NTL 
X=--

Np 
(10) 

The radius of pore containing x vacant 
particles in wet gel membrane rwet is defined 
by the relation that area of a circular pore with 
radius rwet ( = nrwe/) is equal to the summation 
of area of the maximum cross section of x 
vacant particles ( =xnS/), that is 

(11) 

When the radius of wet polymer particles S2 
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decreases to S2 ' during drying (Figure 3), the 
following equation holds. 

(12) 

that is 

(13) 

where vp(Zl is polymer volume fraction of the 
polymer rich-phase in equilibrium, and dPL and 
dp' are densities of the polymer itself and of 
the dried polymer particles, respectively. In 
other words, the volume of a polymer par
ticle decreases to (4nS//3)vP(2i(dPL/dr') after 
drying. 

Accordingly, the pore radius of dry mem
brane r is related to the pore radius rwet 
corresponding to S2 of the wet gel membrane 
through the relation (Figure 3): 

r = rwet + { 1 -( Vp<~:~PL )113
} S2 . 

Combination of eq 11 with eq 14 gives 

r={x112+1-( vp<JP~PL y;3}s2. 

a) b) 

0 

(14) 

(15) 

Figure 3. Change in a pore size during drying treatment 
under constant membrane width: a), A circular pore 
containing seven vacant particles (i.e., x= 7) in a wet gel 
membrane; filled circles, polymer particles; broken line 
circles, vacant particles; both kinds of particles have the 
same radius of S2 ; b), An enlarged pore in a dry membrane; 
S2 ', a radius of a dry polymer particle; S,' < S2 (see, eq 13). 
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At x = 1, r given by eq 15 attains the vp(ZJ, Np, and R in the forms: 
minimum of radius of vacant-particle pore 
consisting of a single vacant particle, rmin: x=x(r, S2, vp(2i) (22) 

r. ={2-(VP(2iPL)l/3}s. 
mm dp' 2 

(16) 

As the existing probability of the pore with 
the radius in the range from r to (r+dr) is the 
same as that of the pore consisting of x to 
(x + dx) vacant particles, the following relation 
holds: 

( Probability density of) d 
h . h d" X r t eporew1t ra msr 

-(Probability density of the pore) d 
- consisting of x vacant particles x x 

NJr) 
--dr=P(x)dx (17) 

Np 
where Nv(r) is the not-normalized pore radius 
distribution for vacant-particle pores which 
satisfies 

I"' NJr)dr=Np. 

Equation 17 can be rewritten to yield 

dx 
NJr) = NpP(x) - . 

dr 

(18) 

(I 9) 

On the other hand, eq 15 can be rewritten as 

and differentiation of eq 20 by r gives 

dx _ 2 [ r { ( VP(2)dPL ) 113}] - - ---- 1- .(21) 
dr S2 S2 dp' 

In deriving eq 21, we assume that P(x) can be 
approximated by the continuous function and 
there exists one-to-one correspondence be
tween x and r, in other words, all the pores in 
a plane have the same shape (that is, circular). 

It should be noted that x is a function of r, 
S2 and vp(Zl at the constant dPL and dp' values 
and accordingly, NJr) is a function of r, Sz, 
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and 

N.(r) = NpP(x(r, S2 , uP(2J), Np, L(R)) 

dx(r, S2, vP(Zl) 
x----_'_'-

dr 

- = NJr, S2, vP(ZJ, Np, R) . (23) 

Combination of eq 6, 10, 19, 20, and 21 leads 
to 

for r ;::=,: r min (24) 

where 

- R 
X=------

nS/(R+ l)Np. 
(25) 

Equation 25 is derived from eq 1, 2, and 10. 
From eq 24 it is clear that N(r) for vacant
particle pores can be evaluated from R, S2, and 
Np data if vp<Zl• dPL, and dp' are given in 
advance. 

Pore Density. NTL vacant particles are thus 
partitioned on NT sites of the hexagonal lattice 
in the manner so as to build up Np vacant
particle pores. However, a single vacant
particle pore should be an assembly of vacant 
particles, which can take various forms under 
the condition that at least any vacant particle 
contacts directly with another vacant particle 
or with other vacant particles directly. Con
sequently, this assembly can give pores with 
various pore shapes, which make further 
calculation extremely difficult. Then, for the 
sake of simplicity, we assume that the assembly 
of vacant particles (forming a single vacant
particle pore) has a strong tendency to form a 
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Figure 4. Approximation of a pore shape and number 
of polymer particles needed to surround an assembly of x 

vacant particles: a), Schematic representation of regular 
hexagonal pores consisting of x11 vacant particles which 
are fully surrounded by j~(x11) polymer particles; x11 =I, 
f 11(x11)= 6; x11 =7,J;i(x11) = 12; x11 = 19,Jii(x11) = 18; x11 = 37, 
_fii(x11)=24; b) Relationship between x and f(x); points 
indicate x11 and f11(x11) of regular hexagonal pores; full 
line, f(x) = (12x-3) 112 + 3. 

circle and that on hexagonal lattice sites any 
assembly of vacant particles is regarded as 
hexagonal (Figure 4a). 

When regular hexagonal vacant-particle 
pores consisting of xH vacant particles are 
considered (i.e., xH can be 1, 7, 19, 37, ···,as 
is clear from Figure 4a), the minimum number 
of polymer particles needed to surround fully 
these regular hexagonal pores fttCxtt) is given 
by {(12xH- 3)112 + 3}. If an assembly of vacant 
particles tends to form a circle, the length of 
its surrounding should be as short as possible, 
and in this case we can approximate the 
minimum number of polymer particles needed 
to surround fully an assembly of x vacant 
particles f(x) by eq 26, 

f(x)=J12x-3+3 (x~l). (26) 

In Figure 4b, full line isf(x) and closed circles 
are ftt(xH)-
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a) b) c) 
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Figure 5. Some typical arrangements of polymer parti
cles (filled circles) and vacant particles (unfilled circles) in 
the nearest neighbor of a given polymer particles (marked 
with + ): m, number of vacant particles existing around 
the given polymer particle in the center of the nearest 
neighbor sites; n, number of different pores which the given 
polymer particle can participate to form when the six 
nearest neighbor sites around the given polymer particle 
are considered; vacant particles constituting a pore are 
drawn with bearing the pore number (no. 1~3); dotted 
circle, vacant particles existing possibly outside of the six 
nearest neighbor sites under consideration; a), m = 3, n = 3; 
b), m=4, n=2; c) Two not-directly connected vacant 
particles (unfilled circle with *) connect indirectly by 
contacting with other vacant particles outside of the six 
nearest neighbor sites in order to form a common pore 
( dotted circle with * ). 

Figure 5a shows that a given polymer particle 
marked with ( +) mark on the lattice can 
contribute to the formation of at most three 
different pores when the six nearest neighbor 
sites of the given polymer particle are just 
considered. Here, these pores are numbered; 1, 
2, and 3. In Figure Sb, a given polymer particle 
with (+)mark should be thought to participate 
in the formation of two different pores (no. 1 
and 2). 

When a single polymer particle is directly 
participated to the formation of n pores 
(1 :S::n:S::3), (1) the reciprocal n (i.e., 1/n) is de
fined as contribution fraction of the polymer 
particle to the formation of one vacant-particle 
pore, and (2) the number m of vacant particles 
existing around the particle (i.e., the number 
of the nearest neighbor vacant particles) lies 
between 1 and 5 (i.e., 1 :S:: m :c;; 5) and (3) the 
probability P.(m) that a given polymer particle 
is surrounded in part by m vacant particles, 
which belong to n different pores is shown in 
Table I. Here, we assume that probability of 
appearance of a vacant particle and a polymer 
particle in every seat on the lattice is the same 
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Table I. P.(m) values of hexagonal lattice 

P.(m)• 
m 

n=O n=I n=2 n=3 

0 (I-L)6 

I 6L(I-L) 5 

2 6L2(1-L)4 9L2(1-L)4 

3 6L3(1 -L)3 J2L3(J-L)3 2L3(1-L)3 

4 6L4(\-L)2 9L4(1-L)2 

5 6L5(\-L) 

" - , no theoretical possibility of a given combination 
of m and n. 

as L and (1-L), respectively. In other words, 
particles are distributed on the hexagonal 
lattice randomly. When vacant particles are 
assumed to gather circularly, we can neglect 
the possibility that two not-directly connected 
vacant particles, which are the nearest neighbor 
of a given polymer particle, belong to a 
common pore (Figure 5c), and Pi(4)~0 and 
P 1 ( 5) 0 are expected. 

Reciprocal n, 1/n can be averaged over all 
possible arrangements of the vacant particles 
and polymer particles around a distinguishable 
polymer particle: 

nt Ltt +PnCm)} 
J1 Lt Pn(m)} . 

(:-) (27) 

Then, it is clear that (1/n) is determined by the 
volume fraction of polymer-lean phase L, 
accordingly by the two-phase volume ratio R. 

In this manner, in order to form Np 
vacant-particle pores, NTL vacant particles are 
partitioned into Np hexagonal assemblies. The 
number of the assemblies, each consisting of x 

vacant particles, is NpP(x) and the number of 
polymer particles consumed in order to 
surround fully an assembly with x vacant 
particles, f(x), is given by eq 26. 

The total number of the polymer particles 
directly surrounding Np independent pores 
should be the total number of the polymer 
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particles which contribute to form vacant
particle pores; 

NTL l(Nu:,:~~~l~fp:~:nt-) x;t consisting ~f x 
vacant particles 

(
Number of polymer particles) 

surrounding the vacant-
x particle pore consisting 

of x vacant particles 

(
Average contribution fraction of one) l 

x polymer particle to the formation 
of one vacant-particle pore 

( Total number of) 
- polymer particles 

( 
Probability that a given ) 

x polymer particle contributes , 
to form vacant-particle pores 

that is 

which is the boundary condition of polymer 
particles. 

Equation 28 can be rewritten as follows: 
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( 
Total number of polymer ) 

particles which contribute to 
form vacant-particle pores (2 =--------~. 9) 

( 
Average number of polymer ) 
particles which contribute to 
form one vacont-particle pore 

When we employ Pn(m) given by Table I, in 
other words, polymer particles and vacant 
particles are placed randomly on the lattice, 
eq 28 always holds its validity. Here, we define 
Np value, which satisfies eq 28, as NP(v>· Np 

decreases when vacant particle has a tendency 
to be partitioned in the nearest neighbor of 
another vacant particle. NP(vJ should be taken 
as Np theoretically expected for a given com
bination of R and S2 under the random dis
tribution of particles. 

Accordingly, if Rand S2 are given and values 
of NT, Land (1/n) are calculable, we can obtain 

NP(v) numerically. Route of calculation of NP(vl 

for vacant-particle pores is illustrated in Figure 
6. Note that NP(v)<NTL (i.e., x> 1) should 
always hold. For NP(v) = NTL, eq 7 is used 
instead of eq 6. 

Inter-Polymer-Particle Pore 
Even if the polymer particles occupy all the 

sites of the hexagonal close-packed lattice (i.e., 
R = 0), there are numerous small crevasses 
between the polymer particles and such cre
vasses act as pores, as in the case of reverse 
osmosis membranes, and are hereafter referred 
to as inter-polymer-particle pores (Figure 2d) 
in order to distinguish them from the 
vacant-particle pores and the crevasse in wet 
gel membrane becomes large during drying 
when the dimension of the membrane is kept 
constant. 

Consider a polymer particle with m nearest 
neighbor vacant particles, belonging to n 
different pores and having n(il inter-polymer
particle pores. When m = 0 (and accordingly, 
n = 0), n(iJ = 6 is obtained. In this manner, we 
can calculate n<i> value for a given combination 
of m and n, as shown in Figure 7. Cases such 
as m = 0 and n = I are not theoretically realized 
and shown as blanks with a slash mark in 
Figure 7. In a case of m = 3 and n = 3, there is 

~L _E__,q'-in_T_ab_l_e_I __ pn(m) eq27 (¼) 

~N 
T 

no 

I Eq 61------ P(x) 

t 
(Assumed) Np 

Figure 6. Route of calculation of NP<v> for vacant-particle pores from R and S2 . 
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n 

0 2 3 

0 

2 

2 0 

3 +.f<·>. 
0 

J--1'--4 -----=-~·-+----,···· l.4 
.:····:1·· '"'· .. 
·· .... · ..... · 

5 

Figure 7. Theoretically possible arrangements of inter
polymer-particle pores existing around a given polymer 

particle: Six nearest neighbor sites around a given polymer 

particle are just considered; n<'l' number of the inter
polymer-particle pores; m, number of vacant particles 
existing around the given polymer particle in the center; 

n, number of different pores which the given polymer 
particle can participate to form; filled circle, polymer 
particle; dotted unfilled circle, vacant particle; small 
unfilled circle, inter-polymer-particle pore. 

no probability offinding inter-polymer particle 
pores (i.e., n(i)=O). 

Then, the average number of inter-polymer
particle pores directly contacted with a given 
single polymer particle, nw is given by 
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\ -- -~ -'I ·--1--· :·; 

s2--++ ++s2 
Figure 8. Change in pore size of an inter-polymer particle 
pore after drying: Broken line circle, wet polymer particle; 

full line circle in hatched area, wet inter-polymer-particle 

pore; S2, radius of a wet polymer particle; S/, radius of 
a dry polymer particle; hatched area, inter-polymer particle 

pore after drying; blacked area, dry polymer particle. 

As one inter-polymer-particle pore contacts 
three polymer particles, a number of inter
polymer-particle pores in unit area of a 
membrane NP(i) is 

(31) 

An inter-polymer-particle pore is formed by 
mutual contact of three polymer particles and 
the radius of the inter-polymer-particle pore, 
r(i)Wet of a wet gel membrane, which is noticed 
by the radius of an inscribed circle, is related 
to S2 through the relation, 

r(i)Wet = ( }T- J )s2 . (32) 

After drying S2 changes to Sz' (eq 13), 
keeping its center at the same position, as 
shown in Figure 8 and the radius of the 
inter-polymer-particle pore of dry membrane 
r(i) is readily obtained by adding the difference 

between S2 and Sz' in eq 13 to r(i)Wet in eq 32: 

r(i) = r(i)Wet + (S2 -Sz') 
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={~2 -(Vp(Z)dPL)l/3} 
~3 dp' S2. (33) 

The pore size distribution N(r) for inter
polymer-particle pores, denoted by NJr) can 
be given as: 

(34) 

where c5(r) is the c5-function which satisfies 

f ~
00 

c5(r)dr = 1 . (35) 

Schema of calculating NP(iJ and Nlr) is shown 
in Figure 9. Note again that eq 24 and 34 
are derived assuming that the super-particle 
structure (morphology) of coagulated polymer 

~L EqinTablel Pn(m) 

Fig.7i 

n(il 

particles does not change through collapse 
during the phase separation (step f of Figure 
1 ), the coagulation (step g) and drying (step j). 
At a latter step, radius of the polymer particle 
changes only by a factor of (vp<zidrL/ dp'). 

Porosity of Membranes 
Gel Membranes. Suppose that a polymer 

solution is cast on a plate to give a thin solu
tion film with a thickness of L 0 (Figure 10a): 
In wet method, the cast solution is dipped in 
a coagulating solution consisting of non
solvent(s ). In dry method, the cast solution · 
is settled in an atmosphere of nonsolvent(s). 
Phase separation occurs at the surface of the 
cast solution and it proceeds from the surface 
to the inner part of solution (Figures 10g and 

~- Eq 31 --[ NP(i)) eq 34• [ N;(r)) -D- N(r) 
() .,,--- (eq 56) -

\~. ___ eq~•----• NT----~ 1 
Nv(r) 

Figure 9. Route of calculation of NP(i> and N;(r) for inter-polymer-particle pores from R and S2• 

Lg Ld ,,1 -......... ----~ 

a) Cast solution f) Phase separation g) Proceeding of h) Gel membrane 
in the 1st layer phase separation 

& contraction of 
layers 

i) Regeneration j) Dry membrane 

Figure 10. Schematic representation of changes of membrane thickness during membrane formation 
process: a), Casting of polymer solution; f), Starting of the phase separation; g), Proceeding of phase 
separation and contraction of thin layers; h), Gel membrane (end of the over-all phase separation); i), 
Regeneration; j), Dry membrane; unfilled circle, vacant particle; filled circle, polymer particle; hatched 
area, homogeneous polymer solution not yet phase-separated; unfilled circle in the hatched area, position 
of particles to be created by phase separation; L 0 , thickness of cast solution; L,, thickness of gel membrane; 
Ld, thickness of dry membrane; arrows indicate a layer where the phase separation has just occurred and 
the layer-contraction has not occurred yet; steps a and f-j correspond to those of a and f-j in Figure I, 
respectively. 
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10h). We define the volume fraction of a 
polymer-lean phase in a hypothetical layer at 
the moment of phase separation as Pr(PS), 
which is given by the relation 

R 
Pr(PS)=~-. 

R+l 
(36) 

During the progress of phase separation, the 
thickness of the cast solution decreases and a 
coagulated gel membrane with thickness Lg is 
formed (Figure 10h). The volume fraction of 
vacant particles in the gel membrane Pr(GEL) 
is governed by the degree of collapse of thin 
layers. 

In a case where two hypothetical layers 
having the same Pr(PS) collapse into a "single 
layer", it is required that a vacant particle in 
the upper layer is just superposed with another 
vacant particle in the lower layer in order to 
find a vacant particle in the "single layer". 
The probability of occurrence of the above 
phenomenon (i.e., the porosity) is { Pr(PS) }2. 
Accordingly, Pr(GEL) is equal to the porosity 
of a "single layer" formed by the collapse of 
k hypothetical layers is given by 

Pr(GEL)= {Pr(PS)t=(_!__)k (37) 
R+l 

Here, the following relation holds approx
imately: 

k';;,_ Lo. 
Lg 

(38) 

The porosity of gel membranes consisting of 
collapsed hypothetical layers, Pr(GEL) is 
equivalent with apparent volume fraction of 
polymer-lean phase LA. 

Next, we define apparent phase volume ratio 
RA by the relation 

R - (~Y 
A ( R )k. 

1- --
R+l 

(39) 

For the gel membranes formed after collapst: 
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of hypothetical layers, R in eq 25 should be 
substituted with RA in calculation of N(r). 

LA ( = Pr(GEL)) is defined by 

RA 
LA=----

RA+l 
(40) 

and it should be substituted with L in cal
culation of eq 3-6, eq 8-10, eq 27-31, and 
equations in Table I. 

Dry Membranes. After gel membranes with 
thickness Lg are formed, the membrane is 
treated with acid for generation of cellulose (if 
necessary) and washed and dried. 

Considering an increase in volume of both 
vacant-particle pores and inter-polymers-par
ticle pores due to de-solvation of polymer 
particles in drying step, the porosity of dry 
membrane Pr(d) (as denoted by Pr(d 1)) is given 
by eq 41, 

Pr(d 1)={1-( !: Y}(l-LA)+LA 

=(l VP;P~PL )(1-LA)+LA. (41) 

Sz' is the radius of dry polymer particle (see, 
eq 13). In deriving eq 41, it is assumed that 
pore density Np does not change during drying 
step, and Pr(d 1) represents the summation of 
porosity of vacant-particle pores and that of 
inter-polymer-particle pores. 

EXPERIMENT AL 

Preparation of Cellulose Membranes 
Cellulose cuprammonium solution with the 

cellulose concentration (weight fraction) Wee1i = 
0.04 to 0.09 was prepared by diluting with 
ammonium-water solution (the weight fraction 
of ammonia wNH, = 0.28) an original cellulose 
cuprammonium solution, whose compositions 
were Ween= 0.10, the weight fraction of copper 
Weu = 0.0395, wNH, = 0.0703, and the weight 
fraction of water wH 2o = 0. 7902. 

Cellulose cuprammonium solutions with Ween 

Polym. J., Vol. 26, No. 4, 1994 



Formation of Porous Polymeric Membrane III 

of 0.04 to 0.10 were cast on flat glass plates, 
respectively. The cast solutions, having 500 µm 
thickness ( = L 0 ), cast on the glass plates, were 
immersed in a coagulating solution containing 
acetone, ammonia and water (the weight 
fraction of acetone W Acetone : WNH3 : WH20 = 
0.30: 0.0056: 0.6944) at 298.15 K. After coagu
lation, the gel membranes were peeled off 
from the glass plates and treated with sulfuric 
acid-water solution (the weight fraction of 
sulfuric acid= 0.02) at 293.15 K, and then 
washed with water. The wet membranes were 
immersed in acetone and then dried at 298.15 K 
under fixed length without dimensional change. 
Thickness of dry membrane Ld was measured 
by using an upright dial gauge (manufactured 
by Ozaki Seisakusho Co., Japan). 

Membranes thus prepared were embedded 
in blocked acrylic resin (a mixture of n-butyl 
acrylate and methyl methacrylate) and sliced 
using Ultrotome® type 8800 (manufactured by 
LKB., Sweden) in parallel to the membrane 
surface to give thin sections of 1 µm thickness. 
The acrylic resin for embedding was removed 
by dissolving with chloroform. The sections 
obtained from their top surfaces were employed 
in scanning electron microscopic observation. 

Measurements 
Porosities of Membranes. The porosity of dry 

membrane was directly evaluated from appar
ent density dA of the membrane and density 
of polymer constructing the membrane drL 

through use of eq 42a. The porosity, deter
mined by this method (apparent density 
method) was denoted as Pr(d3), 

Pr(d 3)=1- dA (42a) 
dpL 

where dA = wm/vm (wm, vm are weight and 
volume of absolutely dry membrane, respec
tively). All pores such as through pores, semi-

3 • . • 
open pores, and independent pores ex1stmg m 
the membrane, and also cracks in polymer 
particles contribute to Pr(d3). 
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An effect of the cracks in polymer particles 
on Pr(d3) can be omitted if dr' was used in eq 
42a instead of dPL. We can estimate a real 
porosity of dry membrane Pr(d 3)' by the 
relation: 

(42b) 

Another kind of porosity of dry membrane 
Pr( d4) was determined from electron micro
graphs by eq 43, 8 

L,Lc,i 
i 

Pr(d4)(=Pr(EM))=- (43) 

L,Li 
i 

where L; is the length of the i-th test lines drawn 
on a photograph of membrane surface and Lc,i 

is the cut-off length, by pores, of the i-th test 
line. Pr(d4) neglects the contribution of pores 
smaller than the resolution power of the 
scanning electron microscope employed and is 
suitable for the determination of the porosity 
of thin membrane or membrane whose whole 
pore characteristics can be well represented by 
those at the surface. 

Density of dried polymer particles. Assuming 
that Pr(d3)' is equal to Pr(d4 ) and combining 
of eq 42a, 42b, and 43, the density of dried 
polymer particles dp' is given by eq 44, 

d' p 
{1-Pr(d3)}dPL 

{1-Pr(d4)} 
(44) 

Electron micrographic method for detemiina
tion of Si' and N(r). Electron micrographs (EM) 
on the surface of membranes were taken using 
a field emission scanning electron microscope 
(FE-SEM S-800, manufactured by Hitachi, 
Ltd., Tokyo, Japan) and Si' was determined 
directly from the EM by averaging radii of 
polymer particles. The pore radius distribu
tion N(r) was evaluated from the EM by a 
stereological method. 5 

Phase Equilibria. Cellulose cuprammonium 
solutions with Ween= 0.05 and 0.08 were 
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prepared by adding ammonia-water solution 
(wNH, =0.28) to an original cellulose cupram
monium solution (Ween= 0.10, Wcu = 0.0395, 
wNH, = 0.0703, wH2o = 0. 7902). A given amount 
of the solution was poured into a closed 
glass vessel, to which a predetermined amount 
Of acetone-water Solution (WAcetone=0.30) 
was added, agitated sufficiently, stocked for 
a whole day at 298.15 K, then the two phase 
volume ratio R was measured. 

The largest R value, Rmax was obtained 
when the experimentally permissible minimum 
amount of acetone-water solution, which 
brings about two-phase separation, was added 
to the cuprammonium solution, and we re
garded that Rmax corresponded to the casting 
condition of an actual membrane. 

RESULTS AND DISCUSSION 

Theoretical Predictions of the Correlation 
between the Casting Conditions and the Pore 
Characteristics of Membranes 
Figure 11 shows the effect of the pore density 

Np on pore size distribution N(r), as estimated 
by eq 24, in two cases: R = 0.25 and S2 = 250 nm 
(Figure Ila), and R=l.0 and S2 =250nm 
(Figure 11 b ). Other conditions are kept con
stant; vP<2> = 0.3, drL = 1.5 x 103 kg m - 3, and 
dp'=0.9x 103 kgm- 3 . With an increase in 
Nr, N.(r) becomes sharper and its peak shifts 
to smaller r region. Pore radius r which gives 
the peak of N.(r), rpeak, and N.(rpeak) are given 
by the following equations, respectively: 

r =[{l-(vP<2>drL) 113}+ I ]s 
peak dp' F6- 2 

2ln-
x-l 

(45) 

and 

( 1-__1__)(2Jn X~ 1 r I 

2Np x 
N.(rpeak)=-X------. (46) 

S2 F6-(x-l) 2 ln--
x-1 
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Figure 11. Effect of the pore density Np on the pore size 
distribution Nv(r) (eq 24): Radius of a polymer particle 
S2 , 250 nm; NP(vJ, calculated along a route in Figure 6; 
vp,iJ, 0.3; dPL, l.5x 103 kg m- 3 ; dp', 0.9x 103 kgm- 3 ; a), 
Phase volume ratio R, 0.25; b), R, 1.0. 

The criteria that N(r) has a peak at r>rmin 
is rpeak>rmin· This expression can be rewritten 
using eq 45 for r peak and eq 16 for r min in the 
form, 

1 
i>---(::::::2.54). (47) 

l-e-1;2 

Equation 47 can be again rewritten as a 
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Figure 12. Effect of the two-pha_se volume ratio R on the pore size distribution N.(r) (eq 24): Values of 
S2, R, and NP(v) used

3 
m ca~c:latJons and those of x, R~,ak• and rpeak obtained are listed in Table II; 

vp(2),0.3;dPL, l.5x!0 kgm ;dp',0.9x!03 kgm- 3 . 

function of S2 and R in the form, 

R(l-e-112) 
N <---~(=N' ) (47) 

P nS/(R + l) - P,peak · a 

The peak disappears at Np24 x 1011 (number 
m - 2) in Figure 1 la. As NP(v) ( = 3.28 x 1011 

(number m - 2)) is smaller than Np' k (~I x ,pea 

1012 (numberm- 2)) in Figure I lb, Nv(r) al-
ways has a peak. 

Equation 47 can also be rewritten as a 
function of S2 and Np in the form, 

nS/Np 
R> 1 -1/2 s 2N (=R~eak). (47b) 

-e -n 2 P 

As far as eq 47b holds its validity, Nv(r) has 
a peak. 
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Figure 12 shows the effect of the two-phase 
volume ratio R on the pore size distribution 
Nv(r) when S2 = 25, 50, 100, and 250 nm and 
Np is taken as NP(vl (i.e., random distribution 
of particles is attained). Other conditions are 
kept constant; vp(2)=0.3, dPL = 1.5 x 103 kg 
m- 3 , and dp'=0.9x 103 kgm- 3 . With an 
increase in R, the breadth of pore size dis
tribution curve increases significantly with a 
shift of its peak to the larger r side. 

When polymer particles are placed randomly 
on the lattice (i.e., Np=NP(v)), the effect of the 
radius of the polymer particles S2 on the pore 
size distribution Nv(r) can not be clarified by 
simply taking both Rand Np constant, because 
NP(vl changes in proportion to 1/(S2) 2 even at 
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constant R. Combining eq 1, 2, and 29, we 
obtain eq 48. The equation indicates that 
S2 2 NP<vJ is constant at constant R (i.e., constant 
L). Average x, x (eq 10) also becomes constant 

Table II. NP(v), x, R~oak• and rpoak for various S2 and R 

S2 

nm 

IO 

25 

50 

100 

250 

500 

R 
NP(v) 

(number/ 
m2) 

0. J 2.05 X 1014 

0.25 2.95 X 1014 

0.5 2.78 X 1014 

I 1.73 X 1014 

2.5 4.64 X 1013 

5 J.29 X 1013 

0.J 3.29 X 1013 

0.25 4.72 X 1013 

0.5 4.45 X 1013 

I 2.77 X 1013 

2.5 7.43 X 1012 

5 2.06 X 1012 

0.1 8.22x 1012 

0.25 1.18 X 1013 

0.5 I.I IX 1013 

6.29 X 1012 

2.5 J .86 X 1012 

5 5.14 X 1011 

0.J 2.05 X 1012 

0.25 2.95 X 1012 

0.5 2,78 X 1012 

J.73 X 1012 

2.5 4.64x 1011 

X rpeak 
(number/ R~oak 

pore) nm 

1.41 
2.16 
3.82 
9.21 

49.0 
206 

1.41 
2.16 
3.82 
9.21 

49.0 
206 

1.41 
2.16 
3.82 
9.21 

49.0 
206 

1.41 
2.16 
3.82 
9.21 

49.0 

0.196 
0.308 
0.285 14.9 
0.160 22.9 
0.038 51.3 
0.010 103.5 

0.196 
0.308 
0.285 37.2 
0.160 57.3 
0.038 128.3 
0.010 258.8 

0.196 
0.308 
0.285 74.5 
0.160 114.6 
0.038 256.6 
0.010 517.6 

0.196 
0.308 

5 J.29 X 1011 206 

0.285 148.9 
0.160 229.2 
O.D38 513.2 
0.010 1035.1 

0.J 3.29 X 1011 

0.25 4.72 X 1011 

0.5 4.45 X 1011 

2.77x 1011 

2.5 7.43 X J010 

5 2.06 X 1010 

0.J 8.22 X 1010 

0.25 l.18xl0 11 

0.5 I.I I X 1011 

6.92 X 1010 

2.5 J.86 X 1010 

5 5.14x 109 

1.41 
2.16 
3.82 
9.21 

49.0 
206 

1.41 
2.16 
3.82 
9.21 

49.0 
206 

0.196 
0.308 
0.285 372.3 
0.160 572.9 
0.038 1282.9 
0.010 2587.8 

0.196 
0.308 
0.285 744.6 
0.160 1145.9 
O.D38 2565.8 
0.010 5175.7 

• vp(2)=0.3; dPL= 1.5 x 10 3 kgm- 3 ; dp'=0.9 x 10 3 

kgm- 3 • 
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for given R. NP(vJ, which was numerically 
determined by using eq 28, and x, R~eak and 
r peak for various S2 are listed in Table II. 

S/NP(v) 

.t Lt1 P.(m)} 
=---------------

n(R+ 1)(: )1cx{.t Lt0 P.(m)}] 
=constant. (48) 

From Figure 12, we can evaluate the effect 
of S2 on Nv(r) under the condition of constant 
R; NJr) becomes narrower and its peak 
becomes higher to a large extent with decrease 
in S2 • 

When Np in eq 24 is taken as NP(vJ, Nv(r) for 
given R can be represented by a master curve 
in the form, 

N*(r*)=(~-l ) 
x-1 

( 
1 )[r*-{ 1 -("p~~~PLt'} J2 

X 1-
.X 

for r*~2-( Vp~P~PL )113 
(49) 

where r* = r/ S2 and N*(r*) = Nv(r)S2 /2NP(vJ . 
Figure 13 shows the plots of N*(r*) versus 

r* for given R. The plot is a "master curve." 
With an increase in R, the curve becomes 
broader and the peak height decreases and the 
peak location shifts to the lager r/S2 side. In 
Table II, R~eak (eq 47b) and rpeak (eq 45) are 
also listed. When R > R' peak, Nv(r) has a peak 
for r>rmin· Nv(r)s for R above 0.5 in Figure 13 
have peaks at r = r peak· 

Both our theory and the computer experi
ments on the thermodynamics of phase 
separation indicate that the larger phase 
volume ratio R will be realized when a polymer 
with lower weight-average degree of polym-
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Figure 13. Effect of the two-phase volume ratio Ron the 
relation between N*(r*) and r*: Value of R is shown in the 
figure; vp(2)• 0.3; drL, l.5xl03 kgm- 3 ; dp', 0.9xl03 

kgm- 3 • 

erization X w and broader molecular distribu
tion Xw! X" (X"' the number-average degree of 
polymerization) is dissolved in a single solvent 
having larger p 1 (1st order concentration
dependent parameter of thermodynamic inter
action parameter x between solvent and 
polymer)9 - 15 or in a binary solvent mixture 
with smaller x12 , larger Xn, smaller X23 (x 12°, 
x13°, x23°; thermodynamics interaction pa
rameter between solvent and nonsolvent, sol
vent and polymer, and nonsolvent and poly
mer, respectively)16 - 18 to give a dilute solu
tion, which is phase-separated under the con
dition of a larger relative amount of poly
mer precipitated, Pp· 

Porosity and Phase Volume Ratio 
If contribution of inter-polymer-particle 

pores can be neglected, Pr(d 1) (eq 41) should 
be compared with the porosity of dry mem
brane Pr(d) (in this case Pr(d2)) estimated 
through use of eq 50,4 

(50) 

where average pore radius r is defined using eq 
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10 and 15 by 

r={x112+1-( vp;tL )1 13}s2. (51) 

When volumetric increase due to inter
polymer-particle pores during drying step are 
considered, Pr(d2)' should be used as the 
porosity of dry membrane: 

Pr(d2)'=n{NP(v/2 +NP(i{(i/}. (52) 

Table III lists the various kinds of the 
porosity defined above. Combining eq 40 and 
41, we obtain 

(53) 
{I-Pr(d1)}(RA + l)dp' 

dPL 

Giving RA an appropriate value which satisfies 
the relation of Pr(d 1) = Pr(d2)' under the 
assumption of Pr(d1)=Pr(d4 ), we can de
termine vP<2J and RA by eq 53. 

Collapse of Gel Membrane and its Porosity 
Cellulose cuprammonium solution cast on a 

glass plate (step a in Figure 10) contracts to 
give a gel membrane with a thickness of ca. 1/5 
of the cast solution (Lg~L0 /5) and the 
thickness of dry membrane Ld becomes ca. 1 / I 0 
of L 0 (Ld L0/10). Equation 39 reduces to eq 
54 when k is assumed to be k' given by eq 55, 

(54) 

where 

k'= Lo. 
Lct 

(55) 

k' values for regenerated cellulose mem
branes prepared under conditions of Wce1, = 
0.04 to 0.10 are listed in the third column of 
Table IV. Therefore, several hypothetical thin 
planes in the cast solution with a thickness of 
L0 yield a new single hypothetical gel plane in 
the wet membrane (step i in Figure 10), and 
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Table III. Various kinds of porosity 

Type Notation Definition Eq Ref 

R 
Volume fraction of polymer- Pr(PS) (=L) 

R+l 
eq 36 

lean phase in a hypothetical 
layer at the moment of phase 
separation 

Porosity of gel membrane Pr(GEL) (=LA) (R:Jk eq 37 
after collapse of k layers 

Porosity of dry membrane Pr(d 1 ) {1-( ~~)3}(1-LA)+LA eq 41 

Porosity of dry membrane Pr(d2) nNpf2 eq 50 4 
Porosity of dry membrane Pr(d2 )' n{ Np<J2 + Np(i{(i)2 } eq 52 
Porosity of dry membrane Pr(d3) 

evaluated from apparent dA eq 42a 
density 

1-~ 
dPL 

Porosity of dry membrane Pr(d3)' 
dA 

eq 42b 1--
dp' 

Porosity of dry membrane 
l,Lc., 

Pr( d4)( = Pr(EM)) eq 43 8 
determined by studying EM l,L, 

Table IV. Characteristics of actual membranes and condition of theoretical calculations of pore radius distribution 
for these membranes 

Characteristics of actural membranes Condition of theoretical calculationb 

Wceu 
a S2'C d ,. S2; p 

k'd Pr(d 3 )< Pr(dS vP<2> 
h Rh 

A 

nm 10- 3 kgm- 3 nm 

0.04 379 10.02 0.823 0.758 (1.10) (0.731) (379.4) (3.12) 
0.05 260 9.40 0.778 0.378 0.535 0.353 260.8 0.592 
0.06 159 8.58 0.742 0.282 0.539 0.354 159.7 0.374 
0.o7 173 7.46 0.731 0.330 0.602 0.397 173.7 0.476 
0.08 170 7.41 0.695 0.321 0.674 0.444 170.7 0.455 
0.09 151 7.05 0.654 0.294 0.735 0.484 151.7 0.398 
0.10 119 7.33 0.571 0.295 0.913 0.601 119.5 0.400 

• Weight fraction of cellulose in cellulose cuprammonium solution; coagulating solution, w Acetone: wNH,: wH2o = 
0.30: 0.0056: 0.6944; 298.15 K. 

b dPL = 1.5 x 103 kgm- 3 ; Pr(d1) =Pr(d2 )' = Pr(d3)' =Pr(d4); values with parentheses at wc,n =0.04, not adopted in 
calculations. 

' Scanning electron microscopic observation. 
d Equation 55. 
' Apparent density method (eq 42a). 
' Equation 43. 
• Equation 44. 
h Equation 53. 
; Equation 13. 
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Lo ------@---k' ______ , 
Ld~ 

RA 
(Assumed) 

Eq 15 r 

x--~ 

Figure 14. Route of calculation of RA, S2 , dp', vp(2)• and pore size distribution for vacant-particle pores 
NJr) from S2 ', Pr(d3), and Pr(d4 ) evaluated by experiments and dPL. 

the new hypothetical planes contract again to 
give a dry membrane with a thickness of around 
a few tenth of L 0 (step h in Figure 10). In other 
words, even if we cut off a very thin plane with 
thickness of 2Si' from the bulk dry membrane, 
the thin plane can never be regarded as a 
hypothetical plane, in which the phase separa
tion occurred simultaneously under the same 
conditions. 

Comparison of Theory with Experiment 
The theory enables us to predict pore 

characteristics of membranes on the basis of 
knowledge on RA (eq 53), S2 (eq 13), dp' (eq 
44), and vp(ll (eq 53) under given casting 
conditions. Table IV collects S2 ', Pr(d3), and 
Pr(d4) for membranes prepared under condi
tions of Wcen=0.04 to 0.10. By using these 
values, dp' was obtained by eq 44 and vp(ll and 
RA were determined by eq 53 as summarized 
in the table. Route of calculation of RA, S2 , 

dr', and vp(ll and Nv(r) is illustrated in Figure 14. 
With an increase in Ween, both Pr(d3) and 

Pr(d4 ) decreased as expected. Under these 
preparative conditions, S2' decreased with an 
increase in Ween· Except for Ween= 0.04, dp' and 
vp(ll were found to increase from 0.535 to 0.910, 
and 0.353 to 0.601, respectively with an increase 
in Ween· dp' for Ween= 0.04 was 1. I 0, which did 
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not agree with a tendency observed in cases of 
Wee1i above 0.05, i.e., the lower Wee1i is, the 
larger dp' is. The disparity in dp' at Ween= 0.04 
was caused by large Pr(d4). When Ween is lower, 
R becomes larger and accordingly, RA is also 
larger. In a case of Wee1i = 0.04, a part of pol
ymer particles on the surface layer of a mem
brane can't connect to make a whole body of 
a network-like structure of the membrane be
cause of larger RA, i.e., Pr(GEL). Omission 
of those unconnected polymer particles from 
the surface layer of the membrane occurs 
during washing process, resulting in an en
largement of Pr(d4). With an increase in cel
lulose concentration, RA decreases gradually 
and is nearly 1/15 of R because of the collapse 
of gel layers. 

R, calculated from RA and k' by eq 54 (see, 
Figure 14) at Ween= 0.05 to 0.10 as well as R, 
directly determined by phase equilibria ex
periments under the same conditions as those 
of casting at Weell = 0.04, 0.05, and 0.08 are 
plotted in Figure 15. In the figure, closed and 
open circles are calculated and experimental 
data (Rmax), respectively. Both R. coincide well 
and this fact confirms that an effect of col
lapse during casting process on porosity of a 
membrane can be reasonably expressed by eq 
37. 

457 



H. lIJIMA, S. MATSUDA, and K. KAMIDE 

30 -----------. 
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a: 

10 
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0.04 0.06 0.08 0.1 

Figure 15. Comparison of Rm.., evaluated by phase 
equilibria experiments under the same conditions with 
those of casting of cuprammonium cellulose membranes 
with R by eq 54 from RA and k' data: Open circle, Rmax 

by actual phase separation experiment; cellulose cu
prammonium solution/acetone-water solution system; 
298.15 K; closed circle, R by calculation; values of k', 
Pr(d3), Pr(d4 ), do', vpc 21 , and RA as listed in Table IV 
are used; Pr(d1)=Pr(d2)'=Pr(d3)'=Pr(d4 ). 

a) b) c) d) 

&116 0 
Figure 16. Schematic representation of an inter-polymer
particle pore, a lattice defect and a vacant-particle pore: 
a), Inter-polymer-particle pore, whose radius is ro, (eq 33); 
b ), Lattice defect as crevasse made by simultaneous contact 
of four polymer particles; c), Lattice defect as crevasse 
made by simultaneous contact of five polymer particles; 
d), Vacant-particle pore, whose radius is rm;n (eq 16). 

In this paper, all the pores whose pore radii 
are smaller than r min ( eq 16) are regarded as 
inter-polymer-particle pore which is illustrated 
in Figure 2d or in Figure 16a. N(r) for 
inter-polymer-particle pores, Ni(r) is given by 
the c5-function as eq 34. In an actual membrane 
there are a lot of small pores whose radii are 
smaller than r min and in fact N(r) by EM 
method5 (N(r)EM) has a large peak at r between 
0 and r min· By introducing the concept of the 
lattice defect as demonstrated in Figures 16b 
and 16c, we can improve a theory of N(r) 
applicable only for vacant-particle pores 
(r r min)- Instead, we can rewrite eq 34 in the 
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zero-th approximation as: 

Nr(i/5(r-r(i)) 
Nlr)=----. 

'min-r(i) 

(56) 

Therefore, theoretical N(r) is given as the 
summation of Nv(r) and Nlr): 

(57) 

Here, note that Nv(r) is never overlapped with 
Nlr) and we can not always count the number 
of all inter-polymer-particle pores and even 
some vacant-particle pores experimentally. 
Then, N(r)EM is expected of course less than 
theoretical N(r). 

Figures 17 shows the pore size distribution 
Nv(r) (full line), calculated by eq 24 using the 
experimented data in Table IV on dp', vv(z), 

S2, and RA, and Nlr) by eq 56 for membranes 
prepared under the conditions of Ween= 0.05 
to 0.10. In the figures, N(r)EM is also shown 
by open circles. In the range of ca. 0.1 µm < 
r < ca. 0.5 µm, N(r)EM is slightly smaller than 
N(r) and interestingly, in the range of r< 
0.1 µm, Ni(r) point (closed circle) lies on the 
lines extrapolated or interpolated by N(r)EM· 
Figure 17 means that some portion of vacant
particle pores whose r is in the range of 0.1 to 
0.5 µm can not be accurately counted by EM. 

CONCLUSIONS 

(1) Theoretical equations are derived to 
express the pore size distribution N(r) of 
vacant-particle pores constituted from vacant 
particles and inter-polymer-particle pores as 
crevasses between polymer particles for porous 
polymeric membranes prepared by the phase 
separation method. 

(2) Pore density for vacant-particle pores Np 
can be determined by the theory from two
phase volume ratio R and radius of polymer 
particles S2 and thus N(r) is obtained. 

(3) As phase separation proceeds in an actu
al membrane, thickness of a gel membrane 
decreases, and particle density within a plane 
increases, resulting in an apparent increase in 
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Figure 17. Comparison of experimental pore radius distribution N(r) as determined by EM method with 
theoretical N(r): open circle, EM method; full line, Nv(r) (theoretical N(r) for vacant-particle pores; eq 
24); closed circle; N;(r) (theoretical N(r) for inter-polymer-particle pore; eq 56); values of dp', Vr(2), S2 , 

and RA listed in Table IV are employed; dru 1.5 x 103 kgm- 3; a), Wc,n, 0.05; Nr<vJ, 3.80 x 1011 numberm- 2 ; 

b), Wc,n, 0.06; Nrcv>• l.17xl012 numberm- 2 ; c), Wco1,, 0.07; NP(v), 9.38xl0 11 numberm- 2 ; d), We"" 
0.08; NP(vl• 9.83 x 10 11 numberm- 2 ; e), Wc,n, 0.09; Nr(v), 1.28 x 1012 numberm- 2 ; f), Wcc1i, 0.10; NP(v), 

2.06x 1012 numberm- 2 . 

Polym. J., Vol. 26, No. 4, 1994 459 



H. IIJIMA, S. MATSUDA, and K. KAMIDE 

R to RA-
(4) The pore size distribution N(r)s estimated 

by EM method were in good agreement with 
those by the theoretical calculation using RA

We can design or predict pore characteristics 
of a membrane through use of this theory 
together with RA and S2 • 

APPENDIX I 

Derivation of Equation 3 
To find the number of distinguishable ar

rangements of partitioning balls into boxes, 
consider the following picture of the 4 balls in 
the 6 boxes. 19 

0 1001 0 
Box 

2 3 4 6 
number: 

5 

Number of 
0 2 0 0 

balls: 

The lines mean the sides of the boxes and the 
open circles are the balls; note that it requires 
7 lines to picture the 6 boxes. This picture shows 
one of many possible arrangements of the 4 
balls in 6 boxes. In any such picture there must 
be a line at the beginning and at the end, but 
the rest of the lines (5 of them) and the 4 circles 
can be arranged in any order. Every arrange
ment of the balls in the boxes can be so pictured. 
Then the number of ways of partitioning 4 balls 
into 6 boxes, Wi4) is the number of ways we 
can select 4 positions for the 4 circles out of 9 
positions for 5 lines and 4 circles, 9 C4 . 

In general, the number of ways, Wia) of 
partitioning a balls into b boxes is given by the 
relation 19•20 

{(b- l)+a}! 

(b- l)!a! 
(A-1) 

Note that some boxes may obtain no balls. 
When we distribute 10 balls in 6 boxes on 

condition that each box has at least one ball, 
the number of such arrangement is just the 
number of ways of partitioning 4 balls in 6 
boxes, Wi4). 
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Number of balls 
distributed 0 0 0 0 0 0 
beforehand: 

Box number: 2 3 4 5 6 

Number of balls 
partitioned 0 1001 0 
later: 

Total number of 
balls in I 2 I 1 I 3 I 1 I 2 I 1 I 
the boxes: 

When we distribute NTL vacant particles into 
Np vacant-particle pores, each vacant-particle 
pore must have at least one vacant particle. 
Accordingly, the number of ways of partition
ing NTL vacant particles in Np vacant-particle 
pores on condition that each pore has at 
least one vacant particle is just the number of 
ways of partitioning (NTL-Np) balls in Np 
boxes, WNp(NTL-Np), that is, 

WN/NTL-Np) 

{(Np- l)+(NTL-Np)}! 

(Np- l)!(NTL-Np)! 

APPENDIX II 

(A-2) 

Example of Calculating P(x) by Using Equa
tion 5 
Consider a case of partitioning 5 vacant 

particles into 3 vacant-particle pores. After 
distributing one vacant particle to each pore, 
we can partition the remaining 2 vacant par
ticles into 3 pores in the ways of Wi2) = 6: 

(1) 000 0 0 
(2) 0 000 0 
(3) 0 0 000 
(4) 00 00 0 
(5) 0 00 00 
(6) 00 0 00 

Accordingly, the probability of appearance of 
the vacant-particle pores with one vacant 
particle, P(l) is 9/18, i.e., 1/2, and P(l) value 
calculated by using eq 5 is Wz(2)/Wi2) = 1/2. 
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APPENDIX III On the same ways, P(2) and P(3) can be also 
calculated by the equation as Wi(l)/Wi2)= 

1/3 (=6/18) and Wi(0)/Wi2)=1/6 (=3/18), 
respectively. 

Derivation of Equation 6 
Dividing both numerator and denominator 

of eq 5 by NTL, we have 

P(x)= (NTL-Np)(NTL-Np-1)· · ·(NTL-Np-x+2)(Np- l) 

(NTL- l)(NTL-2)· · ·(NTL-x) 

If NTL» x and Np< NTL,P(x) can be simplified NP(vl 
into 

L 

Le,; 

N/r) 

N~,peak 

N(r) 

(6) N(r)EM 

GLOSSARY OF SYMBOLS 

volume fraction of polymer-lean 
phase 
thickness of cast solution 
apparent volume fraction of poly
mer-lean phase 
cut-off length, by pores, of the i-th 
test line 
thickness of dry membrane 
thickness of a coagulated gel mem
brane 
length of the i-th test lines drawn 
on a photograph of membrane 
surface 
pore size distribution for inter
polymer-particle pores 
number of vacant-particle pores in 
unit area of a membrane (=pore 
density) 
number of inter-polymer-particle 
pores in unit area of a membrane 

Nv(r) 

Nv(rpeak) 
N*(r*) 
Pn(m) 

Pr 
Pr(d 1) 

Pr(d2) 

Pr(d2)' 

Pr(d 3) 

Pr(GEL) 

Pr(PS) 
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(A-3) 

Np theoretically expected for a given 
combination of Rand S2 under the 
random distribution of particles; 
Np value which satisfies eq 28 
Upper limit of Np in a case when 
N(r) has a peak at r>rmin 
pore size distribution 
N(r) experimentally determined by 
the electron micrographic method 
total number of polymer- and va
cant-particles in unit area of a 
plane 
N(r) for vacant-particle pore 
value of Nv(r) at r = r peak 
= Nv(r )S 2/2N P(v) 
probability that a given polymer 
particle is surrounded in part by m 

vacant particles, which belong to n 
different pores 
porosity of a membrane 
porosity of dry membrane 
porosity of dry membrane 
porosity of dry membrane 
porosity determined by the appar
ent density method 
real porosity of dry membrane 
porosity of dry membrane deter
mined from electron micrographs 
volume fraction of vacant particles 
in a gel membrane 
volume fraction of a polymer-lean 
phase in a hypothetical layer at the 
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P(x) 

R 

s; 

f(x) 

k 

k' 
m 

n 
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moment of phase separation 
probability of appearance of the 
vacant-particle pore with x vacant 
particles 
two-phase volume ratio 
( = v<l)I v<2)) 
apparent phase volume ratio 
the largest R value experimentally 
obtained 
Lower limit of R in a case when 
N(r) has a peak at r>rmin 
radius of wet polymer particle 
(=secondary particle) 
radius of dry polymer particle 
(=secondary particle) 
volume of polymer-lean phase 
volume of polymer-rich phase 
number of ways of partitioning a 
vacant particles into b cells 
number-average degree of polym
erization 
weight-average degree of polymer
ization 

apparent density of a membrane 
density of dried polymer particles 
density of polymer constructing a 
membrane 
minimum number of polymer parti
cles needed to surround fully a 
regular hexagonal pore consisting 
of xH vacant-particles 
minimum number of polymer parti
cles needed to surround fully an 
assembly of x vacant particles 
degree of collapse of a membrane; 
number of layers collapsed during 
coagulation step ( L0 / Lg) 
approximate of k' ( = L 0 / Ld) 
number of the nearest neighbor 
vacant particles existing around a 
given polymer particle 
number of vacant-particle pores 
which a given single polymer par
ticle is directly participated to form 
(l:s;n:::;3) 

I/n 

(1/n) 

r 

'wet 

r(i) 

r(i)Wet 

'min 

rpeak 

r 

r* 

Ve 
p 

W Acetone 

Ween 

Wcu 

WH20 

WNH3 

Wm 

X 

reciprocal n; contribution fraction 
of one polymer particle to the for
mation of one vacant-particle pore 
average contribution fraction of 
one polymer particle to the forma
tion of one vacant-particle pore 
number of inter-polymer-particle 
pores directly contacted with a 
given single polymer particle 
average number of inter-polymer
particle pores directly contacted 
with a given single polymer particle 
1st order concentration-dependent 
parameter of thermodynamic inter
action parameterxbetween solvent 
and polymer 
pore radius of dry membrane 
pore radius of wet gel membrane 
radius of inter-polymer-particle 
pore of dry membrane 
radius of inter-polymer-particle 
pore of wet gel membrane 
minimum of radius of vacant
particle pore consisting of a single 
vacant particle 
pore radius which gives a peak of 
N.(r) 
average pore radius of dry mem
brane 
=r/S2 

volume of absolutely dry membrane 
polymer volume fraction of solu
tion when phase separation occurs 
polymer volume fraction of poly
mer rich-phase in equilibrium 
polymer volume fraction at a crit
ical solution point 
weight fraction of acetone 
weight fraction of cellulose 
weight fraction of copper 
weight fraction of water 
weight fraction of ammonia 
weight of absolutely dry membrane 
number of vacant particles consti
tuting a single vacant-particle pore 
on the hexagonal lattice sites 
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x8 number of vacant particles consti
tuting a regular hexagonal vacant
particle pore on the hexagonal lat
tice sites 

.x average x 

x12 ° thermodynamics interaction 
parameter between solvent and 
nonsolvent 

x13 ° thermodynamics interaction 
parameter between solvent and 
polymer 

x23 ° thermodynamics interaction 
parameter between nonsolvent and 
polymer 

J(r) J-function 
Pp relative amount of polymer precip

itated 
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