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ABSTRACT: We have evaluated the swelling ratio and the stress value in equilibrium (o'x 00 ) 

after uniaxial elongation of polymer gels, employing the Flory-type of the Gibbs free energy 
formula. Poisson's ratio in equilibrium (µ 00 ), which determines the degree of swelling under 
tension, is estimated to be 1/6 so far as the applied strain is not large. The expression for the 
equilibrium stress 8x 00 is derived by the free energy. We have also presented a swelling kinetics theory 
for the rectangular gels, which describes the change of volume of the gels after uniaxial elongation. 
The stress relaxation of the gel obeys the same kinetics as the swelling process from the initial to 
the final values of stress. The experimental values of µ 00 and 8 xoo as equilibrium properties for 
poly(acrylamide) gels agreed fairly well with the theory. The swelling and stress relaxation kinetics 
for PAAm gels were also well described by the theory presented in this work. 
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As well known, polymer gel are unique soft 
materials and are being applied to biomedical 
uses. 1 - 3 Besides the studies for applications, 
the basic aspects of the physical properties of 
the gels, especially volume phase transition4 - 9 

where the gel volume changes discontinuously 
in a narrow range of temperature, pH and so 
on, have been extensively studied. The 
equilibrium swelling behavior of gels has also 
been investigated by many researchers. 10 - 15 

However, the studies on swelling under tension 
are quite a few at present. 16 •17 Concerning the 
mechanical properties of gels, on the other 
hand, there are many studies. 18 - 23 For 
example, stress-strain behavior has been 
examined for various kinds of gels. 3 -20-24•25 

Since the studies are limited to the properties 
at short times, however, the mechanical 
properties of gels at long times are still unclear 
because of only a few experimental and 
theoretical studies. 23 •26 When a gel is stretched, 

the free energy of the gel system will change 
to attain a new equilibrium state under tension. 
This may cause a· volume change of the gel. 
Tanaka et al. have reported27 •28 that the 
relaxation time for swelling is determined by 
the diffusion constant and sample size of freely 
swelling gel systems. The same concept may be 
applicable to the swelling of the stretched gel 
systems, that is, the swelling of the stretched 
gel also takes long time until reaching the 
equilibrium size. As can be easily imagined, the 
swelling behavior strongly affects mechanical 
properties of polymer gels. We have already 
reported29 the mechanical properties at short 
times, such as the stress-strain behavior and 
Poisson's ratio(µ) ofpoly(vinyl alcohol) (PVA) 
gels. The mechanical properties of the gels 
could be regarded as that of a swollen rubber; 
µ was very close to 0.5 independently of the 
strain rates. This fact implies that µ of the gels 
is a "material constant," and happened because 
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the reciprocal of the experimental strain rate, 
which can be considered as a time-scale of the 
experiment, is much shorter than the time 
required for the swelling and volume change. 
It is very important to investigate effects of the 
degree of swelling on the mechanical properties 
of gels under tension for further understand­
ing the properties of gels. In this study, we 
investigate the equilibrium swelling behavior 
of gels under tension, and also the dymanics 
of swelling and stress relaxation at long times 
after uniaxial elongation. This paper is divided 
into four sections. In the section of THEORY, 

we theoretically discuss the thermodynamics 
and kinetics of uniaxially stretched gels. The 
experimental details for the preparation of 
poly(acrylamide) (PAAm) gels and the mea­
surements are described in EXPERIMENTAL 

section. The theoretical calculations, experi­
mental results, and the comparison between 
theory and experiment are shown in RESULTS 

AND DISCUSSION. 

THEORY 

Swelling Behavior of the Uniaxially Stretched 
Gels 
We consider here uniaxial elongation process 

of isotropic gels from a freely swollen state, 
i.e., the state without external tension. The state 
is referred to as the reference state. Using 
Flory-type expression, 10 the Gibbs free energy 
(F) of the uniaxially stretched gel in x-direction 
can be expressed as 7 

(1) 

where F0 is the free energy of pure polymer 
and solvent, Ne and N. respectively the number 
of active chains and of solvent moleculues in 
the reference state, V0 the volume in the 
reference state, <P the polymer volume fraction, 
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k8 the Boltzmann constant, T the absolute 
temperature, fx the external force, lxo the initial 
length of the gel in x-direction, and x the 
polymer-solvent interaction parameter. The 
quantity IY.; (i=x, y, and z) is defined by 

IY.; = l;/1;0 (2) 

where I; is the sample dimension in the 
i-direction in the stretched state, 1;0 that in the 
reference state, and IY.xlY.ylY.z= V/V0 =<Pol<P, 
where V is the volume in the deformed state 
and <Po is the value of <P in the reference state. 
The shear modulus G0 in the reference state is 
written by G0 = Nck8 T. Without losing general­
ity, we can set 1;0 = l and accordingly V0 = l. 
In this case, the quantity fx can be considered 
as the nominal stress acting in x-direction. 
Regarding Fas a function of IY.;, II; (i,j, k = x, 
y, and z) can be defined as 

II;= - ajlak ( ::) (3) 

II; is the swelling stress acting normally on 
the surface of the gel perpendicular to i-axis, 
and II;=O in equilibrium, namely, 

where v. is the volume of a solvent molecule 
and is given by v.=(l-<j))V/N •. The average 
swelling pressure (II) is written by 
II= (l/3)I:II;, and II= 0 is also satisfied in 
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equilibrium. The quantity ifxoo• the external written by 
stress exerted on the gel in x-direction in 
equilibrium, is expressed by 

fx kBT 2 
ifxoo =-=-[ln(l-</>)+</>+ x</> ] 

IY./Xz Vs 

(7) 

In the reference state, if xoo = 0 and also II;= 0. 
Then, we obtain 

2 2 
Ne= --[In(l-</>0)+</>0 +x</>0 ] (8) 

vs 

Hereafter, we deal with the gels with </> 0 « 1, 
and also </>« I. When k« I, ln(l -k) can be 
expanded as -k-(1/2)k2+0(k3 ). Using the 
approximation, we try to obtain the expres­
sions forµ, II;, and ifx 00 -IIx in equilibrium. 
Since we consider the uniaxial elongation of 
isotropic gels in x-direction, aY = az. Then, eq 
5 coincides with eq 6, and is expressed by 

+ NckBT (~-~)=O (9) 
2 ax V 

Equation 8 is also written by 

Ne= 2</>5(~-x) 
vs 2 

Combining eq 9 with eq 10, we have 

I I 2 
-+--~=0 vz V ax 

(10) 

(11) 

From this equation, a; and a; are given by 

a;= a;= (ax+ J a;+ 8ax)f4ax (12) 

Since the strain in i-direction (e;) for the gel is 
defined by 

e;=IY.;-1 (13) 

we can linearize eq 12 using eq 13 when the 
strain is small. At equilibrium ey and ez are 
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(14) 

Equation 14 shows that the value of Poisson's 
ratio µ at equilibrium (µ 00 ) is 1/6. Using the 
value of µ 00 and the relation K0 s = 2(1 + µ 00 )G0 / 

3(1- 2µ 00 ), the osmotic bulk modulus K0 s is 
given by K0 s = (7 /6)G0 • The linearized expres­
sions for - II; (i = y, z) and if xoo - II x at fixed ex 
are given by 

(15) 
I 3 

-IIY =-G0ex +-Go(ey+ez) 
2 2 

I 3 
-IIZ =-Goex +-Go(ey+ ez) 

2 2 
(16) 

5 I 
if xoo -IIx=-Goex+-Go(ey+ez) (17) 

2 2 

In the equilibrium state under tension where 
IIx=O, ifx 00 is given by 

(18) 

Swelling Kinetics of Gels after Extension 
After a tension in x-direction is applied to 

a gel, the gel system moves toward a new 
equilibrium state under tension by expanding 
in y- and z-direction. This accompanies a 
volume change of the gel. In order to describe 
the dynamics of the gel swelling, we set the size 
of the gel in y- and z-direction in the reference 
state (i.e., the state without tension) is a,. The 
small volume element of the gel can be specified 
by the position vector, r=(x, y, z) (O~y, z~a,) 
in the coordinate of the reference state. 
According to Tanaka et al.,27 •28 the equation, 
which governs the time (t) dependent motion 
of the small volume element (dxdydz) at the 
position of (x, y, z) after instanteneous elonga­
tion with ex at t = 0, can be written by 

( ou =(Kos+~G0)grad(divu) at 3 
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(19) 

Here, u(x, y, z, t) is the displacement vector 
specified in the reference frame, and ( the 
friction coefficient between gel network and 
solvent molecules. 

Since eq 19 has a complicated form, we 
simplify the equation. The displacement vector 
(u) can be generally written by using scalar 
potential (<P/2G0 ) and vector potential ('P/2G0 ) 

with div('P/2G0)=0 as 

u= grad( <P/2G0 ) + rot('P /2G0 ) (20) 

From eq 19 and 20, we obtain 

while the transverse mode does not accompany 
the volume change but determines the change 
of shape. We can see from eq 23 and 24 that 
the diffusion constant for the longitudinal 
mode is 2.5 times larger than that of the 
transverse mode. 

We deal hereafter only the longitudinal mode 
of the diffusion, since the quantity of interest 
is the degree of swelling of gels determined by 
the longitudinal mode of the diffusion. The 
swelling after elongation can be assumed to 
occur in y- and z-direction, so that u(x, y, z, t) 
is independent of x. This means that 
Uxy = Uyx = Uxz = Uzx = 0, and uxx is constant. We 
rewrite eq 21 by using f7 2 <P=2G0 tr(u;) in eq 

(21) 25 as 

(22) 

Here, DL and DT are the diffusion constants 
given with K0 ,=(7/6)G0 by 

DL=( K0,+; G0)/ (=5G0 /2( (23) 

(24) 

The diffusion constant, DL, is identical to the 
collective diffusion constant introduced by 
Tanaka et al. 27 •28 The quantities, f7 2 <P and 
f7 2 'P are given by 

f7 2 <P=2G0 divu=2G0 tr(u;i) (25) 

f7 2 'P= -2G0rotu= -4G0w (26) 

where w is the rotation vector, and uii is the ij 
component of strain tensor for the small 
volume element and is defined by i and j 
components of the displacement vector (u; and 
u) as uii=(l/2)(oui/oi+ou;/oj). 30 Equation 21 
corresponds to the longitudinal mode of the 
diffusion, and eq 22 to the transverse mode. It 
should be noted that the diffusion of the gels 
is generally separated into two modes, and each 
mode can be described by the diffusion 
equation. The longitudinal mode of the 
diffusion accompanies the volume change, 
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(27) 

It should be noted that this diffusion equation 
is defined in 2-dimensional space. The volume 
change (the change of the cross-sectional area 
in 2-dimensional space) of the gels is 
determined by the above equation with the 
initial and boundary conditions given by 

(28) 

tr(u;) = - 2µcr/>x at boundaries (29) 

The quantities Byo and Bzo are the initial values 
of strain imposed in y and z directions, and are 
respectively written by using a macroscopic 
strain in x direction (ex) and µ at short times 
(µ 0) by Byo = - µ0i;x and Bzo = - µ0i;x, where 
Bx= uxx· The value of µ0 is here I /2. Equation 
28 means that the cross-section of the gel 
shrinks at t = 0, and eq 29 shows that the 
osmotic pressure acting on the small element 
at the boundaries relaxes at any t ( > 0). 

The solution of eq 27 satisfying the above 
conditions is 

(30) 
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Here, the constants in the equation above are 
given by 

-32(µ 0 - µ 00 )Bx 

mnn 2 

DLn z(m2 + n2) m2 + n2 
kmn= 2 

a, 2r 1 

(31) 

(32) 

and r 1 is the longest relaxation time, and m 

and n are odd integers. The t dependence of 
the average width of the gel (a(t)) in they- and 
z-direction is determined by 

a(t)2=a;(l+By(t)+B,(t))= Jds' (33) 

where dS'=dS(l +uyy+uzz) and dS=dydz. 
The t dependence of By ( or Bz) can be written by 

By(t)=B,(t)= ( a~r- I) 
1 [Jar lr =-2 dy dz 

2a, o o 

(34) 

Stress Relaxation of Gels 
We consider the external stress for small 

volume element with µ0 = 1/2 (sx(x, y, z, t)). 
When sx(x, y, z, t) is instanteneously released, 
the small volume element will shrink in x 
direction and expand in y- and z-direction. We 
assume that the recovered size in the three 
directions is identical, and is determined in 
order to keep the volume constant before and 
after the stress release. This means that sx is 
proportional to the difference in uxx between 
the stretched state and the isotropically swollen 
state. Using an average strain magnitude, 
(I/3)(uxx+uyy+uzz), sx can be written by 

It should be noted that the average strain 
magnitude characterizes the new reference 
state, and is measured from the original 
reference state, and uxx is a constant (=BJ. 
Finally, the t dependent macroscopic stress, 
a x(t), can be expressed by 

- I dS'sx(t)"' I dSsx(t) 

ax(t)= I - I 
dS' dS 

(36) 

This agrees with eq 18 at long t limit because 
µ00 = 1/6. 

EXPERIMENTAL 

Gel Sample 
Four kinds of PAAm gels were prepared by 

employing a radical copolymerization tech­
nique. The preparation details are as fol­
lows: 35.5g of acrylamide monomer, 0.154g 
of N,N'-methylene bis(acrylamide) acting as a 
crosslinker, and 0.685 g of ammonium persul­
fate (initiator) were dissolved in 100 ml of 
distilled water at room temperature. The 
solution was casted into 6 x 6 x 20 mm metal 
mold. Gelation was performed at 33°C, and 
gels were kept in the mold for 3 days for curing. 
Gels were removed from the mold, and 
transfered in a large amount of water. Gels 
were maintained at 33°C for about 10 days to 
achieve the equilibrium swelling. The water was 
exchanged everyday. The four kinds of P AAm 
gels were prepared in the same way as described 
above, but they were a litte different from each 
other in the initial Young's modulus (E0 ). The 
width of the gels before elongation (a,) ranged 
from 9.0 to 9.5mm. The sample code and E0 

are summarized in Table I, together with the 
(35) experimental results. 
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Table I. Initial Young's modulus (£0), the ratio 
of sample width in the final state to that in 

the reference state (a 00 /a,), the longest 
relaxation time (, 1), and the diffusion 

constant of the longitudinal mode (DL) 
for poly(acrylamide) (PAAm) gels 

Sample 

AG 1 2.3 0.973 15" 18b 
AG2 4.1 0.979 6.0· 7.5b 
AG3 3.8 0.986 6.63 6.2b 
AG4 3.5 0.984 9.4• 9.lb 

• Measured by swelling experiment. 
b Measured by stress relaxation. 

Measurements 

2.5 
5.5 
7.4 
4.5 

Uniaxial elongation of PAAm gels was 
performed in water by using an Orientec 
RTM-250 tensile tester with a specially 
designed bath at 25°C. The extension process 
of the samples was recorded with video camera. 
The value of ax in local level was determined 
by measuring the distance between the two 
marked points in the central region of the 
sample. The gel sample was elongated to 
globally ax= 1.1 at cross-head speed of 
v = 3 mm min - 1 , and was kept under the 
elongated state. The time t = 0 was taken as the 
time when the elongation was stopped. The 
width (a) was measured on the video monitor 
screen as a function oft. The width at t=O 
was designated by a0 . The t dependence of the 
width in the one direction (we denote here the 
direction as y) was measured after the 
x-directional elongation, and the width in the 
other direction (z,direction) was assumed to be 
identical to that in y-direction. The applied 
force fx in x-direction was monitored by 
recorder. The strains Bx, By were calculated by 
Bx=O(x- l, and By=a/a,-1. The stress ax was 
calculated by a x(t) = F(t)/ S(t) where F(t) is the 
force and S(t) is the cross-sectional area of the 
gels at time t. Actually ax was almost identical 
to the engineering stress because the applied 
strain was small. S(t) was assumed to be a2 . 
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RESULTS AND DISCUSSION 

As stated in the experimental section, we 
elongated the gel uniaxially (in x-direction) and 
measured the extension ratio for the small 
central region of the sample as well as that for 
the whole gel. The former is ax in the local level 
and the latter in the global level. The extension 
ratio in experiments was controlled globally 
and the elongation was stopped at global ax of 
1.1 in all experiments. The corresponding value 
of local ax ranged from 1.12 to 1.15, showing 
that the local ax is a little larger than the global 
one. The width determined by experiments is 
considered to be affected by the transverse 
mode of the diffusion. This means the 
boundaries of the gels are actually curvilinear. 
However, since the change of a(t) with t was 
very small and then the boundary can be 
approximated by the plane, we assumed that 
the t dependent change of a(t) originated only 
from the volume change. 

As shown in Table I, E0 of the gels, which 
were obtained by stress-strain curves, are 
almost identical to each other for all PAAm 
gels, although the value of AG 1 is a little 
smaller compared with those for the others. 
The ratio of the width in the reference state 
(a,) to the final one (a 00), is also shown in 
Table I. The ratio is almost constant for all 
the PAAm gels. The longest relaxation time 
( r 1) for PAAm gels in Table I was obtained by 
the two different ways; one is obtained from 
the plots of log( - µ 00 Bx-B/t)) vs. t in the 
long t region, and the other from the plots of 
Iog(iJx(t)-iJx 00 ) vs. tin the same t range. The 
values of r 1 obtained by the different ways 
are almost identical to each other for all the 
gels. This implies that the stress relaxation is 
induced by the swelling of the gels. The two 
values for AG I are larger than those for the 
other samples. This may be due to the low 
value of £ 0 for AG 1. The diffusion constant 
(DL) was calculated by DL = a; /(2n 2 , 1) using 
the values of ar and r 1 obtained by the stress 
relaxation experiments. The value of DL ob-
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tained by experiments, which is tabulated in 
Table I, ranges from 2.5 x 10- 7 to 7.4 x 10- 7 

cm2 s- 1 . Although the value for AG 1 is slightly 
smaller than those for the other samples, their 
order of magnitude agrees well with the va­
lues of DL for the P AAm gels reported by the 
isotropic swelling experiments. 2 7 •31 •32 

Swelling Behavior of the Uniaxially Stretched 
Gels 
The value of the strain in y-direction (By) for 

AG4 is plotted against the reduced time (t/r 1) 

in Figure 1. It is clear that the absolute value 
of By decreases with increasing t; the width 
increases as t increases. The levelling-off at long 
times indicates that the gel under a fixed strain 
reaches the new swelling equilibrium state. 
The solid curve in Figure 1 shows the theo­
retical result calculated from eq 34 with µ0 = 
1/2 and µ 00 = 1/6. The value of Bx in local 
level was employed for the calculation of By, 
because the strain in y direction obtained by 
experiment corresponded to that in the central 
region of the gels. The values of µ 0 and µ 00 for 
AG4 were respectively 0.41 and 0.14, and they 
are not so far from the ideal value of µ0 = 
1/2 and µ 00 = 1/6. Therefore, we limited the 
theoretical calculation to the ideal case and no 
curve fitting for the experimental data was 
made here. Although the By values on the 
theoretical curve are small compared with the 
experimental data, the t dependence of the 
strain is well described by the theory. The 
difference of the absolute value between the 

0 
AG4 

-0.02 § 
~Ql8p> 

>, OJ .., 

-004 0 
0 

-0.06 
-4 -3 -2 -1 0 2 

log(t/,1) 

Figure I. The time dependence of strain perpendicular 
to the stretched direction (oy) for AG4. 
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experimental data and calculated curve orig­
inates from the fact that the absolute value 
of By obtained by calculation at short times is 
rather sensitive to µ0 , and that in the long 
time region also sensitive to µ 00 • 

Figure 2 shows the double logarithmic plots 
of 11By/ 11Byo vs. t/r 1 for AG samples. Here, 

11By= -µ 00 Bx-B/t) 

11Byo = (µo - µoo)Bx 

(37) 

(38) 

The values of local Bx were used for the 
theoretical calculation of By in eq 34. The curve 
in the figure is independent of values of µ0 and 
µ 00 • Only the t dependence of the strain function 
appears in the figure. The experimental data 
points for each gel sample are scattered, but 
the t dependence seems to be rather well 

AG 

-09 

9 6 
-0 6 6 

-0 
:(} 

6 -<loS, 6 

9 -0 9 

-<>-0 

-0 -0 

-0 
-2 .__ ____ _._ ____ __._ 

-2 -1 0 
log(tl,1) 

Figure 2. The time dependence of the reduced strain 
difference in the direction perpendicular to the stretched 

direction (l':.oy/1':.oyo)- AGl (0), AG2 (0-), AG3 (9), 

and AG4 E-0 ). 

3.65 

3.60 AG4 

3.55 
,ox 

0 '6,3.50 
g 

3.45 
oooo~ 

0 

3.40 

3.3~2 - 1 0 
log(t/,1) 

Figure 3. The time dependence of stress in stretched 
direction (o'x) for AG4. 
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described by the theory. 

Stress Relaxation of Gels 
Figure 3 shows the double logarithmic plots 

of a x(t) vs. t/r 1 for AG4. The curve in the figure 
was calculated from eq 36 by regarding 
E0 = 3.5 x 104 Pa as 3G0 , which means that 
µ0 = 1/2 is assumed. In addition, µ 00 = 1/6 is 
also assumed in the calculation. Since the stress 
relaxation behavior obtained by experiment is 
basically determined by the whole gel nature, 
we used the macroscopic value of ex for the 
calculation, ignoring the non-uniform elonga­
tion. The theoretical curve seems not to 
coincide with the experimental data concerning 
the stress values, but the curve and the plots 
are very similar to each other concerning the 
t dependence of ax· Although the difference of 
ii x between theory and experiment mainly 
originates from the difference of µ 0 and µ 00 , as 
in the case of the absolute value of ey, the 
difference at short times, ifwe see it in the value 
of £ 0 , is about 25%, and that in the long time 
region is smaller. The value of iix in the long 
time region agrees rather well with the expected 
value in equilibrium (the levelled-off value at 
long times in the figure). 

Figure 4 shows the double logarithmic plots 
of l).ifx/1).ifxo vs. t/r 1 for AG samples. l).ifx and 
/).if xO are 

0 .~ 
::: 

X ,o 
<l - 1 
0, 
0 

(39) 

-0 
-0 

-2~----~----~--~~ 
-2 -1 0 

log(tt,1 ) 

Figure 4. The time dependence of the reduced stress 
difference in the stretched direction (/16 xi 116 xo). AG I 

(c)), AG2 (0-), AG3 (9), and AG4 (-0). 
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/).if xO = if xO - ij xoo (40) 

Here, ii xo and ii xoo are the initial and final stresses. 
Only the t dependence of the stress function is 
observed in the reduced plots shown here. The 
curve in the figure, which was calculated using 
the expression of iix(t) in eq 36, represents the 
results of the theoretical calculation. The 
macroscopic values of ex were employed in the 
calculation. Although the data points are 
rather scattered, especially at long times, they 
are located around the curve, suggesting that 
the t dependence of the stress function is also 
well described with the theory. 

CONCLUSIONS 

The Poisson's ratio (µ) and the stress value 
ii xoo in the equilibrium after uniaxial elongation 
have been shown. The value ofµ at long t(µ 00 ), 

which determines the degree of swelling under 
tension was approximated to be 1/6 for small 
applied strains, and ii xoo = (7 /3)G 0 ex was 
derived. The swelling kinetics for the rec­
tangular gels, after uniaxial elongation, was 
shown. The stress relaxation from the initial 
to final values, obeyed the same kinetics as the 
swelling. The experimental results for PAAm 
gels, both in equilibrium properties and 
kinetics, agreed well with the theory. 
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