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ABSTRACT: The frequency dependences of 13C spin-lattice relaxation times (T1) and nuclear 
Overhauser enhancements (NOE) of poly(methyl methacrylate) (PMMA) in CDCI3 solution have 
been analyzed in terms of different models describing the motions of the C-H internuclear vector. 
Box-type and log-x2 distribution models of correlation times as well as the 2T model assuming two 
independent motions are inadequate to explain simultaneously the frequency dependences of T1 

and NOE values for backbone CH2 , IX-CH 3 , and OCH3 carbons. In contrast, those frequency 
dependences can be well interpreted by the 3T model in which three superimposed motions with 
correlation times of the orders of 10- 12 , 10- 10 , and 10- 9 s are assumed. This indicates that the 
backbone motion of PMMA should be described in terms of at least three types of superimposed 
motion and thus one or two additional motions may be overlapped for the side-group carbons. 
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The local motions of polymers in solution 
have been investigated by a number of spec­
troscopic techniques. Among these techniques 

13C NMR spectroscopy is very powerful in 
analyzing the detailed motions for the respec­
tive carbon nuclei which constitute polymeric 
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chains. 1 - 3 It is, however, difficult to mea­
sure the frequency dependences of NMR re­
laxation parameters over a wide range of fre­
quency, because each NMR spectrometer is 
operated normally at a fixed frequency under 
a fixed magnetic field. Under such a situation 
no appropriate model for motions of polymers 
has been developed yet particularly for data 
obtained in solution, although many models 
have been proposed in the respective cases. 

In order to overcome this difficulty, a co­
operative project was proposed for members 
as well as non-members of Research Group on 
NMR of the Society of Polymer Science, Japan 
(SPSJ). In the second paper of this series,4 we 
examined the reliability of 1 H and 13C 
spin-lattice relaxation times (T1) and nuclear 
Overhauser enhancements (NOE) by round 
robin method using a poly(methyl methacry­
late) (PMMA) solution as an identical sample. 
Although different members measured them at 
different frequencies corresponding to 1 H 
Larmor frequencies from 60 to 500 MHz on 27 
spectrometers, the precision was 5-10% for 

1 H and 13C T1 s as well as for NOE values at 
each frequency. In this paper, therefore, we 
analyze the frequency dependences of 13C T1s 
and NOE thus obtained in terms of different 
models describing the thermal fluctuation of 
the C-H internuclear vector and discuss about 
the characteristic local motion of PMMA 
in solution. The preparation and characteriza­
tion of the PMMA sample are described in the 
first paper of this series. 5 The triad tacticity 
and molecular weight of the polymer are as 
follows; mm=0.04, mr=0.347, rr=0.613, and 
M" (GPC) = 27400, M" (VPO) = 28500, M w 

(GPC) = 58000. A review of this series, in­
cluding a preliminary analysis of the fre­
quency dependences, has been published else­
where.6 

ANALYSIS 

In the natural abundant 13C-1 H two spin 
system, where the 13C spin relaxation is 
dominated by the 13C-1 H dipolar interaction, 
13C T 1 and NOE may be expressed as 

I 
--= 6 {J0 (wH-wc)+ 1811(wc)+912(wH+wc)} 
NT1 16r 

(1) 

NOE= 1 + 9lz(wH+wc)-J0 (wH-wc) 'YH (2) 
10 (wH -we)+ 1811 (we)+ 9J2(wH +we) "Yc 

where N is the number of protons chemically 
bonded to 13C nuclei and rH and Yc are the 
nuclear gyromagnetic ratios of 1 H and 13C 
nuclei, respectively. h is the reduced Planck 
constant ( = h/2n ), r is the distance between 
1 H and 13C nuclei, and wH and We are the 
1 H and 13C Larmor frequencies, respectively. 
In these equations Jq(w) are the spectral density 
functions, which are defined as the Fourier 
transforms of the autocorrelation functions of 
the orientation functions Fq(t) at frequency w: 

Jq(w)= <F:(t+r)Fq(t))exp( -iwr)dr (3) 
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with q = 0, I, and 2. The orientation functions 
Fq(t) are given by 

F0 (t) = 1- 3n2 

F1(t)=(l+im)n (4) 

F2(t) =(I+ im) 2 

Here, /, m, and n are the direction cosines of 
the C-H internuclear vector with respect to 
the x, y, and z axes in the laboratory frame, 
respectively, the z axis being parallel to the 
direction of the static magnetic field. Although 
Jq(w)'s are calculated for many different models 
describing molecular motions of polymers, the 
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following models are examined in this paper. 

Single-Correlation- Time Mode! 
The C-H internuclear vector undergoes a 

spherically random motion and then Jq(w) are 
expressed as 

with 

K0 =4/5 

K1 =2/15 

K2 =8/15 

Distribution of the Correlation Times 

(5) 

(6) 

In order to describe the complicated motions 
of polymers the distribution of the correlation 
times is frequently considered. In that case the 
spectral densities are given by 

(7) 

with j;' P(r)dr= I. In this paper the following 
two types of distributions are elucidated. 

Box-type distribution: 7 

Then 

res;£ rc ;£ ercs 

otherwise 

where i is the average correlation time. 
log-x2 distribution: 8 

(8) 

1 
P(s)ds=--- (ps)P- 1 e-psds (10) 

T(p) 

where p is a parameter to determine the width 
of distribution and s is given by 

s=logb[1 +(b-l)rc/i] (II) 

Here b is the adjustable parameter of I 0-1000. 
In this case Jq(w) are numerically calculated 
using the following equation. 

Multiple-Correlation- Time Models 
In multiple-correlation-time models the 

thermal fluctuation of the C-H internuclear 
vector is described in terms of the superposition 
of several independent random motions. 9 •10 

Let 0 1,02,···,0P_ 1 be the rectangular 
coordinates which are placed in the respective 
moving units. Here denote by 0 1 the 
coordinate system to describe the most local 
motion of the C-H internuclear vector and by 
Ov the laboratory frame. The direction cosines 
l, m, and n in the laboratory frame are then 
related to the direction cosines 11 , m1 , and n1 

of the C-H vector in coordinate 0 1 by the 
following equation: 

where Ti are the matrices of the orthogonal 
transformation from coordinate oj-1 to 
coordinate 0/ 

(
cos c/Jjcos ejcos t{lj- sin c/Jj sin t{lj 

Ti= sin ¢icos Oicos t/J i+ cos c/Ji sin t{li 
- sin e j cos t/J j 

-cos c/Jj cos ej sin t{lj- sin c/Jj sin ej 

-sin ¢ j cos e j sin t/J j +cos ¢ j cos t/J j (14) 

sin Oisin t{li 
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Here, ¢i, ei, and tf;i are the Euler angles that 
describe coordinate Oi_ 1 in coordinate Oi. The 
thermal fluctuation of the C-H internuclear 
vector can therefore be expressed in terms of 
the time fluctuation of the Euler angles in each 
frame in the multiple-correlation-time models. 

W oessner11 proposed a motional model 
corresponding to p = 2, which is hereafter 
referred to as 2t model. In this case the C-H 
internuclear vector undergoes the diffusional 
rotation about the z 1 axis in coordinate 0 1 and 
the z 1 axis independently reorients by the 
isotropic random motion in the laboratory 
frame. The Jq(w) are given by 

with 

and 

[ 2TI 2Tl 
Jq(w)=Kq A 2 2 +B 2 2 

l+w t 1 1+w t 1 

Ti"l=TI-l+til 

Tzl =TI-l +4t;l 

A =(3cos2 eR -1)2 /4 

B = 3 sin2 eR cos2 eR 

C = (3/4) Sin2 8R 

(15) 

(16) 

(17) 

Here, t 1 and TR are the correlation times for 
the isotropic motion and diffusional rotation, 
respectively, and 8R is the angle between the 
C-H internuclear vector and the z 1 axis. 

On the other hand, Howarth12 derived Jq(w) 
for a 3t model corresponding to p = 3, where 
three independent motions are assumed to be 
superposed for the motion of the C-H 
internuclear vector as shown in Figure 1. 
Namely, the C-H vector undergoes the 
diffusional rotation about the z 1 axis in frame 
0 1, while the z 1 axis librates within a cone 
whose axis is parallel to the z 2 axis in frame 
0 2 . Furthermore, the z2 axis undergoes the 
isotropic random reorientation in the labo­
ratory frame. Although Howarth 12 employed 
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Figure 1. A schematic representation of the 3r model 
describing the motion of the C-H internuclear vector. 

an empirical approximation, we derived the 
following equations by the exact mathemati­
cal treatment. 9 

[ 
2TI 

Jq(w)=Kq ARAL 2 2 +AR(1-AL) 
1 +w t 1 

2t1 2t2 
X +BRBL----c--:c-

1 +w2ti 1 +w2d 
2T3 

+BR(l-BL) 2 2 +CRCL 
1 +w t 3 

X 2T4 +CR(l-Cd 2ts J 
1 +w2d 1 +w2d 

with 

,1-l=rJ-l+rL -1, r2 -l=rl-1 

+rR-1, ,3-l=ri-1+rL-l+rR-1, 

r4 -1 +4rR -1, rs -1 

+rL -1 +4rR -1, 

(18) 

AL=cos28L(1+cos8L)2/4, (19) 

BL = sin 2 eL(l +cos 8L) 2 /6, 

CL = (2 +cos 8d2( 1 -cos 8L)2 /24, 

AR = (3 cos2 eR- 1 )2 /4, BR = 3 sin2 eR cos2 eR, 
CR = 3 sin4 BR/4 

Here, rR, ru and r1 are the correlation times 
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for the diffusional rotation, libration, and 
isotropic random motion, respectively. 8R and 
eL are the halves of the vertical angles of the 
cones associated with the corresponding 
motions. Equation 18 significantly differs from 
the Jq(w) derived by Howarth 12 but both Jq(w) 
are equally reduced to the following equation 
when rR«rL «r1: 9 

[ 
2r1 

Jq(w)=Kq ARAL 2 2 +AR(l-AL) 
1 +w r 1 

X 2rL +B 2rR 
l +w2rl R l 

+ CR 2(rR/4) J (20) 
1 + w 2 ( rR/4) 2 

This equation is expressed as the linear 
combination ofLorentzian contributions of the 
respective random motions, if the fourth term 
is negligible. This indicates that eq 20 becomes 
a model-free equation for three types of 
superposed random motions, when the coeffi­
cient of each term is assumed to be an 
adjustable parameter for an analysis. In this 
paper, however, the exact equation given by 
eq 18 is employed for the following analysis. 

RESULTS 

CH2 Carbons with rrr Tetrads (CH2(rrr)) 

The NT1 and NOE values of CH2 carbons 

with rrr tetrads are analyzed as the representa­
tives of skeletal carbons because of compara­
tively large signal intensities. Figure 2 shows 
the frequency dependence of the NT1 of CH 2 

(rrr) carbons for the single-correlation-time 
model with different res. Open circles are 
number-averaged values experimentally ob­
tained at 5SOC in CDCl3 solution under 
different magnetic fields, which were compiled 
in Table IV in the previous paper. 5 Additional 
new T1 data for 125 MHz are also included, 
which are shown in Table I. Although poor fit 

0.4 

0 
(/) ..... 0 ..... 
I-
z 0 

0.2 0 

0 50 100 

frequency/MHz 

Figure 2. Frequency dependence of NT, of the CH 2 (rrr) 
carbon. Open circles are experimental data and the drawn 
curves indicate the results calculated for the single­
correlation-time model. 

Table I. 13C T1 and NOE values of PMMA measured in CDCI 3 at 55"C at 125 MHz 
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0.4 
-·-·- bOX 2 
-- log-x 
---- 21 
...... 31 

0.2 

0 50 100 
frequency/MHz 

Figure 3. Frequency dependence of NT, of the CH 2 (rrr) 

carbon. The curves arc the results obtained by the 
least-squares method using different models for the 
molecular motion. 

0 50 100 
frequency/MHz 

Figure 4. Frequency dependence of NOE of the CH2 

(rrr) carbon. The curves are the results calculated using 
the same parameters for the respective models as for the 
T1 data shown in Figure 3. 

is obtained for any rc, the slope of the frequency 
dependence for rc = 2 x 10- 9 s seems to be very 
close to that of the experimental results. 

Figures 3 and 4 show the frequency 
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Table II. Parameters of different models used 
for the calculations of NT1 and NOE values 

Carbon CH 2 (rrr) O(-CH 3 (rr) 

Box-type distribution 
f/s 7.5xl0- 10 

p 325 
log-x 2 distribution 

f/s 6.0xl0- 10 

p 10.0 
b 100 

2r model 

TR/S 2.0 X 10-!Z 

&R/degree 24.6 

Ti/'S !.Ox 10- 9 

3r model 

TR/S 2.0 X 10- 12 

&Rjdegree 15.7 

TL/S J.j X 10-!0 

IlL/degree 31.2 
rds 1.0 X 10- 9 

2.lxl0- 10 

144 

!.Ox 10- 10 

20.0 
100 

2.0x 10- 12 

26.5 
4.0 X 10-IO 

2.0 X 10- 12 

17.7 
1.2x 10- 10 

47.9 
7.7x 10- 10 

2.0x 10- 12 

65.9 
4.4 X 10- 10 

1.0 X 10- 12 

64.7 
1.0 X 10- 11 

9.9 
8.0 X 10- 10 

dependencies of NT1 and NOE values 
estimated using 2r and 3r models as well as 
box-type and log-x 2 type distribution models. 
The respective curves were determined by 
mainly trying to obtain best fits for NT1 data 
by the nonlinear least-squares method on a 
computer. The NT1 results calculated for every 
model are in good accord with the experimental 
data, though some·minor deviation appears in 
both lower and higher frequencies depending 
on the molecular motional models. In contrast, 
the NOE values calculated using the same 
parameters as for NT1 greatly differ from 
model to model, and only the 3 model is found 
to give the best fit with the experimental values 
among these models. 

On the other hand, similar good fits were 
also obtained for the frequency dependence of 
NOE in the respective models except for the 
single-correlation-time model, when the non­
linear least-squares method was exclusively 
applied to the NOE values. In this case, 
however, only the 3r model could reproduce 
well the T1 values using the same parameters 
as for NOE. It is, therefore, concluded that the 
3r model is the most plausible model describing 
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the frequency dependences of NT1 and NOE 
for the CH 2 carbons with rrr tetrads. 

In Table II are summarized parameters of 
different models used for the calculations of 
NT1 and NOE values. The parameters for the 
3r model were determined to obtain the best 
fits with both T1 and NOE values, while those 
for the other models were obtained so as to 
reproduce the T1 values. 

a-C H 3 Carbons with rr Triads: a-CH 3 (rr) 
a-CH 3 carbons with rr triads are analyzed 

as the representatives of the side-chain carbons 
directly bonded to skeletal carbons. Figures 5 
and 6 show the results of NT1 and NOE of 
a-CH 3 (rr) carbons. Here, the experimental 
data are somewhat dispersed compared to the 
cases of the CH2 (rrr) carbons. Although such 
dispersion may induce the minor difference in 
fitness for the respective motional models, the 
T1 values calculated for those models fairly 
well agree with the experimental values. On the 
other hand, in the case of NOE the difference 
among the models is prominent, and the data 
calculated for the 3r model seem to also give 
the best fit with the experimental data. 

OCH3 

Finally, OCH 3 carbons are analyzed; they 

Vl ...... 
.-< 

t­z 

-·-·-box 2 
--log-x 

0.4 ---- 21: 
...... 31 

0.2 

0 50 100 
freouency/MHz 

Figure 5. Frequency dependence of NT1 of the o:-CH 3 

(rr) carbon. The curves are the results obtained by the 
least-squares method using different models for the 
molecular motion. 
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are the side-chain carbons far from sketetal 
carbons. In Figures 7 and 8 are shown the 
results of NT1 and NOE for OCH3 carbons. As 
is clearly seen in Figure 7, the T1 values are 
more than 1 sin this frequency range. Such high 
T1 values were not interpreted in terms of any 
model considering a wide distribution of the 

w 
0 z 

..... 

2 

0 

o··=--·'', o.'·, ', 
-·-·-box 2 
--log-x 
---- 21 
·--··· 31 · .. ·-.o', . '· ' ' ' · .. -......... 

···o -'"' .. , ............ .. ' ...... .... "d-...-. .-::-Q-:--
0 ', . ······ 

.................... 

50 100 
freouency/MHz 

Figure 6. Frequency dependence of NOE of the o:-CH 3 

(rr) carbon. The curves are the results calculated using the 
same parameters for the respective models as for the T 1 

data shown in Figure 5. 
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I 

Figure 7. Frequency dependence of NT1 of the OCH 3 

carbon. The curves are the results obtained by the 
least-squares method using 2r and 3r models. 
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Figure 8. Frequency dependence of NOE of the OCH 3 

carbon. The curves are the results calculated using the 
same parameters for 2r and 3r models as for the T1 data 
shown in Figure 7. 

correlation time. 2r and 3r models seem to be 
appropriate for describing the frequency 
dependence of T1 values, although the 
reproduced curves are significantly different for 
these two models due to the dispersion of the 
experimental data. In contrast, the frequency 
dependence of NOE is found to be interpreted 
in terms of the 3r model, whereas the 2r model 
cannot reproduce the experimental data of 
NOE. 

DISCUSSION 

According to our preliminary measurements, 
13C T1 s of the respective carbons for the same 
PMMA solution as used in this work increase 
with increasing temperature at the temperature 
range from room temperature to 55oC at a 
frequency of 100 MHz. This indicates that the 
system treated in this work should be on the 
higher temperature side with respect to the T1 

minima which may appear in observing a 
temperature dependence of T1 at frequencies 
at least less than 100 MHz. Nevertheless, we 

1162 

have found such significant frequency de­
pendences of T1 values as shown in Figures 2, 
5, and 7. This strongly suggests that the single 
correlation time theory is inadequate, because 
the frequency dependence will disappear under 
the so-called extreme narrowing condition, 
which corresponds to the higher temperature 
side of the T1 minimum, in this theory. 

As already described in the case of CH 2 (rrr) 
carbons, the frequency dependences of T1 and 
NOE can be interpreted in terms of the 
box-type or log-x2 distribution model when 
they are independently tried to fit experimental 
data by the least-squares method. However, it 
is impossible to obtain the best fits for both 
frequency dependences using the same param­
eters describing the average correlation times 
and their distributions in these models. The 
situation is the same for the 2r model; there is 
no parameter to sufficiently reproduce both T1 

and NOE values. These imply that monomodal 
wide distributions of correlation times and two 
discrete correlation times are not adequate to 
describe the complicated molecular motions of 
PMMA chains in solution. 

In contrast, Heatley and Begum 1 reported 
that the temperature dependeces of T1 and 
NOE could be explained for the respective 
protonated carbons of PMMA in solution in 
terms of either the Cole-Cole distribution of 
correlation times, the log-x2 distribution or a 
conformational jump model of chain dynamics. 
Here, the conformational jump model, in which 
the C-H internuclear vector undergoes a 
combined motion of conformational jumps and 
overall molecular tumbling, may correspond to 
our 2r model. In their case they analyzed the 
temperature dependencies of relaxation data at 
a fixed frequency of 25.14MHz. Such an 
analysis may be less reliable compared to our 
analysis of the frequency dependences even if 
the temperature is fixed in our case. 

The 3r model has been found to be the most 
adequate to interpret the frequency de­
pendences of T1 and NOE values for the 
protonated carbons of PMMA in this work. 
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Similar 3T model analyses were successfully 
performed for the temperature dependences of 
T1 , NOE and spin-spin relaxation time (T2 ) 

values of CH2 carbons of the noncrystalline 
components which are contained in bulk­
crystallized and solution-grown polyethylene 
samples. 13 Moreover, molecular motions of 
methylene sequences of a series of terephthalic­
acid polyesters (COC6 H4 COO(CH2)mO)n with 
different number m of methylene carbons were 
also examined at temperatures above the glass 
transition temperatures by the 3T model 
analysis. 14•15 On the basis of these results, the 
respective motions assumed in the 3T model 
may be assigned as follows. The diffusional 
rotation should be the torsional motion about 
C-C bonds with no activation energy, which 
may be the cooperative motion associating with 
several methylene sequences. The librational 
motion should be ascribed to a restricted 
motion involving some transitions between 
trans and gauche conformations which will be 
allowable for a relatively short methylene 
sequence. On the other hand, the isotropic 
motion may be still a restricted motion but 
longer methylene sequences are thought to be 
associated with this motion with a higher 
activation energy compared to the case of the 
librational motion. 

The same assignment may be applicable to 
the respective motions of the backbone CH2 

(rrr) carbons of PMMA in solution, although 
the angles 8R and 8L for the diffusional rotation 
and the libration, which will describe the 
amplitudes for the respective motions, should 
somewhat differ from the values (8R = 33° and 
8L = 63°)13 for the methylene sequenCeS in the 
rubbery state. The differences in eR and eL 
suggest the differences in fl.exibilities of the 
sequences which are associated with the 
corresponding local motions. However, these 
values are adjustable parameters for the 
least-squares analysis and cannot be used for 
discussing the detailed structure for polymeric 
chains. 

The frequency dependences of T1 and NOE 
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values of side group a-CH 3 (rr) and OCH3 

carbons have also been well interpreted in terms 
of the 3T model. Nevertheless, such good 
agreements with experimental and calculated 
data should be superficial for these carbons, 
because additional independent motions may 
be allowable for the side groups compared to 
the case of backbone carbons. In a-CH 3 (rr) 
carbons, the 8L Value significantly differs from 
the value of the CH2 (rrr) carbon as shown in 
Table II. This would indicate that the rotation 
of a-CH 3 groups with the correlation time of 
10- 10 s happen to overlap the librational 
motion of the backbone carbons. Such a rate 
of the a-CH3 rotation is significantly higher than 
that in the glassy state which was revealed for 
PMMA using a similar 13C T1 analysis. 10 On 
the Other hand, 8R and 8L aS Well as TL for 
OCH3 carbons are much different from those 
values of the backbone carbons as is seen in 
Table II. This suggests that OCH3 carbons may 
additionally undergo the methyl rotation and 
another rotation whose correlation times are 
of the orders of 10- 12 and 10- 11 s. More 
detailed characterization of side-group motions 
will be carried out using a 4T or 5T model. In 
such cases temperature dependencies of T1 and 
NOE values should be measured under several 
static magnetic fields to increase the reliability 
of the analyses. 
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