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ABSTRACT: Osmotic pressure and sedimentation equilibrium measurements were made on 
isotropic solutions of poly(hexyl isocyanate), a stiff-chain polymer forming a lyotropic liquid 
crystal, to determine the osmotic pressure and the solvent chemical potential as functions of 
polymer concentration. The resulting data were used to test the validity of the theory of Khokhlov 
and Semenov of polymer liquid crystals, which was almost quantitative in predicting the isotropic
liquid crystal phase diagrams for reasonably stiff polymers. It was found that the second virial 
approximation with respect to free energy basic to this theory was only valid under limited 
conditions and the scaled particle theory of Cotter on spherocylinders was shown to be a promising 
alternative. 
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In a previous publication1 we showed that 
the theory of Khokhlov and Semenov (KS 
theory) for wormlike cylinders2 · 3 gives an 
almost quantitative explanation of experimen
tal phase diagrams for binary systems of poly
(hexyl isocyanate) (PHIC)-toluene and of 
schizophyllan (a triple-helical polysaccharide)
water, when the geometric parameters of the 
respective polymers determined from dilute 
solution properties are used. However, an ap
preciable discrepancy between the KS theory 
and experiment was found in the phase dia
gram of the dichloromethane (DCM) solutions 
of PHIC characterized by the smallest per
sistence length and the highest phase boundary 
concentrations among the systems investigat-

ed. This discrepancy may be due to the second 
virial approximation to free energy which is 
used in the KS theory. To test the validity of 
the second virial approximation more directly, 
other thermodynamic properties, for example, 
the osmotic pressure should be measured for 
the systems studied before. for this reason, 
we determined the chemical potential of the 
solvent for solutions of PHIC in DCM at 
20°c, as well as the osmotic pressure for 
solutions of PHIC in toluene at 25°C, both in 
the isotropic state. In this publication, we 
present the results from these experiments and 
use them to test the basis of the KS theory, 
namely, the second virial approximation. 

t To whom all correspondence should be addressed. 
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EXPERIMENT AL 

Six fractionated samples of poly(hexyl iso
cyanate) (PHIC) were taken from our stock.4 

They are nearly monodisperse in molecular 
weight, with the polydispersity index Mzf Mw 
smaller than 1.11, as shown in Table I. 

Osmotic pressures II of PHIC fractions 12-
2, K-2, and NRX-12 in toluene at 25°C were 
measured using a Knauer osmometer with a 
Sartorius SM 11536 membrane at polymer 
weight fractions w below 0.1. 

Sedimentation equilibrium measurement 
was made on solutions of PHIC fractions Z-2, 
L-2, NRX-12, and Z-20 in dichloromethane 
(DCM) at 20°C. A Beckman-Spinco model E 
analytical ultracentrifuge equipped with a 
schrielen optical system was used following the 
procedure previously established. 5 

For a binary solution consisting of a mono
disperse polymer and a solvent, the equi
librium condition for the solvent chemical 
potential at the radial distance r from the 
center of rotation is expressed as 

i}!Jµo/iJw= M 0 w(r)rw2(iJv/iJw)(iJn/iJw) (l) 
v(dn/dr) 

Here, M0 and !Jµ0 are the molecular weight 
and excess chemical potential (per mo!) of the 
solvent component, respectively, v the specific 
volume of the solution, w the angular velocity, 

0.80 

iJn/iJw the refractive index increment on the w 
basis, and w(r) the polymer weight fraction at 
r. Values of the refractive index gradient dn/dr 

were determined as a function of r from 
sedimentation equilibrium measurements and 
used to compute 8'1µ0 / ow by eq I. 

The specific volumes v needed for the ana
lysis were measured on concentrated solutions 
of PHIC in DCM at 20°C, using a Lipkin
Devison type pycnometer of 5 cm3 capacity. 
Figure I shows the plot of v against polymer 
weight fraction w. The data points are fitted by 
the indicated line, which is represented by 

v=0.7542+0.2378w+0.0343w2 (2) 

The intercept and initial slope of the line are 
consistent with the solvent density and the 
partial specific volume vP of PHIC in DCM at 
20°C determined from measurements on dilute 

Table I. Molecular weights of the PHIC 
samples investigated4 

Sample Mw/103 M"/103 M=/M .. 

Z-2 20.9 1.06 
J2-2 32.0" 30.8 I.II 
L-2 40.7 1.06 
K-2 68 66.4 1.02 
NRX-12 133 122 1.05 
Z-20 244 1.05 

• Viscosity-average molecular weight obtained from [I/] 

in toluene at 25°C. 

0.2 

w 

Figure 1. Specific volume v of DCM solutions of PHIC at 20°C as a function of w. 
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solutions. 1 ' 4 

A modified Schultz-Cantow differential 
refractometer was used to measure the excess 
refractive index Lin of a solution over another 
solution (or the solvent) for PHIC in DCM at 
20°C with light of 546 nm wavelength. Figure 2 
shows Lln/Llw plotted against wAv, where Llw is 
the small difference in w between the two solu-

0.10--------------~ 
546 nm 

0.09 
<l 0 ..... 
C: 0.08 <l 0 

0.07 
0 0.1 0.2 0.3 

WAv 

Figure 2. Plots of !'J.n/!'J.w vs. wAv for DCM solutions of 
PHIC at 20°C and 546nm. 

T 
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tions (or the solution and the solvent) and wAv 
the average of w for them. For wAv>0.01, it 
can be seen that Lin/ LI w linearly decreases with 
wAv· Regarding wAv and Lln/Llw as w and 
an;aw, respectively, we obtained the equation 

an;aw= -0.02432w+0.08386 (3) 

Solutions were prepared by mixing appro
priate amounts of a given fraction and a 
solvent and their w were determined gravi
metrically. Their mass concentrations c were 
obtained from c= w/v, with v being given by 
eq2 for DCM solutions and v=0.987w+(l
w)/0.86231 for toluene solutions; the partial 
specific volume vP of PHIC was taken to be 
0.987 cm3 g- 1 in toluene at 25°C and 0.992 
cm3 g- 1 in DCM at 20°C. 1•4 The partial de-

0 '-----L--.l...---'-----'--...L-----'---'---~ 

0 5 

C / 10-29 cm-3 

Figure 3. Plots of ll/cRTvs. c for PHIC in toluene at 25°C. (-0), 12-2; (0-), K-2; (9). NRX-12. 
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PHIC-DCM at 20°C 
3 

o Z-2 (Mw=2.09x 104) 

c, L-2 (4.07 

/;7' 
• NRX-12 (13.3 

E Q Z-20 (24.4 
_u 2 
0 
E 
Cl 
<ii ,,_ 
0 

:I: 

0 ""-----'-----'---,..___ _ ____.. __ ......_ __ ..__ _ __.___. 

0 0.1 0.2 0.3 

c I gem--' 

Figure 4. Plots of -(c/:i11o/cc) vs. c for DCM solutions of PHIC at 20°C; (0), Z-2; (f)), L-2; (e), NRX-

12; ( '- ), Z-20; dots, the data obtained at high rotor speeds with long-solution columns; vertical dashed 
lines, phase boundaries determined for samples Z-2, L-2, and NRX-12. 

rivative of L1µ0 with respect to c, oL1µ0 / oc, was 
computed from oL1µ0/ ow using the relation 

oL1µo/oc=(oL1µo/ow)(ow/oc) (4) 

RESULTS 

Osmotic Pressure 
All the osmotic pressure data are sum

marized in Table II, where the data used for 
determining M. taken from the previous 
paper4 are also included. Figure 3 shows plots 
of II/cRT versus mass concentration c for the 
three samples, J2-2, K-2, and NRX-12, where 
RT has the usual meaning. The intercept and 
initial slope of each indicated line correspond 
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to M. - 1 and A2 , respectively. It can be seen 
that the indicated lines rise monotonically with 
c and cross one another at c about 0.065 
gcm- 3. 

Sedimentation Equilibrium 
When the rotor speed was low and the 

solution column was short, the concentration 
gradient developed in the cell was almost 
constant throughout the entire solution, and 
w(r) at the midpoint of the solution was very 
close to the weight fraction in the original 
solution. The data for the short solution 
columns are summarized in Table III. They are 
shown as plots of oL1µ0 / oc vs. c in Figure 4. The 
data points for each sample are fitted by 
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Table II. Osmotic pressures of toluene solutions 
of PHIC at 25°C 

C II II(cRT)- 1 

102w 
10- 2 gcm- 3 105 dyn cm - 2 10- 5 molg- 1 

J2-2 
0.2854 0.2099 0.01758 3.378 
0.5774 0.4246 0.03705 3.520 
0.8466 0.6225 0.05587 3.620 
1.1079 0.8147 0.07077 3.504 
1.4282 1.0502 0.10280 3.948 
3.055 2.646 0.3579 5.455 
4.868 4.228 0.7522 7.176 
6.890 6.003 1.3720 9.219 
8.212 7.169 1.8852 10.607 
9.325 8.154 2.409 11.917 

K-2 
0.2603 0.1914 0.00791 1.667 
0.5244 0.3856 0.01819 1.903 
0.7818 0.5749 0.03026 2.123 
1.045 0.7681 0.04456 2.340 
1.320 0.9710 0.06096 2.533 
2.742 2.374 0.2448 4.159 
3.973 3.446 0.4666 5.461 
5.502 4.783 0.8575 7.231 
6.969 6.073 1.345 8.933 
8.313 7.258 1.961 10.897 
9.195 8.039 2.404 12.060 

NRX-12 
0.2948 0.2168 0.00566 1.052 
0.5071 0.3729 0.01110 1.200 
0.7454 0.5481 0.01971 1.450 
1.0019 0.7367 0.03047 1.668 
1.2723 0.9356 0.04034 1.739 
1.9933 1.724 1.222 2.859 
3.950 3.426 0.4261 5.017 
6.227 5.419 1.094 8.141 
7.262 6.331 1.475 9.395 
8.634 7.542 2.199 11.758 

a smooth curve starting from the value of 
RTV0 °/Mw at c=O, where V0 ° is the molar 
volume of the solvent. The curve for sample 
Z-20 almost overlaps with that for sample 
NRX-12. 

When a higher rotor speed was used with a 
long solution columns, a larger concentration 
gradient was established at sedimentation 
equilibrium. Actually, long solution column 
experiments yielded non-linear concentration 
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gradients. In the analysis, each solution was 
divided into a number of short columns at 
different r, and w(r) was determined so that the 
mass conservation held over the entire so
lution. For each r, oiJµ0 /oc value was cal
culated from the observed values of w(r) 
and dn/dr. The w(r) and oiJµ0 /oc values thus 
determined are summarized in Table IV. These 
data are shown in Figure 4 by dots. It can be 
seen that the two types of data points for each 
sample follow closely a smooth composite 
curve irrespective of rotor speed, indicating 
that there is no molecular weight fractionation 
on centrifugation as expected from the sam
ples' monodispersity. 

Each of the indicated curves rises steeply 
with c up to the phase boundary concen
trations (vertical dashed lines). The initial 
slope of the curve corresponds to the A2 term 
and the steep increase of - oiJµ0 /oc with C is 
due to the contribution of the higher order 
terms inc. 

DISCUSSION 

Thermodynamic Properties of Isotropic Solu
tions 

The Khokhlov-Semenov theory of persist
ent chains2 • 3 uses the same expression of os
motic pressure for isotropic solutions as that 
of the Onsager theory,6 which reads 

ll/kT=c' +(n/4)L2 dc'2 (5) 

where c', L, and d are the number concen
tration, the contour length, and the diameter 
of the polymer, respectively. Thus, the excess 
chemical potential iJµ0 of the solvent as a 
function of c is expressed as 

where A2 is given by 

A2 =(n/4)NAdML - 2 

(7) 

and ML is the molar mass per unit contour 
length of the polymer. The effect of finite rod 
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Table III. Sedimentation equilibrium data for PHIC in DCM at 20°C 

C Rotor speed -dn/dc -[0Ll11o/oc] 
w 

gcm-3 rpm 10-3cm- 1 Jmo1-1cm3g-1 

Z-2 
0.0542 0.0706 15843 5.93 30.7 
0.1055 0.1353 15847 5.49 65.4 
0.1569 0.1980 15852 4.57 118.0 
0.2063 0.2564 15875 3.72 196.4 
0.2422 0.2976 15731 3.16 269.3 

L-2 
0.0540 0.0704 10001 2.79 25.9 
0.1072 0.1374 10001 2.45 59.7 
0.1374 0.1745 10003 2.16 87.1 
0.1704 0.2141 9999 1.87 125.1 
0.1737 0.2181 9993 1.83 130.8 

NRX-12 
0.0483 0.0631 6351 1.33 19.6 
0.1061 0.1361 6349 1.08 54.0 
0.1557 0.1966 6328 0.868 99.9 

Z-20 
0.0459 0.0600 11959 4.83 18.0 
0.0936 0.1205 13910 5.44 44.8 
0.1287 0.1639 10020 2.36 75.4 

1.5 J2-2 K-2 NRX-12 

in toluene 

I 
I 

1.0 /o 
L 

I 
I 

0.5 I° 
/ 

0.05 0.10 0 0.05 0.10 

c I gem·' 

Figure 5. Plots of fl/RT vs. c for PHIC in toluene at 25°C. Solid lines, the Onsager theory;6 dash-dot 
lines, the Cotter theory. 9 
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Table IV. Sedimentation equilibrium data for PHIC in DCM at 20°C 

r -dn/dr c(r) -(ct:i.~/cc) 
w(r) 

cm 10- 3 cm- 1 gcm- 3 J mol- 1 cm3 g- 1 

Sample L-2; w = 0.1704; rotor speed= 29788 rpm 
6.813 13.55 0.2079 0.2582 183.4 
6.826 13.73 0.2057 0.2556 179.4 
6.839 13.91 0.2034 0.2530 175.4 
6.852 13.88 0.2012 0.2504 174.1 
6.864 14.25 0.1989 0.2478 167.8 
6.877 14.41 0.1966 0.2451 164.3 
6.890 14.56 0.1943 0.2423 160.7 
6.902 14.74 0.1920 0.2396 157.0 
6.915 14.93 0.1896 0.2368 153.3 
6.928 15.11 0.1872 0.2340 149.8 
6.941 15.30 0.1847 0.2311 146.1 
6.953 15.44 0.1823 0.2282 142.9 
6.966 15.65 0.1798 0.2253 139.3 
6.979 15.85 0.1773 0.2223 135.8 
6.991 16.04 0.1747 0.2193 132.4 
7.004 16.24 0.1721 0.2162 129.0 
7.017 16.47 0.1695 0.2131 125.3 
7.030 16.65 0.1669 0.2100 122.2 
7.042 16.90 0.1642 0.2068 118.5 
7.055 17.15 0.1615 0.2035 115.0 
7.068 17.45 0.1587 0.2002 111.3 
7.080 17.65 0.1560 0.1969 108.2 
7.093 17.90 0.1531 0.1934 104.9 
7.106 18.16 0.1503 0.1900 101.5 
7.119 18.41 0.1474 0.1866 98.3 
7.131 18.65 0.1444 0.1830 95.1 
7.144 18.94 0.1415 0.1794 91.9 
7.157 19.22 0.1385 0.1757 88.7 
7.169 19.50 0.1354 0.1721 85.5 
7.182 19.85 0.1323 0.1682 82.1 
7.195 20.26 0.1291 0.1644 78.6 

Sample NRX-12; w=0.08001; rotor speed= 15872rpm 
6.725 6.634 0.1008 0.1294 49.2 
6.749 6.708 0.0988 0.1270 48.0 
6.772 6.776 0.0969 0.1246 46.7 
6.796 6.859 0.0949 0.1222 45.3 
6.819 6.921 0.0929 0.1197 44.0 
6.843 6.991 0.0909 0.1171 42.9 
6.866 7.040 0.0889 0.1146 41.7 
6.889 7.119 0.0869 0.1121 40.4 
6.913 7.194 0.0848 0.1095 39.2 
6.936 7.271 0.0828 0.1069 37.9 
6.960 7.362 0.0807 0.1042 36.6 
6.983 7.462 0.0785 0.1016 35.2 
7.007 7.515 0.0764 0.0989 34.1 
7.030 7.635 0.0742 0.0962 32.7 
7.054 7.688 0.0720 0.0933 31.6 
7.077 7.794 0.0698 0.0905 30.3 
7.101 7.884 0.0676 0.0877 29.1 
7.124 7.930 0.0653 0.0849 28.0 
7.148 7.941 0.0630 0.0820 27.1 
7.171 8.028 0.0608 0.0790 25.9 
7.195 8.108 0.0585 0.0761 24.7 
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Figure 6. lliRT vs. c for sample Z-2 in DCM determined by sedimentation equilibrium; circles, 
calculated by integrating c!:J.µ0 /cc for DCM solutions of PHIC sample Z-2 with respect to c; solid curve, the 
Onsager theory;° dash-dot curve, the Cotter theory. 9 

length on A/· 8 is neglected in these equations. 
Cotter9 modified the Onsager theory on the 

basis of the scaled particle theory to obtain an 
expression for ll which is expressed in terms of 
L, d, and c. Her theory agrees with the Onsager 
theory at the limit of low c, and reduces to the 
scaled particle theory for spheres10 at L/d= 1. 
We use both the Onsager and Cotter equations 
in analyzing the osmotic pressure and sedi
mentation data on PHIC with the expectation 
that the excluded volume would be the same 
for semiflexible polymers as that for rods. 2 • 3 •8 

Figure 5 shows plots of ll/RT against c for 
PHIC in toluene at 25°C, where the solid and 
dash-dot curves represent the values predicted 
by the Onsager theory and by the Cotter 
theory, respectively; dis taken to be 1.25 nm to 
be consistent with the measured values of vP 
and L=M/ML, with M=Mn or Mw for osmot-
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ic pressure or sedimentation data, respec
tively; ML= 740 nm -i. It can be seen that the 
data points for samples K-2 and NRX-12 ap
pear definitely above the Onsager curve and 
rather close to the Cotter curve. On the other 
hand, those for sample J2-2 appear to follow 
accurately the Onsager curve within the range 
of c investigated. However, it is premature to 
look for a definite reason for the difference 
between J2-2 and the other samples owing to 
the broader molecular weight distribution for 
J2-2. 

The value of L1µ0 can be evaluated also from 
integration of oL1~/oc by c and conversion to 
ll by ll= -L1µ0 /V0 °. The data for DCM so
lutions were treated in this way. Figure 6 
compares the values of ll/RT estimated for 
the system Z-2 + DCM with the predictions 
of the two theories mentioned above; the ex-
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Figure 7. II/RT vs. c for sample NRX-12: open circles, osmotic pressure data in toluene at 25°C; filled 
circles, sedimentation equilibrium data in DCM at 20°C. Theoretical values: solid curve, the Onsager 
theory;6 dash-<lot curve, the Cotter theory. 9 

perimental data are shown by circles, which 
represent the integral values at the indicated 
c. The data points follow the Onsager curve 
up to c of 0.13 gcm- 3, but tend to deviate 
appreciably above it with increasing c. The 
Cotter curve is seen considerably above the 
experimental one at any value of c. At the 
isotropic-biphasic phase boundary c of 0.3 I 7 
gcm- 3 , the experimental value of ll/RT is 
larger than the Onsager one by a factor of 
1.6. A similar trend was found for the other 
samples in DCM. 

Figure 7 compares the data for ll/RT of 
toluene at 25°C obtained by osmometry with 
those for DCM at 20°C obtained by sedimen
tation equilibrium, both with sample NRX-12; 
the prediction by the Onsager theory (solid 
curve) and that by the Cotter theory (dash-dot 
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curve) are also shown. It is seen that the 
increase in ll/RT with c is steeper for toluene 
than for DCM. This difference suggests that 
the polymer-solvent interaction plays an im
portant role in the solvent chemical potential 
and phase diagram for a semiflexible polymer. 

In the above analysis of the sedimentation 
data, we took the diameter d to be 1.25 nm 
obtained from the partial specific volume vP of 
PHIC approximately equal to its hard-core 
volume, and calculated A2 and related quan
tities. However, A2 is actually related to the 
polymer-polymer interaction in the solution 
and needs not be consistent with the hard-core 
volume. Thus in either theory d may be treated 
as an adjustable parameter expressing this 
interaction. Indeed, we found that the Cotter 
theory can describe the data for the DCM 
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solutions if dis taken to be 1.0 nm. It must be 
noted that the Flory theory of rodlike poly
mers11 does not give quantitative description 
of the present osmotic pressure data as well as 
those for phase diagrams. 1•4 •5 •12•13 

We may summarize these discussions as 
follows. For both the DCM and toluene solu
tions of PHIC, the Onsager theory predicts 
rather quantitatively the experimental osmotic 
pressure and solvent chemical potential data 
only at low c, but tends to underestimate them 
at moderately high c. This clearly shows that, 
with regard to the solvent chemical potential 
and osmotic pressure, the second virial ap
proximation employed in the Onsager ap
proach is not valid a near the isotropic-liquid 
crystal phase boundary concentrations. Thus it 
follows that the theory of Khokhlov and 
Semenov,2 •3 which uses the same expression 
for n as eq 5, is still approximate in spite of 
the good agreement between theory and 
experiment in the phase boundary concen
trations found for PHIC in toluene and aque
ous schizophyllan. 1 The agreement in the phase 
boundaries of the two systems may be attrib
uted to a cancellation of the third and higher 
virial terms in the phase coexistence equations. 
We conclude from these discussions that 
consideration of the terms in c higher than c3 is 
essential toward a more quantitative discus
sion of the thermodynamic properties of semi
flexible polymer solutions and suggest that use 
of the Cotter theory is a promising alternative. 
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However a direct application of the Cotter 
theory does not give a consistent explanation 
of the chemical potential and phase diagram 
data5 • 12• 13 because of the finite stiffness of the 
polymers investigated. Attempts have been 
made to estimate the third virial coefficient of 
rods 7 and to calculate the phase diagrams for 
solutions of rods. 8 However, so far no such 
theoretical attempt has been reported for 
semiflexible polymers. Therefore we defer fur
ther quantitative analysis of the data for future 
work. 14 
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