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ABSTRACT:

Theoretical equations of spinodal and neutral equilibrium conditions were

derived, based on modified Flory—-Huggins theory and without further approximation, for quasi-
ternary solutions consisting of a multicomponent polymer 1/multicomponent polymer 2/single
solvent. Numerous and systematic computer experiments clarified the effects of three thermody-
namic interaction parameters between solvent-polymer 1 (xo,), solvent—polymer 2 (x,,), and
polymer 1-polymer 2 (i,,), the weight average degrees of polymerization of original polymers 1 and
2 (X, and Y,°) and the breadth of the molecular weight distribution of original polymers (X,,°/X,°
and Y,,°/Y,% X,° and Y,° are the number-average degree of polymerization, X and Y, of the original
polymers) on the spinodal curve and critical solution points. Here, the possible compositional
dependence of three y parameters were not considered.
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For the past several years studies have been
actively performed on two liquid phase equi-
libria of quasi-ternary systems consisting of
multicomponent polymer 1, multicomponent
polymer 2 and a single solvent.! ~? Scott'® first
studied theoretically the coexisting curve,
spinodal curve (SC), and critical solution point
(CSP) of the solution consisting of single com-
ponent polymer 1, single component polymer
2, and a single low molecular solvent (rigorous
ternary.system) to drive the approximate equa-
tions of CSP (eq 17a—=c of ref 10). Note that
these equations are only effective under the
conditions of | o, — X021 <1 and (X)'* <Y<
X2. Here, xo; (or ;) is the thermodynamic
interaction parameter between solvent and
polymer 1 (or 2) and X and Y, the degree of
polymerization of polymers 1 and 2, respec-
tively. Soon after, Tompa'! succeeded in deriv-

ing the rigorous equations giving SC and CSP
for these ternary system. Spinodal and plait
point conditions obtained by him are,!!+12

Yoxiw— 2y xox (1 —
+4x0x1 %, (%o X1 +J(0)(1 + X1X2)00010; =0

(1)
and
2
e @
where
Yo=Jo1 + Xo2 — X12 (3a)
X1 =Xo1 + Y12~ 12 (3b)
X2 =1Xoz2+ X12— o1 (30)

and x,,, the thermodynamic interaction pa-
rameter between polymers 1 and 2; v,, v,
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and v,, the volume fractions of solvent, poly-
mers 1 and 2; x,=1, x;,=X, and x,=7,
respectively. Scott!® and Tompa'!-!? calculat-
ed SC and CSP for a very specialized sym-
metrical case: y,, =)y, Using the Tompa’s
equations (eq 1—3c), Zemann and Patterson'?
calculated SC and CSP for y,, # xo,, sShowing
that a small difference in y,, and y,, has a
marked effect on polymer compatibility. They
also found that setting y,, =0 keeping %o, # %o
leads to a closed loop region of incomplete
miscibility'® although the binary mixture of
polymer 1 and 2 shows complete miscibility
(for example, see, Figures 1—4 of ref 13). Hsu
and Prausnitz'* proposed a numerical pro-
cedure of calculating a coexisting curve (in
other words, binodal curve; note that in this
case, the binodal curve coincides with the
cloud point curve (CPC) using Gibbs’ phase
equilibria condition. They examined in detail
the effect of asymmetry of y parameters be-
tween solvent and polymer 1 (or 2) (ie.,
Yo1 # Xo2) on the phase diagram and also exam-
ined the existence of close loop immissible
region by putting y,, lower than some critical
value,'* semi-empirically determined. This crit-
ical value can be evaluated by eq 27 in this
article. Recently, Solc!® proposed equations of
CPC and CSP by introducing two new vari-
ables, n and &, related to the two partition
coefficients, oy and oy, through #*=040y and
¢*=0y/oy. The overall polymer volume frac-
tion v(=v, +v,) at CSP (v,) was expressed, by
use of CPC equation (eq 4 of ref 15) at the limit
of gy (and 0,)—0, in a simple closed form as
follows;'®

[ v, :r:x wyx, 283+ w,x, 283
1—v, O (wyx, & T w,x, )3

4)

where w, and w, are the volume compositions
of polymers 1 and 2 (w, =v,/v and w, =v,/v).
Solc'® also studied general conditions for
multiple critical points using double roots
of his CPC equation. All the above theoret-
ical studies were limited to a monodisperse
polymer 1/monodipserse polymer 2/single sol-
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vent system.

In 1970, a theoretical study on the phase
equilibrium of multicomponent polymers 1/
multicomponent polymers 2/single solvent sys-
tem was first carried out by Koningsveld,
Chermin, and Gordon.!”"'® Note that they
cited an equation of spinodal condition (eq 12
of ref 17) originally derived by Chermin (un-
published work) and they described an equa-
tion of neutral equilibrium condition (eq 13 of
ref 17) without detailed derivation. As far as
the authors know, Chermin’s work still re-
mains to be unpublished. Can we put our
unconditional confidence in and employ for
further calculations the equations derived
without any mathematical detail? Koningsveld
et al. showed experimental prism phase dia-
grams (ie., T—v, —v, space; T, Kelvin
Temperature) of polyethylene/isotactic poly-
styrene/diphenylether!” and linear polyethyl-
ene/isotactic polypropylene/diphenylether sys-
tems,'”'® and deduced, from the experimen-
tal diagrams on quasi-ternary systems and
by analogy of quasi-binary (multicomponent
polymers/single solvent) systems, the form of
interaction parameters (y,; k/=01, 02, and 12)
with the help of the spinodal equation (eq 27 of
ref 17; rewritten form of eq 12 of ref 17) as'’;

Xki, 2

XkIZXkl,1+T+XkI.3T ®)
where x,.,, Xu.2, and x, 3 are the tem-
perature independent coefficients (k/=01, 02,
and 12). However, they did not carry out
systematic computer experiments based on
their equations (eq 12 and 13 of ref 17) of
spinodal and neutral equilibrium. The above
situations attracted our attention and motivat-
ed a thermodynamical study on the SC and
CSP as a further extension of Kamide and
Matsuda’s previous study'® of SC and CSP on
systems consisting of a multicomponent poly-
mer, solvent 1 and solvent 2 (see, eq 10 and 11
of ref 19).

In this article, we show some detailed der-
ivation of themodynamical equations giving
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SC and the CSP and disclose the effect of the
average molecular weight and molecular
weight distribution of the two kinds of original
polymers and of the three thermodynamical
interaction y parameters, xo;, Xo2, and x;, on
SC and CSP.

vX-'

my
X Invy, + Z

i ji=1

AG=RTL[UO Inve+ )

i=1

where R is the gas constant, 7, the Kelvin
temperature, L, total number of lattice points

my my

(=No 2 XNy + Y. Y;Ny: Ny, Ny, and Ny;
i=1 ji=1

the number of solvents, X;-mer and Y;-mer,

respectively), vy, the volume fraction of sol-

vent, vy, the volume fraction of X;-mer of

polymer 1, vy, the volume fraction of Y;-mer

of polymer 2, v, and v,, the toral volume

v
" Invy,+ %0100V, + Xo2VoV; + X12”1U2:|

THEORETICAL BACKGROUND

According to the Flory-Huggins’ lattice
theory of the dilute polymer solutions, Gibbs’
free energy change of mixing AG is given by?’

Y;
Y (6)

J

fraction of polymer 1 and the polymer 2

nmy

(v;= Y vy, and v, = ). vy,), my, and m, are the
i=1 i=1

total number of components of polymer 1 and
2, respectively.

The chemical potentials of solvent, polymer
1 (X;-mer), and polymer 2 (Y;-mer), 4u,, Ay,
and Ay, are directly derived from eq6. The
results are:

my

1 1
Ape=FT [ln ”0+<1 __>U1 + (1 _—>Uz + %0101 (1 —00) + Xo202(1 — Vo) — X120, 02 ] (7

X Y,

n n

Auxi=RT|:ln vy, —(X; =1+ X,~<1 -

Au,J.:RT[ln vy,— (Y, =1+ Yj<1 —

Here, X, and Y, are the number-average of X;
and Y;. We assume that (a) xo;, %02, and z,, are
independent of the concentration and molec-
ular weight of polymers, (b) the molar volume
of solvent and segment of polymers 1 and 2 are
the same, (c) solvent, polymers 1 and 2 are
volumetrically additive, and (d) the density of
solvent is the same as that of polymers 1 and 2.
Note that eq8 and 9 are strictly symmetrical
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1 1
X">vl+X,-<1— Y

+ Xi{X1205(1 = 0,) + 30,06(1 — ;) — onvovz}:I ‘ (i

1 1
X>“+”O_7>%

+ Yj{X12U1(1 —0,)+ Xo,00(1 _02)—X010001}:| (j=1,"--,my)

)

1, ,m)

©)

with regard to an exchange of polymer 1 and
polymer 2.

Thermodynamical requirement against the
spinodal curve is that the second order dif-
ferential of Gibbs’ free energy AG should
always be zero on the curve and then the
conditions of spinodal are given by the
(m, +m,) x (m,; + m,) determinant in the form:
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AG'y x, 4G’y .4, 4Gy x,, AG'y.y, AG'yy, - AG'yy .
| 4G’ | = "A(?’m1 AG"’M2 4G x x| AG x.y, AG'yy, - -AG_’,(Z,,M2 =0
AG_/xmlxl AG-/xmm e AG-/xmlxm AG_/xmm AG’xmﬂz e AG—’xm.vm
AG,lel AGllez e AG,Ylel AG_’Y[YI AG,Ylyz e AG_IYIYmZ
AG/Y2X1 AG,szz e AG,Yszx AG_/YZYl AGIYzYz e AG-/Yzsz
AG,szxn AG_/szxz U AG_,szz\’mx AG—,szYl AG-,szl’z T AG,szsz
Here, AG’ is the Gibbs’ free energy change of mixing per unit volume defined by
A.“o) o (Aﬂx-> s (A.uy)
AG =vol — |+ ), vy, L+ ) vy, J (11)
0< Vo i; N\ XV, j; A2
_ 0%4G’
AG’M=<——> k=X, X5 s X Yo Yoo * 5 Yin# kS D) (12)
aukavl T,P,vn

At CSP, in addition to eq 10, the following neutral equilibrium (eq13) condition should
be satisfied concurrently.

0| AG'| 0 4G'| 014G’ | JAG'| 9| AG’| 01 4G’ |
Ovy, vy, vy, Ovy, vy, vy,
|4G"" | = AG_lx;xl AG/XzXz e AG_/Xszl AG-’xzyl AG—'th e AG-/Xzsz :((1)3)
AG-’xm;xl AG_/X,MX: e AG_/xm,x,..l AG_/xmm AGIX,..,Y: e AG_/xmm..z
AG-,Y1X1 AG_lhx: T AG_,thl AG’ym AG,Yle e AG_’ym,.z
4G'y,x, 4Gy, s AG,YZXml AG’YZY1 AG’YzY2 s AG’YZYM2
AG-/Ym2X1 AG_I}'M)Xz e AG—/szxnu AG_’szYl AG/szY2 o AG/szsz

Gibbs’ free energy change of mixing per unit volume 4G’ can be rewritten by combination
of eq 7—9 and 11 as:

RT S vy lnvy, T vy lnuvy,
4G’ = ( >[Uo novy+ Z Sty Z M*‘vao%+X02U002+X12U102} (14)
Vo o1 X 1Y

Substitution of eq 14 into eq 12 yields five types of 4G",;:

(RT> G = —2¥01=M  (for k#1, (k,1)=(X; X)) (15a)
VO ~ 1 1 —
=T )46 k,=v—0—2x02=N (fork#1,(k,1)=(Y, Y)) (15b)
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V. ~ 1
<‘L>AGIH=U_+X12_X01 —%02=K (for k#1,(k,1)=(X, Y,) or (Yj9 X3) (15¢)
o

RT

i 4G’ =i—210 +—1—EM+MA (for k=1=X)) (154)
RT o, ' Xy, l

Yo AG’ —l—Z + L =N+N (for k=I1=Y,

RT kl_uo Xo2 Yjvyj_ j or k=I=Y) (15€)

Spinodal condition (eq 10) can be rewritten with the help of eq 14, 15a—= as eq 16 and after
some tedious calculations, eq 16 can be simplified into eq 16" (see, Appendix A).

RT myt+my
IAG’I=<7> M+M, M -~ M K K -+ K (16)
0
M M+M,--- M K K K
M M M+M,, K K K
K K K N+N, N N
K K K N N+N, N
K K K N N N+N,,

7 (i) 1)
O YN R0 P

Spinodal condition is then given by:
(1+M'§ L)(mv'f L)-m('ﬁ L)(g L)=o (17)
i=1 Ml' Jj=1 Nj i=1 Mi j=1 Nj

The neutral equilibrium conditions eq 13 can be rewritten through use of eq 15a—e as eq 18,
which can also be simplified into eq 18’ (see, Appendix A);

RT mi+my;—1
14G |=<70> Wi, Wy, - Wi Wy, Wy, - Wy.. (18)
M M+M,--- M K K K
M M M—{*Mm1 K K K
K K K N+ N, N N
K K K N N+N, N
K K K N N -+ N+N,,
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() (A

&)

where W, and W, are
i J

W = 0| AG'|
X vy, T,Pvy

k#Xp,k=X,,",X,, Y, ", Y,)
(19a)
N AG
WYj = <|‘3AU—YG1|>T,P, vk
k#Y, k=X, KXo Y7 V)
(19b)

The neutral equilibrium condition is then
given by:

(E5fvE )

moq m: W
(Ea £ 5)-0
i= 1M JZI N
(20)
Equations 17 and 20 agree completely with
the Koningsveld—Chermin-Gordon’s equations
(eq12 and 13 of ref 17), respectively. The
parameters in eqs 17 and 20 can be replaced
with experimentally determined parameters
such as vy, vy, U, Xo1»> Xoz» X12> the weight- and
z-average X, (and Y)), X,° and X.,° (¥,° and
Y,%) and theoretical expressions finally ob-
tained from eq 17 and 20:
2X02>

i+ 1 ) 1+ 1
vo 0, X,° fo1 Fo_ Uzywo_

1 2
—|—+t Xlz_Xol_on> =0
Vo

@1

and

954

i)
“(E)(E
(o

2 R
©,X,9? °)2>< sz 0,X,° 2"02)

P (L S >
UOZ [ 2] UIXWO Xo1

2 /(1

o7 U—O+X12“X01—on

X L—F ! 2
o o1 e

(1 Y,° ><1+ 1 s >

b2 (0,Y,0)? X0 o
1/1 1

+;< + YO 2X02>

2 /(1
—07 5;‘*‘%12—){01 —Xo2

1
X <—+X12—X()1_X02>=0 (22)
Vo

with

Vo+v;+v,=1 (23)

Equation 21 shows good coincidence with eq
17 of ref 17 (Konigsveld—Chermin—Gordon’s
equation). Equations 21 and 22 are evidently
symmetrical with respect to the exchange
of polymers 1 and 2, respectively, which is
the thermodynamical requirement. The sym-
metrical forms of eq 21 and 22 are (see,
Appendix B):
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1 1
(m‘Hﬁoz—Xm—on)(Yo + o1~ on‘)ﬁz)

1 1
H—+ 22— Xo1 — ———+ 102~ Xo1—
(Uo X12~ Xo1 X02><XWOU1 + Xo2— Xo1 X12>

1 1
+<U—O+X12_Xo1"on)(ﬂ"‘Xm‘Xcz‘Xu):O (1)

1 1 31 3
X%, ot Xoz— Xo1— X12 :Yw—ovz‘*'Xm—on_Xlz

and

XO 1 3 1 3

+(X v1)2<Y° +Xo1— on"Xu) (7()“*7(12"101-%02)
Y.° 1 1 3 )
(Y o) \ X%, +X02_X01"Xlz 70’4’)(12"‘)(01“)(02 =0 (22)

Then, SC can be calculated from eq 21 and v,, component polymer 2/single solvent system,
v,, and v, at CSP (referred to as v,°, v,°, and eq21 and 22 reduce to those whose X,.° (and
v,°) can be evaluated by solving simultaneous X.°) and Y,° (and Y.°) are replaced by X and

equations (eq 21—23). Y, respectively.
For single component polymer 1/single
1 1 1 1 1 2
I —_ R ____2 P —_ — =0 "
<Uo +vXX 2X01><v0 +UYY on) <Uo + X12— Xo1 on) (217)
and

(e e et
Vo2 Uy2Y v | 0y X Xo1 002 v | 0yY Xo2
2 (1 1 "
__<v 112_101’)(02)](—‘*')(12_)(01 ~Jfoz>=0 (22)
0 ()

These equations agree exactly with those (eq 1 COMPUTER EXPERIMENT

and 2) derived by Tompa.'!'!? Inspection of

eq 21 indicates that spinodal point is a function Put left-hand side of eq 21 and 22 with A and

of X,.°, Y.° Xo1» Xo2» and ;, and is independ- B. A and B (spinodal and neutral equilibrium

ent of the polydispersity of the two polymers. equations) become the functions of two vari-
ables v, and v, by use of eq 23 when Xy, X025
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X2 X0 X0, Y0 and Y.)° are known as
prerequisites. For given v,, the spinodal
equation can be represented by a single vari-
able v, (4=A4(v;)=0) and v, at spinodal point
can be evaluated using a single variable
Newton’s method. By solving two-variable (v,
and v,) simultaneous eq 21 and 22 with the aid
of two-variable Newton’s method, CSP (name-
ly v,° and v,° (and v,°)) can be evaluated.

The computer experiments of SC and CSP
were performed under the following condi-
tions: x;,=—0.4~0.2, x,, and y,,=0~2.0,
X,° and Y,°=1-10% and X,°/X,° and Y,°/
Y,°=1~5. The original polymer was assumed
to have the Schulz-Zimm type molecular wei-
ght distribution (MWD). Note that
X°-XC'=X°"-X° and Y°-Y . °=Y,"—
Y,° hold in this case. The calculations were
performed with a FACOM M360.

RESULTS AND DISCUSSION

Figure 1 shows the effect of the polydis-
persity of polymers 1 and 2 on SC and CSP of
the quasi-ternary solutions. Here the two poly-
mers have the Schulz-Zimm distribution with
X,° or Y,°=300, and y,, =0.2, 1o, =0.3, and
%12=0.01 are assumed. All CSPs are just on
the spinodals as theory predicts, moving de-
pending on polymer polydispersity. For a fixed
Y,°/Y,° (=2) CSP shifts to the side of polymer
1 as X,°/X,° increases from 1 to 5. Reversely,
at a fixed X, °/X,° (=2) CSP shifts to the side
of polymer 2 as Y, °/Y,° incerases. Namely,
CSP moves to the side of the polymer whose
MWD is widened. This coincides well with the
relation between CSP and the polydispersity of
multicomponent polymer dissolved in single
solvent or of multicomponent polymer in bi-
nary solvent mixture systems.'® Evidently, the
CSPs for the multicomponent polymer de-
viate significantly from that for a single com-
ponent polymer, at least in the range X, °/X,°
or Y,°/Y,°>1.05. The CSP locates at peak
of the SC when the polymolecularities of
both polymers coincide with each other (in

956

0402 (X A
v, —
Figure 1. Effects of X,°/X,° (a) and Y,%/Y,° (b) on

spinodal curve and critical solution point of quasi-
ternary systems. Original polymers 1 and 2, Schulz-
Zimm type distribution (X,°=Y,°=300): a) ¥,°/Y,%=
2,b) X,%/X,°=2; xo, =0.2, %o, =0.3, x,,=0.01.

_.
N
4w
ETS
n

2 X%ITX% 3 5
Figure 2. Plots of v,°, v,°, and v,° versus X,.°/X,° (full
line) or ¥,°/Y,° (broken line) of the original polymers 1
and 2 of quasi-ternary systems. Original polymers 1 and
2, Schulz-Zimm type distribution (X,.°=Y,°=2300; full
line, Y,°/Y,°=2; broken line, X,°/X,°=2): xo,=0.2,
o2 =0.3, 11, =0.01.

this case X,°/X,°=7Y,°/Y°=2).
Figure 2 shows the effect of polymer poly-
molecularity on the composition at the CSP.

Polymer J., Vol. 20, No. 11, 1988
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Figure 3. Effect of the average molecular weight of polymer 1 (X,,°, a) and ¢)) and polymer 2 (Y,,%, b) and
d)) on spinodal curve and critical solution point of quasi-ternary systems. Original polymers 1 and 2,
Schulz-Zimm type distribution (X,°/X,°=Y,°/¥,°=2; a) and c¢) ¥,° =300, b) and d) X,,° =300): 1, =0.2,
%12 =0.01, a) and b) xo, =0.3, ¢) and d) xo, =1.0: O, critical solution point; @, intersection point of
spinodal curve and composition triangle; A, Flory solution composition.

As X,°/X,° (full line) or Y,°/Y,° (broken line)
increases, v,° increases rapidly, then decreases
slowly after passing through maximum. v,¢ (or
v,°) increases with an increase in X,°/X,° (or
Y, °/Y,% and decreases gradually with an in-
crease in Y,°/Y,% (or X,°/X,°). It is of interest
that the effect of polymolecularity becomes
remarkable when the range X,°/X,° (or Y,°/
X,°) is less than 2.

Figure 3 shows the effects of the weight-
average degrees of polymerization, X,° and
Y,°, on SC (full line) and CSP (open circle).
Here, o, and x,, are taken as 0.2 and 0.01,
respectively and y,, is taken as 0.3 (Figure 3a
and b) or 1.0 (Figure 3c and d). The polymers 1
and 2 are assumed to have the Schulz-Zimm
type MWD (X,°/X°=Y %/ Y =2 and ¥ °'=
300 in Figure 3a and 3c and X,°=300in
Figure 3b and 3d). At y,,=0.3 with an in-
crease in X,° (Figure 3a) the area of single
phase region decreases and CSP approaches a
single point on the v, axis (as shown as unfilled
triangle) which corresponds to the Flory sol-

Polymer J., Vol. 20, No. 11, 1988

vent composition of the multicomponent
polymer/binary solvent mixture system.?! We
denote this point as the “Flory (or 6) solution
composition.” The composition of this point
(voF, v,F, v,F) is given by

1 1 1
(220 i 220)

1 2
—<“‘+X12—X01_X02> =0 (24)
Vo
and in this case (vof, v,F, v,F)=(0.8934, 0,
0.1066). Similalry, with an increase in Y,°
(Figure 3b, y,,=0.3) CSP approaches the

“Flory solution composition” (unfilled tri-
angle) which is evaluated by eq 25

1+ 1 ) 1 ’
oo 0, X.0 Xo1 v—o" Xo2
1 2
—<U_+X12—Xo1—loz) =0 (25)
o

and in this case (v,F, v,, v,F)=(0.9263, 0.0737,

957



K. KAMIDE, S. MATSUDA, and H. SHIRATAKI

a)f b)
i
A -“\\\ A A
c) d)
F °
A A " A A
5] )
“~=~e-0
“ _,40
% 1 3 ) 1
x&.n-z v:,.‘o-z

Figure 4. Plots of v,°, v,°, and v,° against X,.° (a, ¢, and
d) or ¥,° (b, d, and f) of quasi-ternary solutions.
Original polymers 1 and 2, Schulz-Zimm type distri-
bution (X,.°/X,°=Y,°/Y°=2;a,c, and e, ¥,°=300; b,
d, and f, X,°=300): %o, =0.2, %o, =1.0, %,,=0.01: full
line, critical solution point in higher v, region; broken
line, critical solution point in lower v, region: O, limiting
composition of CSP within phase triangle.

0). Equations 24 and 25 can be readily derived
from the combination of eq 21 and 22 (see
Appendix C).>! When y,, = 1.0, with decrease
in X,° (Figure 3c) the SC approaches to that
for a polymer/binary solvent mixture, and with
a decrease in Y,° (Figure 3d) an interesting
phenomenon, that although mutual solubility
exists between polymer 1 and solvent and
between polymers 1 and 2, the solution of
solvent and polymer 2 does not dissolve poly-
mer 1. This phenomenon is similar to conon-
solvency, already observed in the computer
experiments by Matsuda and Kamide.?? The
filled circle in Figure 3a—d is the point of
intersection between composition triangle and
spinodal curve (see, eq 26—28).

Figure 4 illustrates X,.° (or ¥, °) dependence
of vo’, vy, and v,° at (Xo15 Xo2s X12)=(0.2, 1.0,
0.01) (namely, o, #xo2)- Evidently, the
systems have two CSP in the range of X, °=
1~120 for a fixed ¥,° (=300) and Y, °=
10~ 120 for fixed X,° (=300) (see, Figure 3c
and d). vy°, v,°, and v,° found in higher v,
region are almost constant over a wide range
of X,° and Y,° (Figure 4a—f). But in rela-

958

Figure 5. Effect of xo, on spinodal curve and CSP of
quasi-ternary system consisting of multicomponent poly-
mer 1, multicomponent polymer 2, and single solvent.
Original polymers 1 and 2, Schulz-Zimm type distri-
bution (X,°=7Y,°=300, X,°%/X,°=Y,.0%Y,°=2): y,=
0.01, %o, =0.2; a) 19, =0—0.2 and b) o, =0.2—2.0; O,
critical solution point; @, intersection point of spinodal
curve and composition triangle.

tively small Y,° region (with X,°=300), v,°
decreases (and v,° increases) gradually with
decrease in Y, ° and at Y, ,° <8 CSP disappears
(in other words, CSP moves to the outside of
the compoisiton triangle; see Figure 3d). The
open circles at the end of solid line in Figure
4b, d, and e show the compositions of CSP at
Y,°~8. When Y,° is smaller than 5 (for fixed
X,° (=300)) polymers 1 and 2 are perfectly
miscible throughout the entire composition
region. In the lower v, region, v, decreases
with increase in X,° (or Y,°) (broken line in
Figure 4a (or b), approaching zero at X, %~
120 (or Y,,°~120) (open circle in the figures).
As X,° increases at a fixed Y,° (=300), v,°
increases first and then decreases after
passing a minimum but v,° increases monot-
onously (broken line in Figure 4c and e).
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Y,° dependence of v, and v,° with a con-
stant X,° (=300) is similar with their X,°
dependence at constant Y, °, but the details are
different.

Figure 5a and b show the effect of y,, on the
SC (full line) and the CSP (open circle). Here
%01 =0.2 and y,,=0.01. Polymers 1 and 2 are
assumed to have the Schulz-Zimm type dis-
tribution with X,°=Y,°=300 and X,°/
X=Y,/Y=2. At %9,=0.2 (=)0, in this
case) area of single phase region becomes
maximum. In other words, usage of single
solvent having similar solubility against poly-
mer 1 and polymer 2 widens effectively the
single phase region. When y,, ranges from 0.6
to 0.8, CSP cannot be found within the com-
positional triangle diagram (i.e., the critical
solution point does not exist). In the range
0.8 <y, <2.0, the critical solution point lies
nearly on the v, axis.

The crossing point of SC and the three axis
(vo, vy, and v, axes) of the triangle diagram
(filled circle) can be theoretically calculated
according to the following equations, respec-
tively.

Vo

7‘6“'”2 —2X0,000, =0 (26)
Uo

ﬁ+v1—2;(01001)1=0 27
Uy Uy

X 0+W_2112”1172=0 (28)

Equations 26—28 are readily derived from eq
B-8 (see Appendix B). The intersection point
of SC and v,-axis (polymers 1—2 axis) are
independent of y,, and are determined by the
combination of X,°, Y,°, and y,, (see, eq 28).
In this case (v,, v;, 0,)=(0, 0.2113, 0.7887) and
(0, 0.7887, 0.2113).

Figure 6 shows the effect of o, on v,
0,5 and v,°. At Yo, (=%01)=0.2, v,° attains
a minimum and both v,¢ and v,° reach a maxi-
mum. In the range 0.55<y,,<0.82, the
spinodal curve intersects with the wvjy-axis
(solvent—polymer 2 axis) and CSP moves to

Polymer J., Vol. 20, No. 11, 1988
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Figure 6. Dependence of the composition of CSP, v,°,
v,°, and v,° on x,, of quasi-ternary systems. Original
polymers I and 2, Schulz-Zimm type distribution (X,.° =
300, X,°/X,°=2, ¥,°=300, Y,°/¥,°=2): full line, y,, =
0.2; broken line, xo, =1.0.

outside of composition triangle (see, Figure
5b). The intersection point can be calculated by
use of eq 26. In the region of yy,20.82. CSP
appears again near v,-axis (solvent-polymer 2
axis) and v,° increases and v, decreases the
increase in o, (see, Figure 5b and 6b).

Figure 7a—d show the effect of y,, on SC
(full line) and CSP (open circle). Here y,, is
taken as constant (0.2) and X, °=Y,°=300
and X,%/X,°=7Y,°/ Y, =2. In the case of 3o, =
0.3 (Figure 7a) polymers 1 and 2 are almost
incompatible at x;, =0.1 and accordingly there
is a very narrow one phase region whose area
increases with decrease in x,,. By use of eq 28,
we can conclude that no two phase region
exists when y,, <1/150 (~0.0067). When v,
reduces zero, the system approaches the mul-
ticomponent polymers 1/multicomponent
polymers 2 system (i.e., quasi-binary poly-
mer blend), of which thermodynamics will be
discussed in detail in the forthcoming
paper.”®> At x,,=04 (Figure 7b) SCs are
“closed loops” and two CSPs are observed
when y,,<1/150 (x;,=0 and 0.004 in the
figure), as were calculated by Zemann and
Patterson.!! This phenomenon may be related
to the cononsolvency.'®

At %5, =0.6 and 0.8 (Figure 7c and d), SCs
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Figure 7. Effects of x,, on spinodal curve and CSP of quasi-ternary systems. Original polymers 1 and 2,
Schulz-Zimm type distribution (X,°=Y,°=2300, X,°/X,°=Y,°%/Y,%=2); 30, =0.2, a) %, =0.3, b) %0, =
0.4, ¢) %0, =0.6, and d) xo, =0.8: O, critical solution point; @, intersection points of spinodal curve and

axes of composition triangle graph.

interesect with vy-axis (solvent—polymer 2
axis) and CSP at higher v, side diminishes.
Intersection points are evaluated as (v,, v,
v,)=(0.8489, 0, 0.1511) and (0.9816, O,
0.0184) for xo,=0.6 and (vy, v,, v,)=(0.6285,
0, 0.3715) and (0.9944, 0, 0.0056) for yx,, =0.8,
by eq 26. In the case of y,,=0.8, another CSP
are observed near v, axis in higher v, region
and two CSPs approach as yx,, decreases.
Summarizing, the equations of spinodal and
neutral equilibrium conditions (eq21 and 22,
respectively) were derived for multicomponent
polymers 1/multicomponent polymers 2/single
solvent systems and using these equations, SC
can be calculated from ¥, %02, X12» X,.0, and
Y,° and CSP can be evaluated from x,,, %o,
X2 X0 Y,.0, X.°, and Y.°. With increase in
the breadth of the MWD of a given polymer

960

CSP shifted in the triangle phase diagram to
the side of the polymer. The critical solvent
volume fraction v, gets large with increase in
either X,° or Y,°. In particular, at the limit of
X,°—o0'(or Y,°—>o0) CSP approaches “Flory
solvent composition,” which was theoretically
predicted (eq 24 or 25). Equations giving the
cross points of the polymer 1-polymer 2 axis
of the triangle diagram and SC were also
derived. Solving these equations, the conditions
of appearance of closed loop type two-phase
region were determined.

APPENDIX A

Derivation of eq 16" and 18"
Substituting eq 15a—e into eq 10, eq 16 is
obtained:

Polymer J., Vol. 20, No. 11, 1988
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RT\™*m :
|AG’|=(—V—> M+M;, M - M | K K - K (16)
° M M+M,--- M | K K K

M M M+ M, K K K
K K K N+N, N N
K K K N N+N, N
K K - K N N - N4N,,

By use of the addition rule, Laplace expansion, and cofactor expansion of determinant, | 4G’ |
becomes

V. my+m;
(R—;> |AG'|= | M—K+M, --- M-K N+N, - N
: : x| o g :
N-K o M—K+ M, N <+ N+N,,
+Y K| M-K+N M-K
i=1 .
[
M—-K - M—-K+M,,
- Y K(M—K) an]x N-K+N, - N-K
j#i MM]k 1 . . 3
" (A-1)
K - N- K+N,,

<HMk>[1+M Kéfl ] ( > [1+NZ j
<& [esgl i) reorwof £ -

—K(M-— K)J; MIM < ﬁ Mk>] (H Nk>[l+ N-— K)k; ;k] (A-2)

J\k=1

In the derivation of eq A-2, the following relation is used.'®
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and
X, a a
. d X m my
DI=| a x, | =ra-a ¥ ID|=]—[(x,-—a)[l+aZ L ] (A-5)
. . i=1 k=1 Xx—4a
Now, we can readily rewrite eq A-2 as eq 16".
a - Xn Equation 18 can be rewritten as eq A-6 with
(A-3)  the help of a cofactor expansion, Laplace ex-
where pansion, and eq 16’.
H (;—x) (A-4)

<ﬁ>ml+m_l|AG”|—' <1 ﬁM)(ﬂN)HHM(W 1 1>}<1+N§ 1)
RT Mk , k=1 , k=le Ml k=1 Nk

j j j=1 ji=1 *Yj
(A-6)
Combination of eq A-6 and 16" yields 18" Substitution of eq 15a—e, B-1a and b into eq
B-3 yields eq 21".
APPENDIX B The neutral equilibrium condition eq 20
can also be represented as
Symmetry of eq 21 and 22 0.R 0.R
By introducing parameters Q, and Q, );( X N =0 (B-4)
defined by following equations, +0y
where Ry and R, are defined by:
—:—: Z ————le 0 (B-1a) m
~ M, w LW
Q = L Ry=), X (B-5)
mz i=1 i
S=% 1oy (Blb) n
QY j=1 N R,= Z VAZY’ (B-6)
into eq 16 we obtain =t
Equation B-4 is rewritten as eq B-7 with the
M+Qy K -0 (B-2) help of eq B-3,
K M+Q, {
Equation B-2 can be rewritten as: v—z(M+ 0x—K)*(N+Q,—K)?
0

(M+Qy~K)N+Qy—K)+ K(M+Qx—K)
+K(N+Qy—K)=0  (B-3)

+X.°042K3N+Q,—K)?
+Y,°0,’K3M+Qx—K)*=0 (B-7)

962 Polymer J., Vol. 20, No. 11, 1988



Phase Equilibria of Quasi-Ternary Systems I

Substituting eq 15a—e, B-1a, and b into eq B-
7, eq 22’ is finally obtained. Equation 21" and
22’ are obviously symmetric with respect to the
exchange of polymers 1 and 2, respectively.

Multiplying both sides of eq 21’
VoU; U, 8iVes

by

1
Uo{ﬁ"‘(%oz —Xo1— X12)}

1
X 75+(X01 — Xo2— X12)02

+ 0, {14+ (12— Xo1 — Xo2)Vo}

1
X 'Y_6+(X01 — Xoz2 = X12)V2

+ 0, {1+ (X12— Xo1 = Xo2)V0}

1
X{F+(X02_XOI_X12)01}=O (B-8)

By putting v,=0 (and of course utilizing
v, +v,=1) in eq B-8, we can obtain eq 28.
Equations 26 and 27 are similarly derived from
eq B-8.

APPENDIX C

Derivation of eq 24 and 25

Regardless of the MWD of the original
polymer, at the limit of X,°—o0 (and also
X.°— w0) following relation holds:

(005, v,°,0,) = (UoFa 0,0,)

Assuming v, approachs zero (=v,F) with or-
der of (X,°) 7% (0 <a<1) with increasing X,.°;
namely, 1/(v,°X,°) (~O0((X,,°)* !))—»0 when
X,°— o0, we can obtain the equation of “Flory
(or 0) solution composition™ as eq 24 from the
equation of spinodal condition (eq 21). As the
“Flory solution point” on solvent—polymer 2
axis is the CSP at the limit of X, °— oo, the
neutral equilibrium condition (eq 22) is simul-
taneously satisfied regardless of v, and v,.!”

(C-1)

Polymer J., Vol. 20, No. 11, 1988

Equation 25 is also derived in the same
manner.

Appendixes A and B are abbreviated at the
request of referees. Details of the calculations
can be obtained from the authors.
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