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ABSTRACT: For viscoelastic molecular and macromolecular systems near and above the glass 
transition temperature the distribution of retardation times L(log r) can be determined by using the 
dynamic light scattering spectrum arising from slow density fluctuations. We use the CONTIN 
inverse Laplace transform (ILT) technique to extract the L(log r) of the time correlation functions 
of pentachlorobiphenyl, poly(vinyl acetate) and poly(methyl methacrylate). For cases where the 
correlation function can be described by a single Kohlrausch-Williams-Watts (KWW) fractional 
exponential decay function the results obtained from numerical Laplace inversion of the KWW 
function and the ILT technique are identical. For poly(methyl methacrylate) however, the ILT 
technique seems to reveal more clearly the underlying structure of the correlation functions. 
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Photon correlation spectroscopy is being ex
tensively used to measure diffusion coefficients 
for macromolecular solutions where light scat
ters mainly by concentration fluctuations. 1•2 

For polydisperse systems, molecular weight 
and size particle distributions can be obtained 
from the photon correlation functions of high 
precision.3 A comparison of the deconvolution 
techniques applied in this context is recently 
reported.4 So far, much less attention have 
received these techniques in the case of density 
autocorrelation functions measured in neat 
molecular liquids and bulk amorphous poly
mers near and above the glass transition 
temperature (T8). Instead, the Kohlrausch
Williams-Watts (KWW) fractional exponen
tial decay is used to represent the highly 

nonexponential time correlation functions of 
density fluctuations. 5 Clearly the KWW repre
sentation had no physical basis for a long time. 
In the last years attempts have been made to 
change this.19• 20 

The correlation functions of light isotropi
cally scattered by bulk polymers near T8 mea
sure the time dependent longitudinal com
pliance. 6 In the first exp~rimental verification, 
the distribution of retardation times (ORT) 
evaluated from the time correlation functions 
of poly(vinyl acetate)7 was found to be similar 
to that of the bulk compliance. 8 The extraction 
of the distribution of retardation times from 
the correlation functions using inverse Laplace 
transform (ILT) was further pursued for 
oligomeric polystyrene9 and high molecular 
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weight poly(methyl methacrylate). 1° For the 
latter polymer, the ORT clearly revealed 
two relaxation modes also observed by 
mechanical and dielectric relaxation experi
ments. 

In thil" article, we apply an Inverse Laplace 
Transformation (IL T) technique (referred 
to as CONTIN) originally developed by 
Provencher' 1 and slightly modified to evaluate 
the ORT of viscoelastic bulk systems. This 
procedure is carried out without an a priori 
assumption of the shape of ORT in contrast to 
the fit of the data to the KWW function. The 
modified IL T technique is first tested using 
computer generated data and then applied to 
the experimental correlation functions of the 
molecular glass pentachlorobiphenyl ( '1>'1>Cl5) 

for both polarized and depolarized scattering, 
poly(vinyl acetate) (PVAc) and poly(methyl 
methacrylate) (PMMA). The correlation func
tions were measured over 4.3 decades in one 
run with a logarithmic spaced delay time 
correlator. 

METHODS OF COMPUTATION 

The desired normalized correlation function 
C(t) of the scattered electric field is related to 
the measured intensity autocorrelation func
tion G(t) through the Siegert relation: 

G(t)=A(l+f-a2 IC(t)l 2 ) (1) 

where A is the baseline calculated or measured 
at long delay times t. The instrumental factor f 
depends mainly on the size and distance of 
pinholes determining the spatial coherence 
and the factor a is the fraction of the total scat
tered intensity (arising from slow density 
fluctuations). In this case, C(t) is identified 
with the autocorrelation function 

C(t) <sq(t)sq(0)) 
<lsq(0) 12 ) 

(2) 

where sq(t) is the Fourier transform of the 
dielectric constant fluctuation l>s(r,t). C(t) is 
generally well represented5 by the KWW 
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equation. 

C(t)=exp[-(t/r0)il] (3) 

where f3 (0 < f3 I) is a measure of the width 
of the distribution of retardation times. In 
most cases, f3 > 0.3 and this approach yields a 
physically meaningful average relaxation time 

(4) 

with r(/3- 1) being the gamma function. 
Alternatively, like in mechanical relaxation 

experiments C(t) can be represented by a 
multiexponential decay given by12 

C(t)= L00 e-t/<p(r)dr (5) 

where p(r) is a distribution function. A more 
common expression for C(t) is 

C(t)= f ~
00 

e-r;,L(ln r)dln r (6) 

with L(ln r) = r · p( r) being the distribution of 
retardation times usually obtained from com
pliance measurements. 12 However, since the 
KWW equation 3 represents in most cases 
well the experimental time correlation func
tions we first give the L'(ln r) corresponding 
to the KWW function. 13 

L'(ln r) =- e -xue - uP cos 7'/J sin(u/J sin nf3)du 1 f'oo 
nx 0 

(7) 

where x=r/r0 • For the long relaxation time 
region (x > l) we use the expression recently 
given by Helfand. 14 Provencher11 has devel
oped a computer algorithm to extract p(r) 
from C(t) of polydisperse macromolecular so
lutions. This is a constrained ILT in the sense 
that besides the least-squares the program also 
considers the sum of the second derivatives of 
p(r) multiplied by the constraining factor. The 
latter lies in the range 10-s to 10- 1 . We have 
slightly modified the original CONTIN pro
gram to yield L(ln r). To check our modifi
cation, we have also evaluated p(r) in the case 
of undiluted '1>'1>Cl5 • Figure I shows rp(r) 
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Figure I. Comparison of distributions of retardation 
times obtained by two different numerical evaluation 
methods: Original CONTIN program giving r· p(r). 
Modified CONTIN program giving £(log r). Original 
correlation function was from <1><1>Cl5 at 270 K. 

and L(log r) obtained from the inversions of 
(G(t)/A-1)112 at 270K using the original and 
modified CONTIN algorithm respectively. 
This plot suggests that the distributions ex
pressed in rp(r) and L(logr) are experimen
tally the same. Hereafter, we use the ex
pressions L(log r) for the distribution of re
tardation times. The amplitude b = (fa2) 112 and 
the mean (log r) are respectively given by the 
zeroth and first moment of the distribution 
L(log r). 

b = J:"' L(log r)d log r (8) 

(log r) = f _"'"' (log r)L(log r) · d log r (9) 

On the other hand, the variance (J of the 
L(log r) is evaluated from 

(J= f:ro (logr-(logr))L(logr)dlogr (10) 

EXPERIMENT AL 

The samples used are given in Table I. A 
dust free pentachlorobiphenyl (<l><l>Cl5) sample 
was prepared by filtration at about 50°C 
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Table I. Molecular weight and glass transition 
temperatures of the amorphous samples 

Sample T8/K M Supplier 

<1><1>C15 251 324 Bayer 
PVAc• 290 15000 (M.) Wacker Chemie 
PMMAb 323 3900 (M.) Rohm 

• PY Ac, poly(vinyl acetate). 
b PMMA, poly(methyl methacrylate). 

through a 0.45 µm Millipore filter into the 
dust free light scattering cell. To prepare the 
poly(vinyl acetate) (PVAc) and poly(methyl 
methacrylate) (PMMA) samples that are suit
able for photon correlation measurements we 
have used the procedure described elsewhere. 16 

A strong confirmation of the suitability of the 
polymer samples was provided by the low 
value of the Landau-Plazcek intensity ratio. 

The experimental photon correlation func
tions G(t) at different temperatures were 
taken at a scattering angle of 90°. The light 
source was an argon ion laser operating at 
1i.=514.5nm with a power of about 400mW. 
For the polarized spectra both the incident and 
scattered light were polarized vertically ( V) with 
respect to the scattering plane. On the other 
hand, the depolarized spectrum of <l><l>Cl5 was 
recorded with laser light polarized parallel (H) 
to the scattering plane. The scattered light was 
filtered by a narrow band interference filter 
and detected by the photomultiplier tube 
(EMI). The digital output signal from the fast 
amplifier-discriminator was plugged into a 28 
channel Malvern Log Lin correlator (K-7027) 
measuring the single clipped autocorrelation 
function G(t) of the scattered intensity over 4.3 
decades in time in one run. 

The wide time range covered by the Log Lin 
correlator in one run is sufficient to study 
relaxation processes with moderate width of 
distributions (/3>0.3). However, in the case of 
poly(alkyl methacrylates), where there is a 
strong evidence that more than one relaxation 
process contributes to G(t) a time range larger 
than 4.3 decades is required. 10• 15 •16 Thus for 
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the PMMA sample partially overlapping cor
relograms were spliced together using the 
matching procedure described elsewhere. 17 

The ILT program was kindly provided by 
Dr. Provencher (EMBL, Heidelberg) and run 
on an Honeywell-Bull (HB 66) computer. 
After representing the experimental net cor
relation function (G(t)/A-1)112 =b C(t) with 
the KWW equation 3, the corresponding dis
tribution L'(log r) was numerically evaluated 
via eq 7. Alternatively, the distribution L(logr) 
was obtained by fitting eq 6 to the experimen
tal b · C(t) using the CONTIN routine. A con
fidence criterion for the fit, along with the 
residual plot, is the value of the constraining 
factor.11 

RESULTS 

Test of CONTIN with Computer Generated 
Data 
First we tested the correctness of the pro

cedure to get the distribution L'(logr) cor
responding to the KWW eq 3. To do so, we 
have numerically evaluated L'(log r) for three 
values of f3 (1/3, 1/2, 2/3) using eq 7 in the 
region x < I and Helfand's expression14 for 
x> 1. For these /3 values, the L'(logr) can be 
expressed in closed analytical forms. 14 The two 
distributions thus obtained are found to be 
identical. 

Since the KWW equation generally fits well 
the experimental data, we used K WW func
tions to test the CONTIN program. Figure 2a 
displays two KWW functions with , 0 = 
3.10- 3 s and {3=0.65 and 0.35 which are typi
cal distribution parameters found in molec
ular18 and polymeric5 •7 glass forming sys
tems. The average time f (eq 4) amounts to 
4.1 x 10-3 s and 15 x 10-3s for f3 equal to 
0.65 and 0.35, respectively. The distribution 
L'(logr) (eq 7) corresponding to the KWW 
function is compared to the L(log r) ob
tained from the inversion of the KWW 
function using the CONTIN routine. The 
excellent agreement between the two distribu-
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tions for both f3 values is visualized in Figure 
2b. The variance rJ computed from eq 19 
amounts to 2.1 and 7. 7 for the narrow and 
broad L(log r) respectively, whereas the corre
sponding (log,) (eq 9) are -2.65 and -2.81. 
In contrast to the average time f, the mean 
< log r) is less sensitive to the value of f3 in 
this range. Finally, for the broad distribution 
the amplitude b in eq 8 is 3.5% smaller than 
the chosen value. 

Molecular Glass Forming Systems 
We consider next the photon correlation 

functions of <J><J>Cl5 at 270K for both polar
ized and depolarized scattering. Since the 
latter involves only fluctuations in the optical 
anisotropy,1 in contrast to the polarized light 
scattering invoiving density fluctuations as 
well, we expect slightly narrower distribu
tions LvttClogr) for the depolarized compo
nent of the scattered light. 18 As mentioned 
previously, we handle the data in the form 
of the net correlation function (G(t)/A-1)112 

i.e., using a fixed baseline A in eq 1. Fre
quently in the literature,5 the analysis of the 
photon correlation functions of undiluted 
systems involves a floating baseline which 
can affect the shape of the DRT. 

To examine this effect, we have applied the 
CONTIN ILT program to the same G(t) data 
taken in the VH scattering geometry using, 
however, two values of A that differ by 0.3%. 
This is _a typical error of the baseline A for 
density correlation functions. The two 
LvttClogr) thus obtained are shown in Figure 
3. The mean (logr)= -3.52 and the variance 
rJ = 2.1 are affected by less than 1 %- The 
amplitude b amounts to 0.57 ± 0.02 and seems 
to be insensitive to the baseline variation in 
this range. For comparison, the KWW repre
sentation of the experimental data yields: 
, 0 =4.2 x 10-4s, /3=0.64, and r0 =4.4 x 10-4s, 
/3 = 0.62, respectively for the fit with higher and 
lower baseline. Hence, the computed average 
times f from eq 4 differ by 9%. On the other 
hand, we conclude from the data of Figure 3 
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Figure 2. Computer simulation with r0 =3x 10- 3 s and different values of given fJ. (a) Correlation 
functions using KWW (eq 3). (b) Laplace inversion using CONTIN (hollow symbols) and using eq 7 (solid 
symbols). 

that the typical uncertainty of 0.3% in the 
baseline introduces minor changes in the 
L(log r). Conversely, the latter may be used 
to index small changes in the shape of the 
relaxation function Cvv(t) recorded for the 
polarized component of the scattered light. 

Figure 4a displays the experimental function 
b2 1 Cvv(t) 12 vs. log t for '1><PC15 at 270K. On 
the other hand, Figure 4b shows the 
LvvOog r) obtained from the inversion of the 
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relaxation function yielding b = 0.54, o- = 2.5, 
and (logr)= -3.33. These values render the 
expected behavior for the two scattering ge
ometries.18 Alternatively, the KWW fit to 
the same experimental function leads to 
b=0.55, /3=0.89, and r0 =5.9x 10-4 s which 
further gives f = 9 .1 x 10- 4 s. Here, the differ
ence between fvv and fvH exceeds the error 
bounds and its therefore significant. Thus, 
for moderately broad distribution (/3 >0.3) 
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Figure 3. Distribution functions L(logr) obtained with 
CONTIN using baselines differing by 0.3%. The dashed 
and solid lines correspond to the lower and higher 
baseline fit for the depolarized ( V H) correlation function 
of <1><1>Cl5 at 270 K. 

the ILT of the relaxation function C(t) yields 
as much information as the KWW represen
tation. 

Amorphous Bulk Polymers 
Photon correlation measurements of PV Ac 

in the temperature range 305K to 338K have 
been recently carried out. 7 Since the depolar
ized scattering intensity from PV Ac is small, 
the polarized component measures directly the 
density correlation function. This was repre
sented well by eq 3 with b=0.40±0.02 and 
/3=0.36±0.02 virtually temperature indepen
dent over the considered temperature range. 
The times r0 and i which depend strongly on 
temperature amount respectively to 
1.5 x 10-2 s and 7.3 x 10- 2 s at 313K. 
Furthermore, good agreement was found be
tween the light scattering and dynamic com
pressibility data using certain approximation.6 

Here we refer to these data in order to extract 
the distribution of retardation times L(log r) 
directly from the measured correlation func
tion G(t) using the time range of the Log Lin 
correlator in one run. This situation corre-
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sponds to the computer generated WW func
tion with /3=0.35 discussed in section of Test 
of CONTIN with Computer Generated Data. 

The normalized correlation function I C(t) 12 

of PV Ac at 313K plotted vs. log t in Figure 5a. 
The amplitude b=0.37 and (logr)= -1.96 
are obtained from eq 8 and 9, respectively . 
The distribution L(log r) shown in Figure 5b 
exhibits a single peak whose shape is similar to 
the retardation time spectrum obtained from 
mechanical compliance data.6 This agreement 
constitutes a support of the performed data 
analysis. 

For the experimental correlation functions 
we have so far considered, the time range of 
the 4.3 decades covered by the commercially 
available Log Lin correlator in one run is 
sufficient to monitor the relaxation process. 
For PMMA however, a time range larger than 
4.3 decades is required to assure reliably both 
the amplitude b at short times and baseline A 
at long times. The matching of partially over
lapping correlograms is so far the only appli
cable procedure. Figure 6 visualizes this 
situation for PMMA at 338K. The KWW fit 
yields /3 = 0.16 which is found to change sig
nificantly with temperature (from 0.26 at 
371K to 0.16 at 338K). This small and tem
perature dependent /3, which is in contrast to 
the usual situation of constant f3 greatly in
creases the average time i ( = 1200 s at 338K) 
and hence leads to significant distortion of 
its temperature dependence. An explanation 
for the relatively small and temperature de
pendent value of /3 could be the existence 
of more than one relaxation processe ex
hibiting different temperature dependences. 10 

However, the correlation function of Figure 
6a described with an apparent /3 = 0.16 still 
shows a single distributed relaxation process 
appart from small systematic derivations 
which show up in a residual plot when 
comparing single KWW with double KWW 
representation. 16 

The present method of data analysis which 
does not assume any functional form of the 
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Figure 4. Polarized ( Vv) component of scattered light from <P<J>Cl5 at 270 K. (a) Net correlation function 
b2 • I C(t) 12• (b) Corresponding distribution function L(log r) obtained with CONTIN. 

relaxation functions other than that of eq 6 
yields the L(log r) of Figure 6b. Clearly, the 
L(logr) displays two peaks with the short time 
peak located at about 10- 3 sand the long time 
peak at about 1 s. The corresponding cor
relation function (Figure 6a) exhibits no clear 
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kink probably owing to the large width of the 
distribution of retardation times. Alter
natively, the single KWW fit of this function 
indeed shows a systematic deviation in a res
idual plot suggesting an additional relaxa
tion process. The presence of the two re-
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Figure 5. Poly(vinyl acetate) at 313K. (a) Normalized correlation function IC(t)l2, (b) Corresponding 
distribution function L(logr) computed using CONTIN. 

laxation processes in the correlation function 
in unambiguously shown in Figure 6b for 
temperatures up to 80°C. At higher tempera
ture the two processes tend to merge as in the 
case of high molecular weight PMMA. 10 Thus 
the use of the ILT technique to analyse the 
photon correlation functions with large width 
of retardation time distributions seems to re
veal more clearly the underlying structure than 
the usual fractional exponential approach of 
eq 3, which moreover is not sufficient to 
represent the experimental data. 

CONCLUSION 

The CONTIN ILT routine developed by 
Provencher mainly for polydisperse macro
molecular solutions, was used to extract the 
distribution of retardation times in the 
photon correlation functions of undiluted 
glass forming systems. The experimental 
density correlation functions were measur
ed using a Log Lin Malvern correlator cover
ing 4. 3 decades in time in one run. The 
CONTIN program first was tested using com
puter generated data and then used to yield 
the distribution L(log r) in systems with vast
ly different width of distributions. Though, 
however, the ILT of experimental data taken 
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over a finite time range is ill-conditioned 
the agreement with findings of other exper
imentals techniques constitutes an additional 
support of the pursuing data analysis. 
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