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ABSTRACT: The apparent dissociation constants, pK., of weak polyacids in aqueous salt 
solutions are estimated as a function of the degree of dissociation, rl, by our new model for 
counterion condensation (Intermediate Model, IMM) and our corrected previous model (CPM). 
Both models predict smooth titration curves free from a break point which is a defect in the 
prediction by Manning theory. Titration curves obtained by CPM show a maximum, indicating 
that CPM overestimates the degree of condensation with increasing rl. Sigmoidal titration curves 
are predicted by IMM; the underestimation for a lower rl region of poly( acrylic acid) is corrected 
through effective charge densities estimated from the counterion activity data, and that observed for 
the higher rl region is interpreted as caused by hydration changes of the polyion with rl. 

KEY WORDS Potentiometric Titration I Polyelectrolyte I Counterion 
Condensation I 

In our preceding study (Part I1), we have 
examined our modified models for counterion 
condensation (Corrected Previous Model 
(CPM) and Intermediate Model (IMM)) by 
comparing with previous condensation theo
ries by Manning2 and Iwasa et a/.3 and with 
experimental data for the counterion activity 
coefficients, y/. In the present study, we apply 
IMM and CPM to potentiometric titration of 
weak polyacids. The apparent dissociation 
constant, Ka, is estimated as a function of the 
charge density or the degree of dissociation, IX, 

by taking account of the counterion conden
sation. Manning has already derived equa
tions for pKa (=-log Ka) based on his con
densation theory.5 The predicted titration 
curve, pKa vs. IX, however, shows a break at 
the critical charge density above which the 
counterion condensation will take place. 
This discontinuity is caused by an artifact 
that the volume term, VP, for the condensed 
phase abruptly appears at the critical point 

* To whom correspondence should be addressed. 

in the derivation of the equation. As de
in part I, we have adopted models 

devoid of VP, IMM and CPM, since it is the 
use of VP term, i.e., the assumption on the 
presence of the condensed phase that pre
vents Manning theory from estimating the 
ionic strength dependence of the condensa
tion. As shown below, our models (IMM 
and CPM) do not give such a discontinuity in 
the theoretical titration curves. This is also 
because both models assume counterion 
binding modes which do not involve such a 
volume term; in CPM the mixing entropy 
of the condensed counterions is neglected 
and in IMM the binding position of the con
densed counterions is assigned to charged 
groups. 

In the following sections, theoretical equa
tions for the titration curve are derived based 
on IMM and CPM and the results are com
pared with experimental data. Effects of poly
mer conformation and hydration changes 
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with increasing rx are also discussed. 

EQUATIONS FOR POTENTIOMETRIC 
TITRATION 

We treat pH titration of a weak polyacid in 
aqueous salt solution. Polymer model and 
assumptions are the same as in Part 1. 1 The 
free energy AG of the system in which pro
tonation and counterion condensation to the 
polymer charges occur is expressed as 

AG/RT= { CH-(1- rx)CP} 

x [In{ CH- (1- rx)CP} +In YHiil 

+ {c.+ (1 - 8)rxCP} 

X [In{C.+(1-8)rxCP}+ln YciiJ 

+Cw!naw+F.x/RT 

+ CP { rx In rx + (1- rx)ln(1- rx)} 

+ rxCP{ Bin 8+ (1- 8)ln(1- 8)} 

(1) 

where C is molar concentration, yii's are ac
tivity coefficients for small ion-small ion in
teractions, aw is water activity given by the 
mole fraction, and is the dissociation 
constant of the monomer acid. Subscripts, H, 
p, s, c and w mean proton, polymer, added 
salt, counterion and water, respectively. F.x, 
the excess free energy for electrostatic in
teractions between polymer charges and be
tween small ion and polyion, is estimated 
with the screened coulombic potential of 
De bye-H iickel; 

N-1 

F.xiRT=rx2CPe(l-8)2 L (1-m/N) (2a) 
m=1 

x exp(- Kmb/rx)/m 
(2b) 

I= 1/2 x (2C. + CH- (1 - rx)CP + (1- 8)rxCP) 

(2c) 

1202 

where e is the charge density parameter given 
as e2 jDkTb, e is the electronic charge, Dis the 
dielectric constant of the bulk solvent, Tis the 
Kelvin temperature, and b is the axial spacing 
of the functional groups. N is the number of 
charges on a polyion, NAv is the Avogadro 
number and I is the ionic strength. In eq 1, 
terms which do not contain 8 and rx are 
omitted. Since the degree of condensation per 
polymer functional group is given by rx8, the 
condition for the free energy minimization is 
as follows 

{8(AG/RT)/8rx}.e=0 (3a) 

and 

{8(AG/RT)/8rx8}o=0 (3b) 

Equation 3b is the condition to determine the 
degree of counterion condensation. Therefore 
a theoretical expression for pKa is obtained by 
eq 3a in which 8 values satisfying eq 3b are 
substituted; 

pKa =pH+ log(rx/1- rx) 

+ 0.434(8(F.xfCPRT)j8rx 

+In( 1 - 8) -In YH) (4) 

In the equation, In( 1 - 8) term expresses the 
contribution of the mixing entropy of the 
condensed counterions to the free energy 
change of the system due to increment of 
the charge density. yH, the activity coefficient 
of proton for electrostatic interaction with 
polymer charges, appears because the partial 

differentiation of F.xfCPRT produces In YH 
term. The partial derivative is numerically 
obtained because F.x term contains a sum
mation on N which is a function of rx. 8 values 
in eq 4 can be estimated separately by the 
method described in our preceding paper (Part 
11 ). 

The equation based on CPM is as follows 

pKa + 0.434(8(F.x/CpRT)/8rx-ln YH) 
(5) 
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COMPARISON OF pK. ESTIMATED 
BY IMM AND CPM 

In Table I, theoretical values of pK. calcu
lated by eq 4 and 5 are listed with those by 
Manning theory4 and experimental values ob
tained by Olander and Holtzer for poly(DL
glutamic acid) (PDLG). 5 A marked difference 
can be seen between predictions by our models 
and Manning theory; the latter predicts a 
discontinuous change in pK. values at ()(=0.5. 
According to Manning, the discontinuity is 
caused by the divergence of In VP ( VP, volume 
of the condensed phase) at the critical charge 
density. In other words, the discontinuity is 
inherent in the two phase model. On the 
contrary, IMM and CPM predict continuous 
change of pK. at the onset of counterion 
condensation. Though under the experimental 
conditions used in Table I, IMM predicts non
zero values for 8 even at the lowest charge 

density (()(=0.1), pK. for 8=0 can be calcu
lated just by substituting 8 = 0 to eq 4. 

CPM predicts another unrealistic behavior 
of pK. as seen in Table I. pK. decreases with ()( 
above ()(=0.7. Such decrease in pK. with in
creasing ()( has not been observed except for 
hydrophobic polyacids6 • 7 or biopolymers8 • 9 

which are subject to conformational tran
sitions upon neutralization. The cause for the 
anomaly predicted by CPM (eq 5) may be 
found in Table II, which lists effective frac
tional charge,()('( =(J((l- 8)), of model polyions 
estimated by IMM, CPM, and Manning 
theory. Though ()(' estimated by IMM slightly 
decreases with ()( in higher ()( region, the de
pendence of ()(' on ()( is comparable to that by 
Manning theory which predicts a constant ()(' 
above the critical ()( values. On the other hand, 
()('estimated by CPM significantly decreases in 
()( region where 8 > 0, indicating that 8 values 
estimated with CPM increase with the charge 

Table I. Experimental and theoretical pK. values• for PDLG 

C,=O.Ol M C,=0.05M 
ex 

Exptl IMM CPM Manning Exptl IMM CPM Manning 

1.0 6.37 6.36 6.63 6.65 5.78 5.74 5.98 5.83 
(0.477) (0.478) (0.471) (0.483) 

0.9 6.26 6.31 6.67 6.54 5.66 5.70 6.01 5.72 
(0.422) (0.391) (0.417) (0.388) 

0.8 6.10 6.26 6.72 6.40 5.56 5.64 6.07 5.58 
(0.359) (0.273) (0.356) (0.257) 

0.7 6.00 6.17 6.80 6.25 5.47 5.55 6.17 5.43 
(0.286) (0.107) (0.290) (0.069) 

0.6 5.90 6.04 6.61 6.06 5.36 5.42 5.91 5.24 
(0.208) (0.0) (0.221) (0.0) 

0.5 5.76 5.84 6.14 5.83, 6.32 5.27 5.25 5.53 5.01' 5.56 
(0.134) (0.0) (0.157) (0.0) 

0.4 5.60 5.57 5.70 5.83 5.15 5.04 5.19 5.21 
(0.075) (0.0) (0.106) (0.0) 

0.3 5.43 5.25 5.30 5.38 5.02 4.81. 4.89 4.90 
(0.039) (0.0) (0.071) (0.0) 

0.2 5.27 4.93 4.95 4.99 4.90 4.61 4.64 4.65 
(0.020) (0.0) (0.050) (0.0) 

0.1 5.02 4.67 4.68 4.69 4.74 4.47 4.49 4.49 
(0.012) (0.0) (0.041) (0.0) 

• Experimental and theoretical values by Manning were obtained from ref 4. The parenthesized values are e values 
estimated by IMM and CPM. N, b, and CP values used in the calculation are obtained by N = 185 x ex, b= 2.5/ex 
(I0- 8 cm), and Cp=0.02 X ex (eq 1- 1), respectively. 
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Table II. Effective charge fraction IX •a 

boo-s em) IX IMM CPM Manning 

1.0 0.1 0.095 0.100 0.100 
0.2 0.142 0.173 0.140 
0.3 0.147 0.143 0.140 
0.4 0.146 0.127 0.140 
0.5 0.143 0.117 0.140 
0.6 0.141 0.110 0.140 
0.7 0.139 0.105 0.140 
0.8 0.137 0.100 0.140 
0.9 0.136 0.097 0.140 
1.0 0.135 0.094 0.140 

2.0 0.1 0.098 0.100 0.100 
0.2 0.190 0.200 0.200 
0.3 0.254 0.300 0.280 
0.4 0.282 0.341 0.280 
0.5 0.291 0.306 0.280 
0.6 0.292 0.282 0.280 
0.7 0.291 0.265 0.280 
0.8 0.289 0.251 0.280 
0.9 0.287 0.240 0.280 
1.0 0.285 0.231 0.280 

3.0 0.1 0.099 0.100 0.100 
0.2 0.195 0.200 0.200 
0.3 0.284 0.300 0.300 
0.4 0.354 0.400 0.400 
0.5 0.398 0.500 0.420 
0.6 0.420 0.509 0.420 
0.7 0.431 0.472 0.420 
0.8 0.435 0.443 0.420 
0.9 0.436 0.420 0.420 
1.0 0.436 0.402 0.420 

a N= 1000, C,=O.Ol M, CP=O.Ol M. 

density at higher rate than those by IMM and 
Manning theory. This depression of rx' leads to 
the anomalous decrease in pKa. Thus CPM is 
inadequate to treat effects of charge density on 
the condensation. Therefore we will confine 
ourselves to discussions on IMM in the follow
ing sections. 

COMPARISON WITH EXPERIMENTAL 
DATA 

Theoretical pKa values estimated by IMM 
(eq 4) agree well with the experimental values 
for PDLG as shown in Table I. The largest 
deviations are 0.35 pKunit for Cs =0.01 M and 
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Figure 1. Comparison of experimental pKa values for 
PAA of Nagasawa et a/.1 with theoretical curves by 
IMM. N=2083, b=2.5x I0- 8 cm, Cp=0.00829eql- 1 . 

Solid curves, IMM and dashed curves, IMM with the 
correction of the effective charge density. C, for the 
experimental data and the theoretical curves are 0.1 M, 
0.02 M, and 0.005 M from bottom to top. 

0.29 pK unit for Cs = 0.05 M. This is compara
ble to the estimation of Manning theory. 
However, the dependence of pKa on rx esti
mated by IMM is rather different from the 
experimental result; the theoretical values in
crease with rx in a sigmoidal shape. This is 
because of two reasons; at the lowest rx region, 
IMM based upon the linear charge array 
model tends to predict only slight increase in 
the electrostatic interaction between polymer 
charges with increasing rx. At the higher rx 
region, IMM predicts the saturation of the 
interaction due to the counterion conden
sation. A similar trend is observed in the 
prediction by Manning theory, although the 
latter estimates steeper increase of pKa than 
the former both for rx 0.5 and rx 0.5. The 
sigmoidal dependence of pKa on rx is more 
pronounced for poly(acrylic acid) (PAA) 
which has higher charge density than PDLG, 
as shown in Figure 1. The experimental data 
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o. 5 1.0 1. 5 

Figure 2. Dependence of experimental and theoretical 
y,' on Thin line, empirical relation of y,' and 
obtained by Kowblansky and Zema11 for poly(acrylic 
acid(acrylamide) copolymers and thick curve, IMM, 
N = OCJ, C" = 0.0045 eq 1- 1. (e) experimental data ob
tained by Joshi and Kwak12 for sodium pectinates, (0) 
IMM, C"=O.Oleql- 1 , C,=0.00172M; N=l62, 160, 
161, 160 and 17; b=4.38, 5.95, 7.36, 8.71, and 
28.56 x w-s em, respectively. The arrows show how to 
obtain effective charge density for a polyacrylic acid 
with a charge density 

plotted in the figure are those obtained by 
Nagasawa et a/.6 Similar deviations in the 
theoretical and experimental values are noted 
on counterion activity coefficients of polyions 
with low charge densities.10• 11 Kowblansky 
and Zema10 determined sodium ion activity 
coefficients in aqueous solutions of fully neu
tralized poly(acrylic acidjacrylamide) copoly
mers having a wide range of charge densities. 
The authors found that the activity coefficients 
can be expressed as a linear function of 
The empirical expression is given by the fol
lowing equation 

y/ =0.96-0.42 (6) 

in the absence of added salts. The linear 
relationship is plotted in Figure 2 to compare 
with the theoretical curve by IMM. Judged 
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from the viscosity data, the copolymers have 
quite high molecular weights. Therefore, 
theoretical y c' values was calculated by using 
eq 13 in our preceding paper (part I) which 
expresses FexfRT for N= oo. As seen from 
Figure 2, the theoretical values of y/ are 
significantly overestimated at lower charge 

1), whereas the agreements are 
relatively good at higher charge densities 

1). Figure 2 contains another example 
for comparison of theoretical y/ values with 
experimental ones; filled circles represent y c' 

values of sodium pectinates with different 
charge densities in the presence of N aCl, 
reported by Joshi and Kwak.U In this case 
too, the difference of the theoretical values 
with the experimental data becomes larger 
with decreasing 112 . Joshi and K wak have 
also found that only for sodium pectinates 
with low charge densities =0.82 and 0.25) 
y/ values estimated by condensation theo
ries are appreciably larger than the experi
mental data. The authors attributed the 
large discrepancy found for the polymer of 
¢ = 0.25, to the increment of effective charge 
density caused from some coiled conforma
tion of the polymer chain at such a low 
charge density. Their interpretation seems to 
be applied for the present case; in the lower r.x 
region ( 0.4), the coiled conformation and 
a resultant increased effective charge density 
of the polymer will lead to underestimations 
of pK. values obtained by IMM, since the 
higher charge density, the more difficult the 
dissociation. Assuming this is the case, the 
theoretical curves for r.x 0.4 in Figure I are 
corrected by using effective charge densities, 
values at which the same y/ values as experi
mental ones are theoretically predicted (see 
arrows in Figure 2). For example, corrected b 
values (and the original values) at r.x=O.l, 0.2, 
0.3, and 0.4 are 11.7 (25.0), 8.53 (12.5), 7.07 
(8.33) and 6.12 (6.25) x 10-8 em, respectively. 
These values and the original values estimated 
by 2.5x 10- 8 cm/r.x used for are to be 
substituted in eq (2a). The theoretical curves 
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thus obtained (dashed curves in Figure 1) can 
explain the dependence of pK. on r:t much 
better than before. The correction appears less 
effective for Cs=O.l M. This may be because 
the higher the ionic strength, the more the 
deviation of polymer charge density from 
becomes through the polymer chain coiling. 
Thus eq 4 based upon IMM can predict the 
dependence of pK. on r:t for polyions with low 
charge densities if they are properly corrected 
to the effective values. However, it should be 
noted that this apparent success in correcting 
the effective charge density indicates a limited 
applicability of the linear charge array model 
adopted by the condensation theories. 

The corrected theoretical curves still under
estimate the experimental pK. at higher r:t 

region (a?;0.5). This deviation does not seem 
to be caused by long-range electrostatic fac
tors. Figure 3 shows that the electrostatic 
interactions are properly evaluated by IMM. 
In the figure, the dependences of pK. of PAA 
on C/12 , which have been empirically found 
linear by Nagasawa eta!., 6 are compared with 
those by eq 4. The pK. values measured at 
Cs=O.l M decrease only slightly with C/12 , 

while at Cs = 0.005 M the dependence is much 
enhanced except for r:t=O.l. It is easily seen in 
the figure that the theoretical lines qualita
tively reproduce such experimentally observ
ed trends for the ionic strength dependence of 
pK •. Therefore we attribute the discrepancy 
between the experimental and the theoretical 
pK. values at higher r:t, to the other factors in 
the free energy change for the dissociation 
process of PAA. The factors may consist of 
conformational changes, hydrogen bonding 
between carboxyl groups and hydration 
changes with increasing r:t. The effect of the 
first one seems to be minor because polymer 
conformations at high charge densities can 
be approximated by the linear charge array 
model, i.e., theoretical y/ values by IMM for 
PAANa 1 are in good agreement with 
experimental values as shown in Figure 2. It is 
well known that the second factor plays an 
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Figure 3. Comparison of the dependence of the ex
perimental pK. for PAA of Nagasawa et a/. 7 on C/2 

with the theoretical prediction by IMM. (0) C,= 
0.005 M, (.6.) 0.1 M. Dashed lines, IMM for C, = 
0.005M and solid lines, IMM for C,=O.l M. IX=O.l, 
0.3, 0.5, 0.7, and 0.9 from bottom to top. 

important role in determining pK values of 
some dibasic acids and diacidic bases. 
Polyacids and polybases such as maleic acid 
copolymers and polyvinylamine also exhibit 
extraordinarily large changes in pK. (ca. by 
5 pK units). 12 • 13 This has been attributed par
tially to the hydrogen bonding between the 
functional groups. However the contribution 
of the hydrogen bonding to the pK. values of 
PAA is not apparent in the smooth titration 
curves, the overall changes of which are 3 pK 
units at most. On the other hand, the last 
factor may exert a substantial effect on the pK. 
values; Ikegami14 made refractivity measure
ments on sodium polyacrylate solutions and 
calculated the molar volume change by pro
tonation. Figure 6 of his study shows that the 
molar volume change slightly (ca. 10%) de-
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creases with increasing a. We have also found 
that degrees of hydration of sodium and 
cesium polyacrylates, which were esti
mated by molar compressibility data, decrease 
with increasing a (ca. 17% for PAANa and 
11% for PAACs)Y These two experimental 
facts suggest that disturbance in the prima
ry hydration shells of the polyion and/or the 
counterions proceeds with the counterion 
condensation. If water molecules hydrating a 
charged group are removed by the condensed 
counterions, the equilibrium constant for the 
dissociation would be lowered than the corre
sponding value of the monomer acid, be
cause the latter value is contributed by the 
stabilization of the dissociation species in full 
or intact hydration. A rough estimation of the 
free energy for the dehydration may be ob
tained from gas phase hydration data of alkali 
halides;16 enthalpies of dehydration by one 
water molecule are about 14 and 9 kcal mol- 1 

for Na + and I- ions, respectively, when the 
ions are hydrated with 4 water molecules. The 
value for carboxylate anion seems not to be 
far from that of Na + since the reorientation 
time of the hydrated water molecules around 
the anion and the hydration number are com
parable to those for Na + .17 - 19 In Table III, 
differences of the experimental and the theo
retical pKa values and those of the 
corresponding free energies are shown 
for PAA and PDLG. The values are much 
less than the values estimated in the above, i.e., 

I 0 kcal mol- 1 . This suggests that slight de
viation from an optimum orientation of the 
hydrated water molecules is caused by the 
counterion condensation. Such perturbation in 
the hydration is likely to occur for water 
molecules separating the condensed coun
terions and the polymer charges. The value for 
PAA at a=0.9, 1.1 kcalmol- 1, can be com
pared to that estimated for polyvinylamine 
(PVA) hydroperchlorate by Lewis et a/. 13 The 
authors have determined the thermodynamic 
parameters, for dissociation of 
PVA by calorimetric and potentiometric tit-

Polymer J., Vol. 19, No. 10, 1987 

Table III. and corresponding for 
PAA and PDLG 

c, 
Polymer IX 

M kcalmol- 1 

PAA 0.9 0.1 0.78 1.1 
0.02 0.78 1.1 
0.005 0.81 1.1 

0.6 0.1 0.35 0.48 
0.02 0.26 0.36 
0.005 0.28 0.39 

PDLG 0.9 0.05 -0.04 -0.06 
0.01 -0.05 -O.o7 

rations and obtained a value of 3.0 kcal mol- 1 

as a non-electrostatic factor in at a= 1.0. 
They attributed this to differential hydration 
between the polymer and the monomer coun
terpart. The values for PAA at a=0.6 
are larger than those for PDLG at a=0.9 
which has the same axial charge density as the 
former. This may be because the higher the 
surface charge density, the closer the conde
nsed counterions are to the polymer charges, 
resulting in the higher degree of dehydration. 
The values in Table III are independent 
of C5 in the region studied here. This is under
stood by the fact that the first hydration layer 
around small ions is hardly affected by the 
ionic strength in such a low Cs region.20 

CONCLUDING REMARKS 

So far, many potentiometric titration curves 
of linear polyions have been discussed in terms 
of models12 •21 - 23 other than condensation 
theories; one of the models21 is a rod or a 
cylinder model with smeared charge and 
utilizes the Poisson-Boltzmann equation. 
Another12 •22 •23 is a discrete site model which 
considers neighbor interactions like Ising 
model. Such models can fit experimental 
data on pKa, though they need adjustable pa
rameters such as cylinder radius, closest ap-
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proach distance and interaction parameters 
among neighboring functional groups. With 
the latter model, in particular, it is possible 
to include the contribution from non-electro
static interactions such as hydration change 
into the interaction parameters. 

In the pre:;ent study, we applied IMM, a 
modified condensation theory free from ad
justable parameters, to the potentiometric 
titration of linear polyacids. We obtained a 
smooth sigmoidal titration curve by IMM. 
The underestimation of pKa at the lower 
charge density suggests a limitation of the 
linear charge array model adopted in the 
condensation theories. We interpreted ApKa 
for PAA at the higher charge density as 
being caused by factors other than the long
range electrostatic interaction. This interpre
tation was rationalized, though indirectly, by 
facts that IMM can predict qualitatively the 
dependence ofpKa ofPAA on C/12 , and that 
the deviation of the theoretical pKa from the 
experimental data at lower rx region can be 
corrected via the estimation of the effective 
charge densities which uses experimental and 
the theoretical y c' values. 

CPM proved to fail in predicting the in
creasing trend of pKa with rx. This was ascribed 
to the neglect of the mixing entropy of the 
condensed counterions. Thus we conclude that 
the combination of the site binding-like bind
ing mode and the averaged reduction of effec
tive polymer charge due to the counterion 
condensation is necessary for the analysis of 
the properties of polyelectrolytes in solutions 
based upon the condensation concept. In our 
forthcoming paper,24 we will extend IMM to 
systems containing counterions with different 
valences. 
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