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ABSTRACT: The topology of networks formed by random cross-linking of star polymers 
having A arms is investigated. It is shown that simple relationships exist between the molecular 
weight M, between junctions, the number average molecular weight M. of the primary star arms, 
the cycle rank the total number density I' I V0 of junctions, and the average junction functionality 
¢,"for regular networks having no defects other than chain ends. The revised Flory-Erman theory 
treating entanglements as restrictions on junction fluctuations is used to predict moduli and swelling 
equilibrium properties of cis-polyisoprene networks prepared from 3-arm and 4-arm polymers of 
varying M •. 
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THEORY In a previous paper/ the topology of net
works formed by random cross-linking of lin
ear polymers was studied. For regular net
works having no imperfections other than 
chain ends, an expression relating¢, the cycle 
rank or number of independent circuits in the 
network,2 the molecular weight Me between 
cross-links, and the number average molecular 
weight M, of the primary linear chains was 
proposed. It was then shown3 that this rela
tionship and the revised Flory-Erman elastic
ity theory of real networks4 can be used to
gether to describe the elastic and swelling 
properties of statistical networks. 

According to Flory,2 •9 a network structure 
can be characterized by the value of its cycle 
rank ¢, which subsumes all aspects of net
work imperfections. It is defined as the num
ber of chains which have to be cut to reduce 
the network to an acyclic structure or tree, 
and is a universal measure of connectivity.10 

As many studies are now being focused on 
the rheological and viscoelastic properties of 
star-branched polymers,5 -s it is important to 
describe the structure of random networks 
formed from star polymers and to predict their 
elastic and swelling. properties in the equilib
rium limit. 

Scanlan11 and Case12 have defined an active 
junction as one joined by at least three paths to 
the gel (network), and an active chain as one 
terminated by an active junction at both ends. 
It was later shown that the difference between 
the numbers of active chains v and junctions f1 

is the cycle rank10 ·13 

¢=V-f1 (1) 

In the network model developed here, A -arm 
star primary chains (A> 2) are connected by 
tetrafunctional junctions in a random, non-

1 It is a pleasure to dedicate this paper to Dr. P. Thirion on the occasion of his retirement. 
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degradative way. The distribution of arm 
molecular weights is narrow and character
ized by its number-average value M,. More
over it is assumed that the mesh size Me 
(molecular weight between cross-links) has a 
narrow distribution and also characterizes the 
dangling chains. These conditions are plau
sible and would be attained for polymers 
polymerized and branched in a controlled 
manner. The number of junctions which con
nect two or three dangling chains is probably 
relatively small in typical networks. In the 
following treatment, such junctions are there
fore ignored and the final relationships are 
thus only valid in a first approximation. An
other consequence of this assumption is that 
all the junctions are active. 

Although there is no limitation on the A 
value in this topological study, applications 
of molecular theories of rubberlike elasticity 
require that the networks have junctions 
which can be treated as points. 14 Large values 
of A are therefore not covered. 

In the precursor liquid, the average molec
ular weight of the A -arm stars in AM,, and 
the number density of chain ends is p/ Mw In 
the final network, the number density flo! Vo of 
A-functionality junctions provided by the star 

vertices is equal to the number density of 
initial stars, i.e., p/AM,: 

(2) 

where V0 is the reference state volume and p 
the polymer density. 

Consider now two initial stars. As illus
trated in Figure I, the simplest way to connect 
them without any inactive junction is to use 
six tetrafunctional junctions, i.e., one junction 
per arm. It is easy to generalize this first-step 
network since p/ M, tetrafunctional cross
links are necessary to connect p/ AM, stars per 
unit volume. The total number of junctions fl 
in the first-step network is therefore the sum 
of the initial star vertices flo and these addi
tional cross-links: 
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Figure 1. First-step network formed by connecting 
two 3-arm stars. 

(3) 

At the end of this step, two tetrafunctional 
cross-links exist on each arm, creating two 
active chains per arm. Therefore the total 
number v1 of active chains in the first-step 
network is twice the number of initial arms: 

(4) 

When a tetrafunctional junction is then add
ed, the number of active chains is increased 
by two. In reality, the cross-linking process is 
statistical and one can suppose that Me at 
each step is regularly distributed within the 
network. A relationship between the final 
number of chains v and junctions fl can be 
deduced to be 

(5) 

The final density of active chains v / V0 is the 
difference between the total number density 
of chains of molecular weight Me and the 
number density of chain ends: 15 

(6) 

Note that in the usual chain-end correction 
for linear precursor chains p/Mn in eq 6 is 
replaced by 2p/ Mw 

Expressions of the total number density of 
active junctions and the cycle rank density are 
obtained by combination of eq 1-6: 
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I1/Vo=(p/2MJ[I-(A -2)Mc/AM"] (7) 

(8) 

In the case of 4-arm stars connected by 
tetrafunctional junctions, the overall func
tionality is four. However when A differs 
from four, the resulting network is charac
terized by a number-average functionality 

<l>a/ 6 which can be calculated using the 
equation 

Substitution of 11o and 11 by their expressions 
given in eq 2 and 7, respectively, leads to 

1>av=4+2(A-4)[2-A+AM"/Mcr 1 (10) 

PREDICTIONS OF EQUILIBRIUM 
ELASTICITY AND SWELLING 

PROPERTIES 

The revised Flory-Erman model of real net
works has been successfully used to describe 
rubber elastic behavior.17 - 21 Consequently, 
it was chosen in this study to predict elastic 
and swelling properties of star precursor net
works. 

In this model,4 ·9 the restrictions of junction 
fluctuations due to neighboring chains are 
represented by domains of constraints. At 
small deformations, the stress is enhanced 
relative to that exhibited by a phantom net
work. At large strains, or high dilation, the 
effects of the restrictions on the fluctuations 
vanish and the relationship of stress to strain 
converges to that for the phantom case. The 
network behavior is described by two param
eters, K and (. The first, K, measures the 
severity of entanglement constraints relative to 
those imposed by the phantom network con
nectivity, and ( takes into account the non
affine transformation of the domains of con
straints with strain. 

The Flory-Erman treatment leads to the 
following expression for the reduced force: 
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[/*]Flory 

= V0 )RT{ 1 + 2(<f>av- 2) - 1[aK(a2 v; 213 ) 

-a-2 K(a-1v22/3)](a-a-2)-J} (11) 

The function K is defined in ref 4 (eq 37). It 
depends on K and (, though not reproduced 
here. The quantity v2 is the volume fraction of 
polymer in the swollen network, R the gas 
constant, T the absolute temperature, and a 

the extension ratio defined relative to the 
undeformed swollen state. The reduced force is 
defined by 

where f is the measured force and Ad the 
cross-sectional area of the isotropic unswollen 
sample. 

On the plausible grounds that the con
straints on junctions are determined by the 
degree of interpenetration of chains and junc
tions in the network, the parameter K and the 
number of junctions 11 in the volume V0 of the 
state of reference should be related17 accord
ing to 

(13) 

I is the interpenetration parameter whose 
value appears to be ca. 0.5,17 ·18 and <r2 ) 0 is 
the mean-square end-to-end length of the 
unperturbed network chain. 

In the Flory-Erman model, the following 
equation describing network swelling equi
librium can be established:22 

ln (1 - Vzm) + Vzm + 
= +2(<f>av-2)- 1 K(v;.; 13 )] 

(14) 

where x is the solvent-polymer interaction 
parameter, v1 the molar volume of solvent, 
and v2 m the volume fraction of polymer at 
swelling equilibrium. 

Numerical applications presented in this 
section concern cis-polyisoprene 3- and 4-arm 
stars of varying M" cured with dicumyl per-
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Table I. Structure and elastic properties of cis-polyisoprene networks formed from 3-arm and 
4-arm star polymers of varying M" 

Network 
10- 4 M" 105 11/Vo 10- 3 M, 

A ¢,, --- I( v2m designation gmol- 1 molcm- 3 gmol- 1 Nmm- 2 Nmm- 2 

31R03 3 3 10.83 4.01 3.91 0.2183 0.4473 4.16 0.1883 
31R05 3 5 10.42 4.24 3.94 0.2283 0.4635 4.35 0.1925 
31Rl0 3 10 10.12 4.43 3.97 0.2359 0.4753 4.50 0.1957 
31Rl5 3 15 10.02 4.50 3.98 0.2384 0.4792 4.56 0.1967 
41R03 4 3 10.57 4.01 4 0.2246 0.4492 4.06 0.1900 
41R05 4 5 10.57 4.24 4 0.2321 0.4642 4.28 0.1935 
41R10 4 10 10.04 4.43 4 0.2377 0.4755 4.47 0.1961 
41Rl5 4 15 9.97 4.50 4 0.2396 0.4793 4.54 0.1970 

" AT T=298 K. 

oxide (dicup). The number density of junc
tions can be calculated from knowledge of the 
initial amount x of peroxide (weight percent 
in bulk). Full decomposition of peroxide and 
a I : I cross-linking efficiency are assumed 
since the purpose of these applications is to 
give realistic but qualitative values of the 
parameters describing network structure or 
governing elastic properties. The number den
sity of junctions of the resulting network is 
the sum of the initial star vertex density and 
the density of C-C cross-links created by 
peroxide curing: 

,u/ Vo = p/ AM"+ px/[270( I 00+ x)] (15) 

Typical values of 3 phr for the initial amount 
of dicup, and 3, 5, 10, and 15 x I if g mol- 1 for 
M" were chosen. For cis-polyisoprene, (r2 ) 0 

and Me are related through the equation:23 - 26 

where NA is Avogadro's number, and Me and 
(r2 >a are expressed in g mol- 1 and cm2 , re
spectively. Reasonable values of 0.0 and 0.5 
were assigned ( and I, respectively. The fol
lowing relationships between the cycle rank 
and the phantom and affine moduli, [/*]ph 
and [f*Lrr respectively, have been established 
by Flory2 ·9 and are used to cc:Jcu1ate the 
phantom and affine moduli of the cis-poly
isoprene networks. 
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(17) 

[f*Lrr = rPavC4>av- 2) - 1 Vo)RT (18) 

Volume fractions of polymer v2 m at swelling 
equilibrium have been calculated by solving 
eq 14. Benzene was chosen as solvent ( V1 = 

89.33 cm3 mol- 1 ). The required values of the 
interaction parameter x of the system nat
ural rubber+ benzene were measured by 
Eichinger and Flory.27 The following poly
nomial function for x versus v2 was obtained 
by least-square analysis of the experimental 
data over the entire range of available v2 :3 

x = 0.410 + 0.080v2 + (19) 

Network designations and elasticity param
eters calculated through eq 7, 8, 10, 13, and 
15-18 are reported in Table I. 

As the same number of tetrafunctional 
cross-links was introduced by the peroxide 
cure, the final differences in number density 
of junctions, ,u/ V0 , are due to the initial star 
vertices, the largest number of which is found 
in the network with smallest A and M"' i.e., 
31R03. It is worth noting that Me depends 
only on M", and not on A. This result is a 
consequence of the combination of eq 7 and 
15: 

Me= {2x/[270(100+ x)] + 1 } - 1 (20) 

At constant M", precursors contribute equal 
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Figure 2. Stress-strain relationships in uniaxial exten
sion for the four 3-arm star precursor networks characte
rized in Table I. Curves have been calculated from eq. II 
with the parameters given in Table I, and are for 3IR03 
(------), 3IR05 (-·-), 31RIO (····),and 3IRI5 (-). 

arm contour length whatever A is. Therefore 
identical numbers of tetrafunctional cross
links introduce the same number of segments 
of molecular weight Me- As usual, lower Me 
corresponds to higher Jl· Increasing the 3-arm 
star molecular weight lowers the number den
sity of trifunctional junctions relative to tetra
functional ones introduced by the peroxide 
cure. A consequence is the increase in the 
average functionality with increase in Mw 

Stress-strain relationships in uniaxial ex
tension for the 3-arm star precursor networks 
are represented in Figure 2. As a consequence 
of the increase of[/*lvh and K with M" (due to 
the decrease in number density of dangling 
chains), n_etworks of higher M" exhibit supe
rior moduli over the entire range of defor
mation (of course, this theory doesn't account 
for limited extensibility or possible strain
induced crystallization). 

Similar results are obtained for 4-arm star 
networks. The influence of the A value is 
shown in Figure 3, where stress-strain rela
tionships in uniaxial extension are presented 
for cis-polyisoprene networks formed from 3 
and 4-arm stars of Mn=3 and 15x Iifg
mol-1, namely 3IR03, 3IR15, 4IR03, and 
4IR15. At constant Mn, 4-arm star precursor 
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Figure 3. Stress-strain relationships in uniaxial exten
sion for the cis-polyisoprene networks formed with 3-
and 4-arm stars having M. = 3 and 15 x I 04 g mol- 1 per 
arm. Curves have been calculated from eq II with the 
parameters given in Table I, and are for 3IR03 (----), 
4IR03 (-·-), 3IRI5 (····),and 4IRI5 (-). 

networks show higher moduli than those of 3-
arm star precursor networks. These differ
ences are enhanced·at low Mn and in the large 
deformation range. 

Values of v2 m for the eight networks are 
reported in the last column of Table I. They 
are in the same order as the moduli shown in 
Figures 2 and 3, the highest value of Vzm 

corresponding as usual to the highest modu
lus. 

CONCLUSIONS 

Simple relationships have been established 
between parameters governing the structure 
and elasticity of star precursor polymers 
randomly cross-linked by tetrafunctional 
junctions and having no defects other than 
chain ends. These equations interrelate the 
initial star arm molecular weight and func
tionality, the final network cycle rank, the 
cross-link density, and the average function
ality. Predictions of equilibrium elasticity 
and swelling properties of cis-polyisoprene 
networks were possible through the revised 
Flory-Erman elasticity theory for real net
works. The results show an enhancement of 
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modulus with increase in the initial star mo
lecular weight and functionality. 
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APPENDIX 

Star Precursor Networks with Chain End Mo
lecular Weight M 0 Different from Me 
Equations 1-5 still hold for this kind of 

network. If the chain ends have a molecular 
weight M 0 , there are (Mn-Mo)/Me active 
segments per primary arm, Where Me is now 
only the average molecular weight between 
cross-links. Since there are p/ Mn primary 
arms per unit volume, the total number den
sity of active segments is 

(21) 

Combination of eq 1-5 and 21 leads to the 
following expressions for the number den
sities of junctions, 11/ V0 , and cycle rank den
sity, V0 : 

J1/V0 =(p/2MJ[l-(AM0 -2Me)/AMn] (22) 

(23) 

Equations 7 and 8 are recovered for M 0 = 

Me. 
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