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ABSTRACT: It is shown that the concentration dependence of the coils-solvent permeability 
coefficient, experimentally determined over a wide range, may be well described by corrected 
Brinkman's model for the fluid flow relative to a swarm of permeable spheres of uniform 
permeability. A method of checking model reliability is developed. A new method of polymer 
moiecular weight determination is elaborated on the basis of this model. According to this method, 
molecular weight may be calculated from the function describing concentration dependence of 
permeability coefficient in a semidilute regime along with a permeability coefficient value in dilute 
solution. 
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THE MODEL equation: 

J1 
gradp=k.v+ j.tV2v 

I 

(1) The macromolecular coils in a solution are 
represented by a swarm of porous spheres of 
uniform permeability. The model presented 1 •2 

is. an extension of the model for the fluid flow 
relative to a swarm of identical permeable 
spheres, due to Brinkman.3 Figure 1 shows 
the basic structure of the model. 

where k;= 1/Jc2 or 1/P2 for the surrounding 
porous medium and for the coil, respectively, 
and J1 is the solvent viscosity. 

A chosen coil is surrounded by a fluid 
envelope embedded in a porous mass repre
senting the other coils. Inside the coil of ra
dius R, the polymer material is treated as a 
permeable medium and the reciprocal square 
root of its permeability is denoted by P. Out
side the envelope the porous mass has the 
permeability k and the reciprocal square root 
of the permeability is denoted by Jc. Since the 
coil material is a permeable medium, the 
solvent flows not only around but also 
through the coils. 

Inside the coil and outside the envelope, the 
solvent flow is described by the Brinkman 

Between the two spherical boundaries, the 
solvent flow is described by the Stokes equa
tion: 

POROUS HASS 
ll,e 

Figure 1. The Brinkman model applied to permeable 
spheres. 
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(2) 

The way employed in this work to attack the 
problem was the same as in the paper of 
Brinkman.4 For eq 1 and 2, relevant stream 
functions were introduced. The equations, 
written in terms of these stream functions, 
were solved and the arbitrary constants ap
pearing in the general solutiom; were calcu
lated on the basis of the boundary conditions 
imposed. The boundary conditions at the two 
spherical boundaries were the continuity of 
pressure and the continuity of velocity and 
its first derivatives. In spite of the same meth
od of solution being used, the results ob
tained differed from those of Brinkman.3 The 
difference was found due to analytical error in 
the work of Brinkman. The force Fi exerted 
on the sphere by the fluid is given by the 
corrected equation: 

Fi=8npRv0 

2ah 
2af) + ah(2an- hk 1) 

(hj- 2am) · (ch- 2af) + (bh- 2ae) · (2an- hk1) 

where v0 is the sedimentation velocity, and 

c: +1) 
2 

b=--J.R 
3 

c= _ __2_(lR +3) 
3()2 () 

T 1 2 
e= p3R3- pzRz -3 

( 10 5 ) 10 5 
f= P3R 3+PR T-P 2R 2 -3 

h=1-_I_ 
PR 
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(3) 

( 2 1 ) 2 1 
m= p3R3 + PR T- pzRz -3 

( 10 4 ) 10. 2 
n= -P3R 3-PR T+P 2R 2 +3 

T= exp(PR)-exp( -PR) 
exp(PR)+exp( -PR) 

b=!!_ 
r* 

The concentration N of the spheres is given 
by 

N 
1-B 

4 3 
3.nR (1- Bcoil) 

where 1- B and 1 - Bcoii are the solute volume 
fractions in the solution and in the coil, re
spectively (e and Bcoil are the solution porosity 
and the coil porosity, respectively). Taking 
account of the fact that NFi is equal to the 
pressure gradient expressed by the Darcy 
equation: 

J1 
grad p=yvo 

one obtains the equation defining the dimen
sionless parameter J.R. 

J.R= 
1-B £. 

6-----· l 

1- ecoil 8nJ1Rv0 

where 

(4) 

To complete the model, the outer radius r* 
of the fluid envelope associated with any 
sphere within the swarm must be determined. 
In this work, it is defined in such a way that 
the total porosity inside the outer sphere 
(r = r*) is identical with that of the original 
swarm. This requires that 
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4 3 ) 3nR (1-ecoil 
------=1-e 

4 
-n(r*)3 

3 

which is equivalent to 

()3=-. =---(R) 3 1-e 
r* 1-ecoil 

(5) 

The ()3-parameter thus represents the volume 
fraction occupied by coils. 

The model represented by eq 3-5 may be 
used to calculate the permeability of a swarm 
of permeable spheres at a given concentration, 
when their radius, porosity and permeability 
are known. 

The model may also be regarded as repre
senting an interdependence of three dimen
sionless parameters 

(6) 

VERIFICATION OF THE MODEL 

The present model is valid in dilute solution 
considered as consisted of a swarm of indi
vidual coils. However, the applicability of the 
model may be extended. 

In semidilute solution, the permeability is 
independent5 •6 of molecular weight. Consider 
two solutions 1 and 2 and assume that the 
molecular weight of polymer in solution 1, 
M 1 is higher than that in solution 2, M 2 so 
that the porosity of the solution 1, ef at the 
dilute-semidilute region transition, is higher 
than that of solution 2, ef. Up to a concen
tration corresponding to the porosity ei, the 
solution 1 has the same permeability as the 
solution 2. With respect to solution perme
ability, the entangled polymer solution is 
equivalent to the unentangled polymer solu
tion 2 at its critical porosity ei. 

In such a way, the Brinkman model, orig
inally derived for the dilute regime, is also 

applicable to semidilute one. 
It was stated theoreticallyS and verified 

experimentally6 that the permeability coeffi
cient of a given polymer solution in the semi
dilute regime is a power function of concen
tration. Hence, the A-parameter may be de
scribed as 

(7) 

This function determines a straight line in the 
InA vs. ln(1-e) plot and represents the inflec
tion point of the In AR vs.ln () 3 model curve* at 
aPR-value such that 

dinAR I =n 
d In (j 3 P R = const 

The n-value thus determines, on the basis of 
the model represented by eq 6, the location of 
the inflection point, and corresponding to it 
the values of AR, PR, and () 3 , which remain 
unchanged along the line represented by eq 7 

AR =constant 

P R =constant 

() 3 =constant 

(8) 

(9) 

(10) 

According to eq 7, the A-parameter increases 
with concentration of solution and the R-value 
should decrease by eq 8. From eq 7 and 8 one 
gets the following proportionality 

The same result was obtained by Brochard and 
de Gennes5 with respect to the blob radius. 
In the semidilute region eq 5,8,9, and 10 do 
not describe the macromolecule parameters 
R,P and ecoil but the corresponding blob 
parameters. The blob parameters become 
equal to the macromolecule ones at the 
dilute-semidilute region transition porosity. 
The corresponding value of e * depends on the 
molecular weight of dissolved polymer. The 
molecular weight is determined as the weight 
of a sphere of the radius R and the density 

* The detailed proof of this statement will be published elsewhere. 
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p .( 1 relative to the weight of 12C iso
tope of carbon 

M 

4 3 ) 3nR Ps(1-Bcoil 

1.66·10 27 

(11) 
The critical porosity for a given molec

ular weight M may be calculated by eq 5, 7, 
8, 10, and 11 as follows 

· ·--2 (12) [( AR ) 3 const Jl/(3n-o 
const1 b M 

Then one is able to calculate the macromol
ecule parameters R,P, and ecoit from eq 5, 7-
10, and 12 

R=[( AR )1/n.const2]-(n/(3n-lll (13) 
const1 pn M 

P=PR[( AR )lfn_const2]n/(3n-ll (14) 
const1 b 3 n M 

_ _ [( AR ) 3. const2 Jl/(3n-1) 15 ecoil- 1 b 3n M ( ) const1 

By assuming that the values of parameters 
R P and e .1 at the point transition remain un-

, ' COl 

changed over the whole range of dilute solu-
tion, it is possible to calculate by eq 3-5 the 
curve A vs. (1- e), valid for a chosen M-value in 
the dilute regime. 

To check the above method of calculations, 
sedimentation velocity data for poly (a-meth
yl styrene) (PAMS) of three different mo
lecular weights in cyclohexane, measured by 
Mijnlieff and Jaspers,7 were utilized. The A
value corresponding to a given solution con
centration c was calculated by the following 
equation 

where p1, and Ps are the solvent density and 
solute density, respectively, and s is the sedi
mentation coefficient. This equation was ob
tained from eq 4 by the following substitu-
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tions 

4 3 Vo 
F; =3 nR (Ps- P1)(1- ecoil)--;-

where F; is the centrifugal force acting on the 
coil, allowing for the buoyancy of the sur
rounding solvent, and 

c=p5{1-e) 

For higher concentrations, the A-value and 
solute volume fraction had a straight line 
relationship on logarithmic paper. In this 
region, the empirical function was found in 
the form 

The value of n = 1 determined the coordinates 
of the point of inflection of the In AR vs. In b3 

model curve. By eq 3-5 they were calculated 
as equal to 

AR=3.88 

PR=6.83 

b3=0.539 

The molecular weight, taking the value of 
PAMS density into account, was 

M=2.86x 1030R3(1-Bcoil); [R]=m 

From the above equations, the value of 
critical porosity and the macromolecule 
parameters R,P, and were calculated by 
eq 12 and 13-15, respectively, for three given 
M-values. The lines calculated by eq 3-5 on 
the basis of these parameters are depicted in 
Figure 2 together with experimental points 
which form an empirical straight line in the 
semidilute regime. 

The points are quite close to the theoretical 
curves, especially at low concentrations. The 
very good agreement at low concentrations is 
probably due to the negligible coil contact in 
very dilute solutions. However, when the 
polymer concentration increases, the polymer 
coils start touching one another, and the "ef
fective molecular weight" of particles increases 
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6·/06 .___ ______ ......_ ______________ _,_ ____________ ___, 

3·to-• w-3 to-2 9·10-2 

1-t: 

Figure 2. Plots of reciprocal square root of permeability against concentration for three PAMS samples 
in cyclohexane: !:::,, M = 2.34 x 105; \7, M =I x 106; O, M =6.5 x 106 . 

with concentration. As a result, experimental 
points lie under the respective theoretical 
curves and merge with the collective line at a 
concentration lower than that calculated from 
63 and t:coii values on the basis of eq 5. 

MOLECULAR WEIGHT 
DETERMINATION 

The very good agreement of the theoretical 
curves with experimental data for very dilute 
solutions indicates that the present model may 
be used for determination of the molecular 
weight of a polymer investigated. The pro
cedure for this determination is the follow
ing. The exponent n in eq 7 determines the 
values of A.R, PR, and 63 in the semidilute 
regime, as explained above. Then a trial-and
error method is employed. Assume the value 
of polymer molecular weight M. By eq 13-15, 
the macromolecule parameters are calculated. 
On the basis of these parameters, eq 3-5 
make it possible to determine the A.-value for 
a concentration (1-t:) in the dilute regime. If 
the calculated value of A is equal to the mea
sured one, then the M-value is assumed prop-
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erly and molecular weight determination is 
over. 

In the case of PAMS-data, using the points 
of the lowest concentrations investigated, the 
M-values calculated were very close to their 
nominal values. The calculated values were 
6.66x 106 , 1.01 x 106 , and 2.14x 105 , whereas 
the nominal values were equal to 6.5 x 106 , 

1 x 106 , and 2.34 x 105 , respectively. If one uses 
data for a higher concentration, for which 
polymer coils probably start touching one 
another, a higher M-value will be obtained, 
corresponding to an "effective radius" Rerr 
of a coil. To ensure that the M-values deter
mined are reliable, the limiting concentration 
should be defined. 

It seems that volume concentration of coils 
has the largest influence on the effective coil 
radius Rerr relative to the coil radius R. The 
volume concentration of coils in different 
polymer-solvent solutions is approximately the 
same for equal values of packing fraction of 
coils, defined here as the ratio of solution 
concentration (1-t:) to the maximum of pos
sible concentration (1- t: *) in the dilute re
gime, and denoted by e: 
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1-s 
* -B 

As a consequence of the above considera
tions, the following equation may be written 
down 

R.rr 
R 

(16) 

From eq 13, the following proportionality may 
be derived 

(17) 

which is valid for any polymer-solvent system 
at porosities From eq 16 and 17 one 
obtains 

(
M )n/(3n- 1) 

M 
(18) 

This equation makes it possible to compare 
the values of (M.rr/M) calculated for different 
polymer-solvent systems for the same packing 
fraction of coils since the form is sup
posed to be independent of polymer-solvent 
system. To support this hypothesis, M.rr-val
ues were calculated for higher concentration 
of PAMS in cyclohexane and the results were 
compared with those obtained from data7 of 
PAMS in toluene. In the case of P AMS
toluene system, the empirical equation valid in 
semidilute regime was of the form: 

(19) 

Unfortunately, most experimental points be
longed to the semidilute regime and the rest 
were close to the collective line described by 
eq 19. In this connection, the M.rr-values cal
culated for points of the lowest concentration 
were higher than the nominal M-values. 

The two polymer-solvent systems analyzed 
greatly differ because cyclohexane is a poor 
solvent for PAMS and measurements were 
performed at the theta temperature, whereas 
toluene is a good solvent for PAMS and this 
system was investigated far from theta condi
tions. In spite of such a difference, the points 
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Figure 3. Plots of (Meff/M)"1<3"- 11 vs. PAMS of 
the following molecular weights: M = 2.34 x 105 (6, in 
cyclohexane; £,in toluene); M= I x 106 ('v, in cyclo
hexane; "'' in toluene); M = 6.5 x 106 ( Q, in cyclo
hexane; e, in toluene). 

in Figure 3 are quite close to one another. 
The points in Figure 3 form a single curve 

for coil packing fractions less than 0.1. In 
such a region, it is thus possible to use perme
ability data to calculate the molecular weight 
of a polymer. <0.03 the above absolute 
method of molecular weight determination 
may be applied because M.rr is very close to 
nominal molecular weight. For a small pack
ing fraction of coils < 0.1 it will be possible to 
develop a relative method of polymer molec
ular weight determination. 

REMARKS 

Although the number of analyzed systems is 
small, the proposed method of polymer mo
lecular weight determination may be consid
ered experimentally verified because: 

1) All polymer-solvent systems are very sim
ilar to one another with respect to sedimen
tation behaviour, both in the semidilute region 
(a power scaling law of the form of eq 7) and 
in very dilute region (hypothetical linear de
pendence of the reciprocal of sedimentation 
coefficient on concentration). 

2) The model presented is applicable both 
the semidilute region and very dilute region, in
dependent of the character of polymer-solvent 
system. 

3) Only two regions of concentration are 
important in utilizing the present absolute 
method for determining molecular weight. 
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