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ABSTRACT: A nonlinear chain breakage-and-reformation network theory is presented using 
a temporarily crosslinked network model. The main assumptions are as follows: ( 1) The number of 
segments in a polymer chain is constant; (2) a renewed segment is reformed in the stress free state; 
(3) the length of a segment is constant and (4) segments are Gaussian chains. Third assumption 
gives rise to the nonlinear theory. The constitutive equation is obtained as a natural extension of 
linear equation. The following predictions are obtained. The relaxation modulus is the product of 
the time dependent and strain dependent terms for both shear and elongation. At the onset of flow, 
the shear stress growth shows overshoot at high shear rate, but not the normal stress growth, the 
elongational stress grows monotonously and the elongational viscosity is nearly proportional to the 
inverse of the elongation rate. 
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The viscoelastic behavior of polymer in the 
melt and concentrated solutions is generally 
nonlinear and has been investigated in terms of 
nonlinear theory as it has progressed recently. 

One theoretical approach is the strudy of 
phenomenological constitutive equations, 1- 23 

which generally have integral formulas. Many 
authors have presented various constitutive 
equations1- 13 and investigated their appli
cability.15 - 19 The strain dependent constitu
tive equation containing the invariant of strain 
tensor in its kernel seems to have the broadest 
application. 15 - 19 

Other theoretical approaches are based on 
molecular theories. One such theory is the 
network theory based on a temporarily cross
linked network model,28 - 38 and another is 
the cage field theory developed by Doi and 
Edwards,25 - 27 based on a model in which a 
polymer chain moves independently in a cage, 
the three dimensional mean field pattern being 
imposed by other chains. 

The network theory can be classified into 

two types. One is the chain breakage-and
reformation theory in which the relaxation 
processes originate in chain breakage and 
chain reformation,28 - 30 and the other is the 
chain slip theory. 31 - 38 Both of these have the 
same formalism in the linear theory. 31 

Yamamoto's chain breakage-and-reforma
tion theory has a quite general formalism and 
is substantially nonlinear theory. Takano ap
plied Yamamoto's theory to certain practical 
problems and successfully explained some 
nonlinear viscoelastic properties of concen
trated polymer systems.34·35 

The chain slip theory is extended to a non
linear theory, in which the rates of chain 
breakage and reformation in a deformed state 
differ from those in a stress free state,36 - 38 that 
is, it is a combined theory of the chain slip 
theory and chain breakage-and-reformation 
theory. The theory explains fairly well some 
nonlinear viscoelastic phenomena, for 
instance, non-Newtonian viscosity, stress over
shoot phenomena at the onset of steady shear 
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flow, but not the stress relaxation phenomena 
at large deformation for periods of long times. 

The cage field theory was developed using 
the primitive chain concept, the tube model, in 
which a polymer chain moves in a confined 
tube-like region surrounding it. 25 - 27 Doi and 
Edwards applied their theory to some typical 
deformations and successfully explained non
linear viscoelastic properties. The cage field 
theory leads to the chain slip theory based on a 
network model having temporary junctions if 
the tube model is replaced by a group of small 
rings through which the chain can slip freely. 

In this report, we present a chain breakage
and-reformation network theory. 

We consider a temporarily crosslinked net
work model in which a polymer chain moves 
through junctions, and when the terminal part 
of the chain slips out through the junction 
points, segments are lost from the network and 
a long dangling segment is formed. A segment 
is a part of the polymer chain constituting the 
network structure. When the long dangling 
segment is recrosslinked to other chains, 
new segments are formed. This process cor
responds to tube disappearance and renewal in 
the tube. 

In developing the theory, we make following 
assumptions. (1) The number of segments in a 
polymer chain is kept constant during defor
mation. (2} A segment is reformed in the stress 
free state, the so called natural state. (3) The 
transformation of the end-to-end vector of a 
segment by deformation is pseudo-affine; that 
is, the orientation of a segment is equal to that 
in the case of affine transformation but the 
segment length is constant. (4) Segment are 
Gaussian chains. 

Assumption (3) gives rise to the nonlinear 
theory and the other assumptions are usually 
applicable to the network theory. 

The theory may be applied to typical 
deformation, stress rerelaxation at a large con
stant deformation, stress growth at the onset 
of a stationary flow and shear and elongation 
flows. 
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CONSTITUTIVE EQUATION 

Let the segment distribution function be 
f(r, t) the number of segments having the end
to-end vector rat time t in a unit volume of the 
network structure, and the segment distri
bution function at the stress free state be 
f 0 (r, t). The relation between the number of 
segments in unit volume and the distribution 
function is given as 

J f(r, t) dr = f f 0(r, t) dr = v (1) 

where the integral is the volume integral, and v 
is kept constant during deformation by as
sumption I. The time revolution of the seg
ment distribution function satisfies the dif
fusion equation equivalent to Yamamoto's 
equation,8 

0 f(r, t) = - V(r f(r, t))- Kf(r, t)+ g0(r, t) (2) ot 
where r=dr/dt, K is the chain breakage con
stant and g0 (r, t) is the segment generating 
function. Since segments are created in the 
stress free state g0 (r, t) satisfies the relation (3) 
by assumption (1), 

J {foo g0(r, t')dt')1dr=KJ f 0(r, t)dr (3) 

Let the deformation tensor of the network 
structure at a time t be y(t), the change of r(t) 
after a time interval l1t is satisfied by the 
relation 

in which 

r(t+ Llt) 
i'(t+ Llt, t)·r(t) 

ly(t+Llt, t)·U(t)l 
(4) 

u(t)=r(t)/a ( 
y(t, t') = y(t). ")'- 1(t') ( (S) 

where a is the end-to-end distance of a seg
ment, u, the unit vector in the direction of r by 
the assumption (3), and y(t, t ') the relative 
deformation tensor at a time t with respect to 
a previous time t '. using eq 4, r in eq 2 is 
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obtained as 

1 
r=yr-2 Tr.{(y+yt)·(uu)}·r} 

y=(dy/dt)·y- 1 

(6) 

where (uu) is a dyad and y is the deformation 
rate. 

Since the segments are Gaussian, we obtain 
the stress u(t) as 

3kTf u(t)=7 (rr)f(r, t)dr-Pl (7) 

where k is the Boltzmann constant, T, the 
absolute temperature, P, the internal pressure, 
and 1 the unit tensor. 

lntroducting the average of (rr) defined by 

<(rr))=+ f(rr)f(r, t)dr (8) 

<(rr)) 0 =+ f(rr)f0(r, t)dr (9) 

and the strain tensor defined by 

(10) 

the stress is given by 

u(t) = Pl (11) 

In order to obtain a constitutive equation, 
we must find a equation satisfied by 

The equation satisfying the time evolution 
of is obtained using the diffusion equation 
and eq 12, 

3 f aj(r, t) 
i=-2 (rr) -a-dr 

va t 

and is satisfied by eq 13 

(12) 

-i-Tr. 
T 

(13) 

where r = 1 I K is the relaxation time for chaifl 
breakage and the approximation used for the 
average is 
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<Tr.{(y +') t) · (uu)} · (uu)) 

= Tr. {(y +') t )<(uu))} · <Cuu)) (14) 

From eq 13 we obtain 

ft e-(t-t'Jfr 3.A.(t t') ) 
' dt' 

- oo r Tr . .A.(t, t') 

.A.(t, t') = y(t, t')' 1' t (t, t') 

(15) 

The method of obtaining eq 15 is given in the 
appendix L 

We obtain the constitutive equation from 
eq 11 and eq 15, 

e -(t-t')/r 
u(t)=G0f

00 

G0 =vkT 

T Tr. .A.(t, t') (16) 
3.A.(t, t') d I p ) t- 1 

Equation 16 is equivalent to Doi-Edwards' 
equation in the case of the longest relaxation 
time. The relation between them is shown in 
the appendix II. 

APPLICATION 

In the following, application of the consti
tutive equation to various typical defor
mations is considered. 

Stress Relaxation at a Large Constant Defor
mation 

a. Shear Deformation 
When the constant shear deformation y0 is 

given for the system, at t = 0, y(t) is expressed 
as 

c Yo 

y(t) = t>O 

0 
( 17) 

1 

and .A.(t, t') as 
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(
I +y6 

A.(t, t')= Yo 

0 

Yo 
t>O 

0 
(18) 

1 otherwise 
The shear stress O" xy and first normal stress 
difference are given by 

O"xy(t)= (19) 

= (20) 

,u(t)=e-rlr 

+y6/3)- 1 

(20) 

(22) 

and the tensile modulus t) is given as 

Equations 23 and 29 show that the relaxation 
modulus is expressed as the product of the 
time dependent a.nd strain dependent terms. A 
logarithmic plot of modulus against time is 
shown in Figure I, in which the modulus is 
expressed by a master curve when the plotted 
curves are shifted along the modulus axis, and 
the shift factors are for the shear and 

for the elongation, respectively. 

Stress Growth at the Onset of a Steady Flow 
a. Shear Flow 

The shear relaxation modulus G,h(y0 , t) is given When a shear flow with a constant shear 
by rate K starts at t = 0, y(t) is expressed as 

G,h(Yo, t) = (23) 

b. Elongational Deformation 
When the system is elongated in one direc

tion by a factor and the volume is not 
changed by deformation, y(t) is expressed as 

( 
y(t) = 

0 

0 
(24) 

1 

and A.(t, t') as 

l(t, ( 

0 

,;,) t>O 
y -1 so 
0 

(25) 

1 otherwise 

Using the condition O"YY=O"zz=O, the stress is 
given by 
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(J xx(t) 6- I/ 

,u(t) = e -t/r 

- 1 

(26) 

(27) 

(28) 

y(t) = 1>0 

Kt 

(30) 0 

1 

and A.(t,t') as 

Kt 

0 

=1 otherwise 
(31) 

The shear stress O" xy(K, t) and first normal stress 
difference t) are given by 

(32) 

[
Kl d ( X ) F (K t)= e-x/Kr- dx 

s ' , 0 dx 1 + x 2 /3 
(33) 
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Figure 1. Relaxation modulus versus time relation. 
The relaxation moduli for different deformations are 
plotted against time. The number on each curve indicates 
the value of y0 for shear and for elongation. Though 
.t;h(y0) and are different for the same values of Yo 
and the difference is small and does not appear in the 
drawn curves. The curves can be superposed on a master 
curve when they are shifted along the moulus-axis. 

Fn(K, t)= f' e-x/Kt ddx c+x:2/3)dx 

In eq 33, the following relations 

=0 

<0 

for 0<x<J3 

x=J3 
x>J3 

(34) 

(35) 

are satisfied. The integrand in eq 33 is positive 
for 0<x<3 and accordingly, FJK, t) increases 
with time up to Kt = .J3. The integrand is 
negative for x > 3 and F5(K, t) decreases when 
Kt > .J3. Therefore, F5(K, t) has a maximum at 
tM = .J3/K; that is, the stress overshoot ap
pears at t = tM. When the shear stress is plot
ted against the shear deformation y(t) = Kt, the 
maximum stress always appears at the position 
y(t) = .J3, irrespective of the shear rate, and 
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Figure 2. Shear stress growth at the onset of shear 
flow. When the stress growth is plotted against time, the 
time required to reach the maximum value of stress 
becomes shorter as the shear rate increases. The number 
on each curve indicates the value of KT. 
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Figure 3. Normal stress growth at the onset of shear 
flow. Normal stress grows monotonously with time for 
each shear rate. The notations are the same as those in 
Figure 2. 

accordingly, tM decreases with increasing shear 
rate. If tM is larger than r, the shear stress 
attains a constant steady value before reach a 
maximum, since the stress takes on a steady 
value almost at the end of the time r. There
fore, Kr .J3 is the critical condition 
determining whether stress overshoot will 
appear. 

The shear stress corresponding to t = oo 
gives the steady shear stress and the steady 
shear viscosity is given by 

G0F5(K, oo) G0 r 
IJ(K) = K ""(1 + K2r 2 /3) (37) 

IJ(K) is a decreasing function of the shear 
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rate. 
The integrand in eq 35 is always positive and 

vanishes at infinity, and accordingly, t) 
increases monotonously with time and tends to 00 

take on a steady value for each shear rate. :It 

3 

2. 

The shear stress versus time relation is _g: 
shown in Figure 2 and the normal stress versus 

time relation in Figure 3. 
b. Elongational Flow 

When a steady simple elongational flow with 
a constant elongation rate a is given at t=O, 
y(t) is expressed as 

0 

y(t)= t>O 

0 
(38) 

1 

Where we assume that the volume does not 
change at the deformation, and J.(t, t') be
comes 

( 

e2a(t-r') 

J.(t, t') = 0 

0 

0 

1 otherwise 

(39) 

The stress acting in the elongational direction 
becomes 

[ ' d ( 1 - e- 3ax ) 
F (a t) - e-x!<- dx 

el ' - • o dx 1 + 2e 3ax 
(41) 

and increases monotonously. The stress versus 
time relation is shown in Figure 4. At a high 
elongation rate the stress increases more rap-
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Figure 4. Stress growth at the onset of elongational 
flow. Stress grows monotonously with time for each 
elongation rate. Curves corresponding to different elon
gation rates intersect with each other. The number on 
each curve indicates the value of m:. 

Figure 5. Elongational viscosity versus elongation rate 
relation. As the elongation rate increases, the elon
gational viscosity increases somewhat at the beginning 
and, after passing a maximum value, decreases nearly 
inversely proportional to the elongation rate. 

idly at the beginning and tends to take on a 
lower steady value than when the elongation 
rate is low. That is, a curve for a high elonga
tion rate crosses those for low elongation 
rates. 
The elongational viscosity is defined by 

(42) 

Since the zero shear viscosity IJso IS equal to 
G0 r by eq 37, we have from eq 42 
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1-e-3ar 

---aT 1 +2e 3ar IJso 

for 1 
1 

(43) 

and Trouton's relation is satisfied in the region 
of low elongation rate. When the elongation 
rate increases, the elongational viscosity IJe/a) 
increases a little in the beginning and passing a 
maximum it decreases nearly inversely propor
tional to the elongation speed in high elonga
tion speed regions. The elongational viscosity 
versus elongation rate relation is shown in 
Figure 5. 

CONCLUDING REMARKS 

The present network theory of nonlinear 
viscoelasticity is classed as the chain breakage
and-reformation theory in which reformed 
chains are recrosslinked in the stress free state. 
The nonlinearity is based on the assumption 
that the segment length is not changed by 
deformation. The strain tensor characterizing 
the deformation of segments satisfies the slip 
equation of the slip theory in the range of 
linear theoryY The nonlinear equation satis
fied by the strain tensor is a natural extension 
of the linear slip equation. The constitutive 
equation eq 16 has a simple form and is easily 
applied to some practical problems. 

The relaxation modulus is the product of the 
time dependent and strain dependent terms for 
both shear and elongational deformation, as 
was found on the basis of experimental 
evidence. 1 7 - 19 

At the onset of steady shear flow, the shear 
stress shows stress overshoot but not the 
normal stress. This is at variance with ex-
perimental evidence for normal stress over-

tendency was not found. 43 The experimental 
results for stress growth of the elongational 
flow showed complex features39 - 43 that could 
not be explained by presently available theory. 

APPENDIX I 

We consider the linear term of eq 13 

da 1 + dt= (a-1)+y·a+a·y (AI.l) 

Equation ALl is satisfied by 

ft -(t-t')jr 

a(t)= -w e T A(t, t')dt' (AI.2) 

As an approximate solution of eq 13, we find a 
scalar function A(t, t') defined by 

ot(t)=f' A(t, t') e-<r-t'l/r l(t, t')dt'] 
-w T 

A(t, t)= 1 

(AI.3) 

The substitution of eq AI. 3 for ot in eq 13 gives 

ft a e-(t-t')/r 

a A(t, t') Tr. l(t, t') dt' 
-w t T 

= -Tr. {(r+V)·oc} (AI.4) 

since Tr. ot = 3u · u = 3. From eq AI3, eq AI.4 
leads to 

f' aA(t t') e -(t-t')/r 
a' Tr. A-(t, r') dt' 

_ 00 t T 

ft e-(t-r')/r a 
= - A(t, t') -a {Tr. l(t, t')} dt' 

_ crc T t 

(A1.5) 
Equation AI.5 is satisfied by 

1 aA(t, t') 1 a(Tr. l(t, t')) 
A(t, t') at Tr. A-( t, t') at 

(AI.6) 
shoot.21.4s namely 

At the onset of elongational steady flow, the 
stress increases monotonously and tends to 
take on a steady value, which is low at high 
elongation rate. In some experiments, this 
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A(t, t') = 3/Tr. l(t, t') (AI. 7) 

since Tr. A.( t', t') = 3, and eq 16 is obtained. 
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APPENDIX II 

When we use the tube model for the motion 
of a polymer chain, we obtain the same consti
tutive equation as that obtained by Doi et a/. 27 

We use the tube model with length L, and the 
motion of polymer molecules in concentrated 
systems is represented by a diffusive motion of 
the primitive chain in the tube. Let the number 
of segments in a polymer molecule be n, the 
end-to-end vector of the ith segment be ri 
which has the constant length a, and the 
number of polymer molecules in a unit volume 
be c. The stress a(t) is then obtained as 

3ckT n 
a(t)=-2- I <(rir;))-P1 (AII.l) 

a i= 1 

where < ) is the average with respect to the 
configuration of a primitive chain and (rr) is a 
dyad. Since ri has a constant length, the 
magnitude of the unit vector, ui=r)a, is kept 
constant during deformation, and eq AII.l can 
be rewritten using ui. Instead of the number i 
we use the arc length s of tube, s = ia and 
obtain 

3ckT iL a(t)=-- <(u(s, t)u(s, t))) ds-P1 (AII.2) 
a o 

'( ) y(t +At, t) · u(s, t) u s, t =,..---,-------'-
t)·u(s, t)l 

(AII.5) 

Therefore, u(s, t) is transformed to u'(s + t) 
after At; that is, 

u(s, t +At)= u'(s + t) (AII.6) 

and the strain tensor satisfies the relation 

t) (AII.7) 

where t) is the strain tensor in which u(s, t) 
is replaced by u'(s, t) in eq AII.3. From eq 
AII.5 and eq AII.7, we have 

t) 

t)/3} 

x + (AILS) 

Expanding eq AILS with respect to 
and using the relation we have 

a 82 

at t) = D 882 t) + y · t) + t) · y+ 

t) 

(AII.9) 

We define the strain tensor as 

t) = 3<(u(s, t)u(s, t))) 

where Dis the diffusion constant of a primitive 
chain and proportional to L. The boundary 

(AII.3) and initial conditions are 

and the stress tensor is given from eq AII.2 as 

ckT iL a(t)=- t)ds-P1 
a o 

(AII.4) 

To obtain a constitutive equation, it would 
be convenient to know the revolution of t) 
with time. When the deformation of the system 
changes with time, the tube surrouding a 
primitive chain is also deformed, and the 
motion of primitive chain is affected by both 
the deformation and repetition in the tube. 

By the repetition, u(s, t) is transformed to 
u(s + t) after a time interval At by defor
mation to u'(s,t), where 
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t)= 1 boundary condition } 

lim t) = 1 initial condition 

(AII.lO) 

When L is long, eq AII.l 0 is a good approxi
mation. 

To integrate eq AII.9, we introduce 
defined by 

4 . (pns) t)-1 = I -Sill - -1) 
p:odd pn L 

(AII.ll) 

Using the well known ·relation 
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. (pns)/ n L Sill - p=-; 
p:odd L 4 

(O<s<L) 

we have 

d 1 ( ) 0 o+ -IX=-- IX -1 +y·IX +IX ·y dt p Tp p p p 

-Tr. {(y+y+)·IXP/3} "IXP 

rp=U/p2n2D 

(AII.l2) 

(AI1.13) 

where rP is the relaxation time related to IXP. 
Equation AII.l3 is the same as eq 13. Using 
eq AII.ll and eq AII.l2, the initial condition 
is rewitten as 

lim 1X(t) = 1 (AII.l4) 

The approximate solution of eq AII.l3 be
comes 

3).( t, t') 
T '( ') dt' (AI1.15) 

f. A t, t 

and we have the constitutive equation 

x · ' dt'-P1 f' e-(r-r')/tp 3l(t t') 

- 00 Tp Tr. l(t, t') 

G 0 =ckTL/a 

(AII.16) 

This is an extension of the formula of eq 16 to 
a system consisting of tube model, and is a 
somewhat simplified expression of that ob
tained by Doi et a/. 27 
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