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ABSTRACT:

The small angle X-ray scattering from alternating lamellar phases may for-

mulated on the basis of two concepts. The one is that the scattering is due to positive and negative
density deviations from the average density of the system and the other is that the scattering
depends upon the excess electron density between the two phases. In order to consider scattering
from real systems, the mathematical treatment is carried out for two dimensional lamellar
assemblies with orientational distribution. The scattering pattern calculated on the former concept
is in good agreement with ones which have been observed experimentally. By contrast, the pattern
calculated on the latter concept has many scattering maxima which have never been observed. The
origin of this discrepancy for the latter concept has been derived from its scattering equation.
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There are some current theories' ~2 for the
small angel X-ray scattering (SAXS) from
alternating lamellar phases. They are entirely
formulated on the basis of the concept that the
scattering is due to positive and negative den-
sity deviations from the average density of the
system. This concept differs from the approach
of Hosemann** and is more suitable for ana-
lyzing the scattering from real systems.
Hosemann’s approach is based on the as-
sumption that the scattering depends upon
the excess electron density between the crystal-
line and amorphous regions. Namely, his ap-
proach indicates in principle that a given as-
sembly consisting of several pairs of crystal-
line and amorphous regions is floating in an
amorphous infinite medium. Blundell®’ ex-
tended Hosemann’s approach* to a general
one dimensional model where the density
of a finite transition zone between crystalline

and amorphous phases changes linearly and
where the thickness of the crystalline and
amorphous domains fluctuates according to
independent Gaussian distributions. However,
a real system consists of many assemblies
and it must be considered that a given assem-
bly is surrounded by an infinite medium whose
density is equivalent to the average density
of the given system. Our previous paper® was
concerned with a theoretical formulation in
which the scattering was due to positive and
negative density deviations from the aver-
age density of the system. Using this ap-
proach, it turns out that the scattered inten-
sity could be represented as a function of
the volume crystallinity (for a crystalline
polymer) or the volume fraction (for a block
or graft copolymer) if these polymers consist
of alternating lamellar domains. The result-
ing equations of SAXS intensity satisfies

* To whom all correspondence should be addressed.
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Babinet’s theorem for the volume crystallinity
or the volume fraction when there is no fluc-
tuation in the thickness of the alternating
lamellar phases.

However, in our previous paper,’ the length
in crystalline lamellae and the orientational
fluctuation of lamellar assemblies were not
introduced in the theoretical calculation. Such
a treatment is not sufficient to explain the
scattering from the real system. Accordingly,
the focus of this paper is concentrated on a
general theoretical treatment in which an as-
sembly consisting of several lamellae with
finite size has orientational fluctuation with
respect to a particular direction and the given
assembly is surrounded by an infinite medium
whose density is equivalent to the average
density of the given system. Numerical calcu-
lations were carried out for the azimuthal
dependence of the scattered intensity and the
results calculated were compared with those
calculated by Blundell’s model.®’

THEORY

The coordinate system is given in the case
when a film composes of large lamellar crystals
stacked on top of one another to form a
periodic crystalline-amorphous structure par-
allel to the plane of the film. This arrange-
ment has been confirmed by SAXS patterns
for the dry gel films produced by gelation/
crystallization from semidilute solutions,® ~1°
and for styrene—isoprene block copolymer
films cast from toluene solutions.'! Figure 1
shows the coordinate to calculate the scattered
intensity from the above system. In this model
system, the X; axis corresponds to the film
normal direction and the X, axis is parallel to
the direction of an incident beam whose unit
vector is defined as s,. The intensity distri-
bution is observed as a function of the scatter-
ing angle 26 and the azimuthal angle u, and s’
is a unit vector along the scattered X-ray
beam. In order to simplify the calculations, it is
assumed that the crystalline lamellae are rec-
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Figure 1. The models used for the theoretical analysis

of the SAXS intensity distribution.

tangular in cross-section and situated in the
plane 0-X,X;. The center of gravity of each
crystalline lamellae is in the direction of the u
axis. The dimensions of the j-th lamellae are
represented as the I and Yj. The u axis is fixed
on the 0-X, X; plane. The size of lemella in the
X, direction is neglected, since this affects only
on the magnitude of the scattered intensity but
is independent of the intensity distribution. In
this model system, it is assumed that all the
lamellae have same length L. The distance
between the j-th and th (j+ 1)-th lamellae is
defined as Z; and a denotes the orientational
angle between X; and u axes. In order to
represent the variation of density along the u
axis, two schematic diagrams are proposed.
Incidentally, for mathematical simplicity, the
variation along the v axis, which is parallel in
the direction of lamellar length, is neglected.
Figure 2 shows schematic diagrams to re-
present that the density variation of two
phases is specified by positive and negative
deviations from the average density of the
system,® in which (a) the variation is speci-
fied by an arbitrary function and (b) a trape-
zoidal function. This type of diagram is named
as A-type. The léngths Y; and Z; are those
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Figure 2. A-type models for representing the SAXS
intensity distribution, in which the density variation
between the two phases is specified by positive and
negative deviations from the average of the system. (a)
Variation of electron density specified by the arbitrary
functions {;(y) and (,(z); (b) Trapezium density profile
corresponding to {;(y) and {,(z).

of the representative phases and X; is the
total length (the repeat distance) of the j-th
pair. The lengths ¢ and ¢’ of the transition
zones are assumed to be constant whereas the
lengths Y; and Z; are assumed to fluctuate
independently from the average values Y and
Z.

Figure 3 shows schematic diagrams propos-
ed by Blundell,® in which (a) the density
variation is specified by the excess electron
density denoting the density difference be-
tween alternating lamellar phases and (b)
shows a trapezoidal density variation cor-
responding to (a). This type of diagram is
named as B-type. In B-type models, the density
of the phase with the length Z; is thought to be
zero. The length ¢ corresponds to the transition
zone of the two phases of Y; and Z;.

In our previous work,? the treatment was
formulated in the case when infinitesimally
thin lamellae in length are arranged in the
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Figure 3. B-type models for calculating the SAXS
intensity distribution. (a) Variation of excess electron
density specified by an arbitrary functions {(y); (b)
Trapezium density profile corresponding to {(y).

direction of X; axis as a=0° in Figure I.
Namely, it was assumed that the intensity is
based on the scattering from the density vari-
ation along the X; axis. Therefore, as can be
understood, our current theory is more re-
alistic to represent the scattered intensity.

General Model

Considering the geometrical arrangements
described in Figures 1 and 2, the scattering
amplitude from the N pairs of phases is given
by

a(s)

L/2 uUN+1
= J J‘ p(u)exp [ —2mi(bu —av)] dudv

1

L/2 Uj+1
J J p(u)
ji=1 —L/2 uj

xexp [ —2mi(bu —av)}dudv 1

Il
M=

where a and b in eq 1 are given as a function of
s (=sin 26/ 1) as follows:
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a=ssin (o0 — ) (2a)

and eql denotes the

are the Bragg and azimuthal angles, and 4 is
the X-ray wavelength in the medium. p() in

density distribution in the

direction of u axis and can be rewritten as {;(«)

b=scos (0—p) (2b)

N is the number of pairs of domains. 6 and u

N

als)= ),

i=1

+Z

L2

~-L/2

j=1

where

N N
= Y exp[—2mibulf;+ ), exp[—2mib(u;+ Y)lg;
j=1

(0=y;=£Y) and {,(u) (0=z;=2Z)). Then

f J Ci(y;)exp [—2mi{b(u;+y)— av}]dydv
-L/2

sz {,(z) exp [ —2mi{b(u;+ Y;+z)—av}]1dz;dv

)]

L/2 Y;
fj=J i J (i(y))exp [ —2mi(by;—av)]dy,dv
—L/2 JO

sm(naL) Y
Cl y]) exp [ 2nlbyj:| dyJ

g;= J J (o(z)exp[— 2mi(bz; —av)]dz dv
—L/2

=MJ 'tz exp L~ 2nib] dz,
0

a

(5

Considering the orientation distribution func-
tion p(a) of the lamellar assembly with respect

I(s)= J " pla)a(s)a*(s)do

given by

/ j " ) da

to the X5 axis, the average scattered intensity is

2n
2(11+12+I3+I4)/j p()da (6)
0
where
N N (f2n
L= plo) exp { — 2mib(u;—w,)} f;f ¥ da (7-a)
Jj=1 k=1
N N f2n
L=3 > p(o@)exp { —2mib(u;+ Y, —u, — Y))}g,9 ¥ da (7-b)
j=1 k=1 J
N N (f2rn
ILi=Y Y p(e) exp { —27mib(u;—w, — Y,)} fig ¥ dot (7-c)
=1 k=1
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a*(s), f*, and g* denote complex conjugates of
a(s), f, and g, respectively. The scattered in-
tensity corresponds to the real parts of eq 7a—
7d and the real part of I; is equivalent to that
of I,. Incidentally, the sum of the each imag-
inary part of eq 7a—7d is zero, if the lamellae
possess a center of symmetry.

Following Blundell,® the scattered intensity
may be normalized as a(s)a*(s)/NXL, where X
(= Y+ Z) denotes the mean periodic distance
and therefore NXL corresponds to the area of

ple) exp { —2mib(u;+ Y;—

wlg ¥ da ()

the assembly of lamellae. Thus, the total scat-
tered intensity per unit area of scattering struc-
ture will be given by

I 1 2n
NIx =g L+ )/j0

By using a similar mathematical treatment by
Blundell,® the I,, I,, and I, terms may be
represented as a similar form proposed by him,
which are given by

p(@)da (8)

I
NT % =I8-1I¢ 9)
_ 2n ynyz
I?_L p(oz)Re{XLL “F,F J}da (10a)
1f=j {2nyyF A1 —(F,F )N]}da (10b)
NXL(1—F,F,)>
EX:I IS (11)
2A_B.F
1‘;:] { [ l_zeFy}}da (12a)
24,B,F,[1—(F,F))
1§=J { NXL(I—F Fz)2 ]}d“ (12b)
__=1 —IS (13)
2(G,B.+ A.y,)
T
(G,B.F,F,+7,4)[1—(F,F)~
I$= j oz)R{ NXL? ;[F)( )]}dfx (14b)
where
Jl=r If;I?H(Y)dY; (15a) =Jm SYH(Y)exp(—2mibY)dY; (150)
Jzzr lg;1>h(Z,)dZ, (15b) Fﬁr H(Y)exp(—2nibY)dY; (15d)
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7= f " fH(Y)AY, (15¢)

4=
F.=|
5=

Equations 15a—15h indicate that since f;
and g; are the functions of Y; and Z;, re-
spectively, the values taken by Y; and Z; are
given statistically by the distribution functions
H(Y;) and h(Z;), respectively. The intensity
expression in eq8 is rather complicated in
comparison with that in the previous model.?
This is due to the introduction of orientational
fluctuations of the lamellar assembly as well as
the lamellar length L as shown in Figure 1. The
terms /% and I¢ are similar to the terms I and
I derived by Blundell.®

g¥h(Z)exp(—2mibZ,)dZ; (15f)

WZ)exp(—2mibZ)dz;  (15g)

gMZ)dZ; (15h)

The Trapezium Model
In order to carry out numerical calculations,
we now introduce a trapezium model (Figure
2(b)) to specify the density profile between two
phases instead of an arbitrary function (Figure
2(a)). As reported by the previous paper,? the
density distribution {;(y;) of the j-th lamella
(domain) with the thickness Y;, denoting the
positive density deviation from the average
density of the system, is given by
Cl(yj)=(p° p)
t
Pe—P,s
(b= PAY;=y))/t,

where p, is the electron density of the lamella
(domain) with the thickness Y; and p is the
average electron density of the whole sample.
Similarly, the density distribution {,(z;) of the
medium with the length Z; surrounded by the
J- and (j+ 1)-th lamellae denotes the negative

Vi» 0=y;=t

t<y, (Y- (16)

(Y}_t)<yj'§ Y,
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deviation, which is given by

Cz(zj)z(pa—;p—)zj, 0=z, <t

Pa—P, t'<zj§(Zj—t’)

(pa—P)Z;—2)
tl

(17)
. (Z,-1)<z,5Z,

where p, is the electron density of the lamella
(domain) with the length Z;.

According to the geometrical arrangement
shown in Figure 3(b), we can obtain the fol-
lowing relations:

(pc_ﬁ)(}_,_t):(ﬁ—pa)(z__t,)
t//t=(ﬁ_pa)/(pc_p-)

The average electron density p corresponding
to the average density of specimen can be
written by using volume crystallinity X, (or
volume fraction) as follows:

(18)
(19)

p-=chc+(l_Xc)pa (20)
Thus, ¢ and ¢’ can be obtained as a function of
X

c*

_(0=X)(p-X) o

t 21
1-2X, X @1
and
,_Xdp—X) o
=
1-2X, (22)

p is given by Y/X.

Following Blundell,® we assume that the
variations of the lengths Y; and Z; are inde-
pendent and are given by symmetrical
Gaussian functions with the respective mean
thicknesses of ¥ and Z, and the standard
deviations ¢, and o,; thus

H(Y)=(Q2n) Y20, exp[—(Y;— 1)*/202]
(23-a)
WZ)=(2n)" "6 exp[—(Z;— Z2)*/267]
(23-b)
By using { (), {,(z)), H(Y)), WZ)), p, t, and
t',I? (i=1~3)and If (i=1~3) can be written
as follows:

Polymer J., Vol. 17, No. 3, 1985
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2n _ _ _ 2
P= f p(a)[ 5 ;, - {(‘::Za b’:i(i XZ)))%) sin (naL)sin [7b(1 — X )(p— X ) X /(1 — 2Xc)]}
) c

X {L=|F[2+|F,|( F.|*—1)cos [2mbX (1 - X . — p) X /(1 -2X )]
+| F, (| F,|?>—1)cos [2nb(1 —3X .+ pX .+ X )X /(1-2X )]}/

X [1+|Fx|2—2|Fxlcos(anX)]]doc

2z _ —_ — 2
I'f:J p(a)IZN;E{(g;ZaZ(a);I— Xzi()%) sin(anL)sin [nb(1 — X )(p— X )X /(1 — 2Xc)]}

x[A;—A;|F,|¥cos(2nNbX)—B,| F,|~sin(2nNbX)]/

X [1+]|F,|*-2| Fxlcos(27rbX')]2:|doz

2m 1 —pJ1-2X) . - . = 2
I18= J; p(a)[ %I {(,:':Za blzi(— X) Xf) sin(naL)sin [nb(1 — X )J(p— X )X/(1-2X C)]}

X{1—=|F [*+|F_ || F,|*—1)cos [2mb(1 — X N1 — X .~ p) X /(1 -2X )]
+|F, (I F.|*—1)cos [2nb(p—pX . — X DX/(1 = 2X )1}/[1 +| F, |

~2|F,|cos (anX)]]da

2 2 —p)(1—2X _ 2
1S= J p(a)[NXZ {(5;2(12’;); % )_;) sin (naL)sin [whX (p— X )/(1 — 2Xc)]}
0 c

x [A;— A,| F, ¥ cos 2nNbX ) — B,| F . |¥sin uNbX)]/[1+ | F, |2

—2|F,|cos (2nb)?)]2]da

2n 1 e — Pa 1_2Xc) 2 ) _ ~
I§=L P(Ot)[)_(i {(izalz;(_ % } sin (maL)sin [7b(1 — X )J(p— X )X /(1 —2X )]

X sin [anc(p_Xc)X/(l —2Xc)]{(1_|Fx'2)COS [nb(p_Xc)X/(l _2Xc)]
+|F (I F,1>=1)cos[nb(X +p)X 1+|F,|(| F,|*—1)cos [nb(2— X . — p) X1}/

X [1+]Fx|2—2|Fxlcos(anX)]Jda

and

0 NXL| 2n%ab(p— X )X
x sin [mbX (p— X JX/1—2X )][A3— A3| F,|¥ cos 2nNbX)

I$= f - p(ot)[ 2 ﬂ"°_”“)(1_2X°)}2sin(naZ)sin[nb(1—XC)(p—xc)X/u—zXc)]
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— B, F|¥sin 2eNbX)]/[1+]|F,|*>-2]| Fxlcos(2an)]2:|doc (29)

where

A, =2|F, (| F.|*+1)cos(2nbX)

—IF A Fy I F.1?+1)cos [2nb(X 2+ X .+ X .p— 1) X /(1 —2X )]

—|F, (1 +|F, |2 F,|?cos [2nb(x 2 —3X .+ X .p+ )X /(1 —2X )]

+2|F, || F.|(1+|F,|*)cos [2nbX (1 X . —p)X /(12X )] —4| F | (30)
B,=|F,|IF,|( F,|*~1)sin [27b(X ? + X .+ X ;p— )X /(1 —2X )]

—~2|F,|(1—|F,|?sin(2nbX)

+|F, (1= |F, |2 F,|?sin [27h(X 23X+ X .p+ )X /(1 —2X )]

—2|F ||F.|(|F,|>—1)sin[2nbX (1— X, — p)X/(1-2X )] (31
A,=2|F.|(|F.|*+1)cos(2nbX)

—|F, (| F[?|F,|*+1)cos [2nb(p— X .p— X )X /(1-2X )]

—|F|IF.I( Fy|*+1)cos [2nb(X } —4X .+ X.p—p+2)X/(1-2X )]

+2|F | | F, (14| F,|?)cos [2nb(1 — X (1 — X .~ p)X/(1-2X )] —4| F,.|? (32)
B,=2|F,|( F.|>—1)sin(2nbX)

+|F, (1= F, | F,|*)sin [2nb(p— X .p— X DX /(12X )]

+|F||F,[(1—|F,|?)sin [2nb(X ? —4X .+ X .p—p+2)X/(1-2X )]

—2|F||F,|(| F,|*=1)sin [27b(1 - X )1~ X . — p)X (1 —2X )] (33)
Ay=—|F, |(1+|F,|?cos[nb(2—3X,—p)X/(1—2X)]

+(| Fe|*—4| F >+ 1) cos [nb(X . — p)X/(1 —2X )]

+QIF I F | —=|F | +2|F||F,|=|F.|* F,)cos [nh(X .+ p—2)X]

+QIFL I Fy|=|Fy|+2| F.| | F,|=|F, || F.|)cos [nb(X .+ p)X ]

+2|F,|*cos[nb(4—7X . —p)X/(1-2X )]

+IF (I F.|?+1)cos [nb(SX .~ p—2)X /(1 -2X )]

—|F ||F,|(1+|F,|*)cos [xb(X . +p—4)X]

—|F ||F,|(1+]|F,|*)cos[nh(X ,+p+2)X] 35)
By=|F, |(1—|F,|?)sin[nb(5X,— p—2)X/(1-2X )]

=3|F J(1—|F,|?)sin[mb(2—3X —p)X/(1-2X )]

+(1 =] F,|¥)sin [nb(X. - p)X/(1-2X )]

+IF I F (I F,|*~1)sin[nb(X .+ p—4)X]
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HUF (1 =2F %)= F || F. (| x> = 2)]sin [nb(X .+ p) X ]
(1 =2[F %)= | F||F,|(| F,|*>=2)]sin [zb(X ,+p—2)X ]

+|F || F,[(1—|F,|*)sin[nb(X +p+2)X] (35)
where
| F,|=exp(—2n?b*))=exp[—2(nbY)*(s,/Y)*] (36a)
| F,|=exp(—2n2b%c2)=exp[—2nbZ)X5,/Z)*] (36b)
|F.|=exp(—2n°b%c2)=exp[—2nbX)¥o0,/X)*] (36¢)
and
o}=02+0? (37

The result in eq 6—37 indicate that a two-
dimensional mathematical treatment by con-
sidering the distribution of lamellar thickness
and orientation lamellar assemblies is essen-
tially similar to the one-dimensional mathe-
matical one discussed in the previous paper.’
However, in this paper, the effect of the two
factors on the scattered intensity distribution
can be discussed in terms of the azimuthal
dependence of the intensity through similar
numerical calculations. This estimation is un-

Iy=I3+18+18

1 2n
=2X'lJ‘0 P n%ab

+|F,|(|F,|*—1)cos [2nb(1—Xc)X]}/[1+lFx|2——2| Fx]cos(ZRbX')]]doc

derstood to be important to emphasize that the
scattering must be due to positive and negative
density deviations from the average density of
the system.

We now wish to show that the expression for
the scattered intensity derived for the tra-
pezium model can be considerably simplified
in the special case when r=0 and ¢'=0. Then
p=2X, and the following relations are ob-
tained.

(a){w}z[{l —|F |*+|F,|( F,|*—1)cos(2nbX X)

(38)

1 2n
IC=_:
! 2NXLJ0 P n%ab

( ){(pc B pa)(l - Xc) sin naz‘

}2

x [1—|F,|"¥cos(2nNbX)1{2| F (| F,.|>+1)cos (2nbX)
—|F,||F,|(|F,12+1)cos [2nb(1 + X )X 1+2| F| | F,|( F,|*+ 1) cos (2nbX .X)
—|F,|(1+]|F,|? F,|*)cos[2nb(1— X )X ]—4| F |}
—|F,|Nsin2eNbX){2|F, (| F, |>—1)sin 27bX)

—|F,||F,|( F,]2=1)sin [27b(1 + X )X 1= 2| F,|| F. (| F,|? — 1)sin (27bX X)

—|F, (| F,|?|F,|*—1)sin [2nb(1 — X )X 1}1/[1+| F.|*—2| F .| cos (2nh X )]*] do
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1 2n (@ (p.— pa) X sinmal ) ?
2NXL |, P n2ab
x [[[1—| F, |Ycos @aNbX )]{2| F,|(| F.|?+ 1)cos 2nbX)
—|Fy|(|FX]ZIFZ|2+1)COS(27ZbXCX')+2|Fx|le|(1+|Fz|2)COS[27rb(1—XC)X]
—|F || F.(F,|*+1)cos [2nb(2— X )X 1— 4| F |}
—|F,|Vsin(2eNbX){2| F . |(| F,|*>—1)sin(2nbX)
+|F,[(1—|F,|? F.|?)sin(2nbX X)—2| F || F,|(| F,|*—1)sin [27b(1 — X )X ]

—|F ||F|(I|F,|*—1)sin [2nb(2— X )X 1}1/[1+| F,|*—2| F, | cos (2nb X )]*]da

(40)

5=

1 2 (p.—p,)sinmal)?
iNXL), "N ma
o n*ab

x X (1=X)[[[1—|F,|"cos(2nNbX)]{2| F,|*cos(4nbX)

—|F || F, (14| F,|?*cos[2nb(1+ X )X ]

+@|F I’ Fy|=|F,|+2|F||F,|—|F,|’| F.|)cos 2nbX X)

+Q2IF |2 F | =|F.|+2|F || F,|=|F,|’|F,|)cos [2nb(1 - X )X ]
—|FIF. (| F,|*+1)cos [2nb(2— X )X ]+ | F|*—4| F|*+1}
—|F,|¥sin(2eNbX ){4| F.|(| F,|*—1)sin (27nbX)

—|F I FI( Fy1*=1)sin [2nb(2 - X ) X ]

+|F || F,|(1—|F,[*)sin[2nb(1+ X )X ]

+(IFy | 2| F|?| Fy|+2| F.||F.|=|F,|* F.|)sin(2nbX X)

+Q F||F,|=|F | F,|+|F.|=2|F,|| F.]sin [2nb(1 — X )X 1}1/

x[14|F |>—2|F,|cos(2nbX)]*]du

Equation 38 is of a similar form which was
derived by Blundell® and /¢ in eq 39 is also
similar to I which was obtained by Hashi-
moto et al.!' The terms IS and IS are very
important for understanding the SAXS in-
tensity distribution for real systems, as will be
discussed later. '

We now consider the simple case where the
thicknesses Y; and Z; (j=1~ N) have constant
values Y and Z, respectively. In this case, the
standard deviations ¢, and o, are zero and
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(41)

therefore we obtain

It follows that

| Fel=I/,|=IF|=1.

Li=I8=I3=1%=0 at sXxn (n, integer)
(42)

However, if sX=n (n, integer) and 0,=0,=0,
we cannot define the term Jz mathematical-
ly. Therefore, it should be understood that
I/(NLX) can be represented solely by the term,
—Io=—(I$+15+15), and we have
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IINLX=—Ic=—(IS+IS+1S

_ J 2 (a){(pc—pa)(l—ZXc)sinnaE 2 sin?(nNbX)
=) P () (p—X )Xna | NXsinZ(mbX)

x {sin?[nb(1 — X )(p— X)X /(12X )]sin?[nbX (1 - X ,—p)X/1-2X)]
+sin? [mbX (p— X )X/(1—2X )] sin? [zb(1 — X )1 — X, — p) X /1 —2X )]
—2sin[7b(1— X )(p— X JX/A1~2X )]sin [7bX (p— X )X/(1 —2X )]

xsin[nbX (1 —
x cos(nbX)} da

X.—p)X/(1-2X_)]sin[nb(1 —

X)1-X.—pX/(1-2X)]
(43)

In Eq. (43), if p=X_, then is t=0 and ' =0, we have

I/NLX=—1I,

J’Zn
0

(p.— po)*sin*(nNbX)sin? (ralL)X L
P N(nbX)*maL)?sin? (nbX)

x {(1—X)*sin(nbX X )+ X 2sin? [nb(1 — X )X ]

—2(1—X )X sin(nbX X)sin [nb(1 — X )X ] cos (an')}} do

(44)

If the I term is considered in B-type models, the equation corresponding to eq 44 is given

by
I/NXL=—1I,

p.)?sin? (tNbX )sin? (naL)X L

2n
(p.—
= j p(o)
0

Equation 45 is similar to the first term in eq 44.

Considering a real system, the portion of the
specimen sampled by the X-ray beam contains
a distribution of the number N of pairs of the
two phases. This concept must be introduced
in order to smear out the many subsidiary
maxima which appear at lower scattering angle
sX. This has been taken into consideration by
Hashimoto et al.'! by introducing a discrete
symmetrical distribution of N with standard
deviation g, = 3. This distribution is written as

P(N)=exp{ ( ;IN) }/ Z
(N-N)?
X exp BESTIa (46)
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N(nbX )X (raL)?sin? (nbX)

sin?(nbX X )do (45)

In the present work we assume the same type
of distribution of N. Then the average value of
the term /. is given by

2N-1

<IC>av: Z ICP(N)
N=1

(47)
In our subsequent calculations, an average
value of N, N is assumed to be 10.

To complete this theoretical analysis we now
discuss the function p(a). p(«) is a distribution
function describing the orientation of the
lamellae with respect to the X; axis. It is

defined by
pla)=exp[—o2sin%«] (48)

where o, is a parameter associated with the
shape of p(x). When o, is large value, p(a)
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shows a sharp distribution. By contrast, when
0,=0, p(e) shows random distribution with
maximum fluctuation.

The expressions for the SAXS intensity dis-
tribution, as formulated in eq 8—37, contain
five parameters ¢,/ ¥, 6,/Z, L, p, and X, which
must be determined by numerical calculation.
The value of o./X, which is an important
parameter to describe the fluctuation of the
long period, can be obtained from eq37 if
0,/Y,0,/Z and p can be determined. In the case
of a block (or graft) copolymer with alternat-
ing lamellar phases, p and X, (volume fraction)
can respectively be determined in principle by
observation under the electron microscope and
from the monomer contents before polym-
erization. In the case of semicrystalline poly-
mers, X, (the volume crystallinity) can be
readily estimated, for example, by a density
measurement but p cannot be easily deter-
mined. However, in a real system, ¢ and ¢’ are
usually much smaller than ¥ and accordingly
for numerical calculations, p can be assumed
essentially to be close to X..

Consider first the difference of I; and [
calculated from A- and B-type models, in the
case when the parameters describing the fluc-
tuations in the thickness of the crystalline and
amorphous regions are set at very small values
such as o0,/¥=0,/Z=0.001. The sX depen-
dence of Iy and I obtained in the case of u=
0°. For simplicity, the lamellae are assumed
to be oriented perpendicular to the direction
of the X; axis, that is, «=0°. Furthermore,
the lengths ¢ and ¢* of the transition region
are fixed at zero. This indicates a step function
for the density variation between the crystal-
line and amorphous phases similar to that
proposed by Wenig and Bramer.! The crystal-
linity X, (= ¥/X) is fixed to be 0.6 and Y/L
is also fixed as 0.02.

Figure 4 shows the results. The curves on the
left hand (Figure 4(a)) correspond to the
model shown in Figure 2(b) (A-type), while the
curves on the right hand (Figure 4(b)) cor-
respond to the model shown in Figure 3(b) (B-
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Figure 4. The profile of / and Iy at 6,/ ¥=0,/Z=0.001.
(a) A-type; (b) B-type.

type). As demonstrated in eq 38, the profile of
I for A-type and that of B-type exhibit exactly
the same shape. They have many maxima, but
the maxima at sX=5 and 10 are missing in
both models. This arises from the charac-
teristic property of the Iy term, which will be
discussed below. By wusing the relations
|F.|=|F,IIF,|, |F,|=|F,], a=0, and b=s,
eq 38 can be rewritten as follows:

LX {pc_pa}z
[== )P
2 nsX
x [{1=|F,|*=2|F,|1—|F,|?
x cos (msX )cos [ms(2X ,— 1)X ]}/

% {1+|F,|*=2|F,|*cos(2nsX)}]  (49)

Equation 49 should have very large values
when sX is integer and very small values when
sX is n/2 (n, integer), taking into account the
denominator of eq49. When X.=0.6,
cos (nsX)cos[ns(2X, —1)X] has its maximum
value (unity) at sX=52n—1) (n, integer).
Then eq 49 is reduced to

LX (p.—p,|*[1-I|F,|

I S C - a y
B2 {nsX }[1+|Fy| (50)
This equation indicates that the Iy term has a
very small value at sX=35 and 10 as shown in
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Y/X=0.6 %% =100

1 1 T 1 11 1T 1T7]F

%y/Y=92/7=0.I

{b)+

Figure 5. The profile of I and I at 0,/Y=0,/Z=0.1
and 0,=100. (a) A-type; (b) B-type.

Figure 4, because | F, | is close to unity for the
given parameter ¢,/¥=0.001. The peaks of /
at sX =n (n, integer) are broader than those of
I, which is due to the characteristic property
of the I. term. The /. term is presumably a
smooth curve showing broader maxima at
sX=n (n, integer). A comparison of both the
scattered intensity curves 7 in Figures 4(a) and
(b) in detail shows that the peaks as well as
background for A-type are broader than those
for B-type. This indicates that the /5 and I§
terms are reflected in the profile of I for A-
type, since the I{ term is equivalent to the /.
term derived from B-type at t=¢"=0. Inciden-
tally, the effect of the lamellar length L causes
no significant change in the sX dependence of
the scattered intensity distribution at pu=0°,
since | F, | is independent of L in eq49.
Figure 5 shows the profiles of 7 and Iz when
0,/¥=0,/Z=0.1 corresponding to a large
fluctuation of the thickness of the crystalline
and amorphous regions. The parameter o, is
fixed to be 100 indicating that the lamellar
assemblies are oriented almost perpendicular
to the X; axis. The height of the maxima of /
and I decreases considerably at large values
of sX and then both would be expected to be-
come a smooth monotonically decreasing line
with increase of sX. This indicates that the in-
crease of ¢,/¥ and o¢,/Z makes the peak
and background of I and Iy broad. Compar-
ing the profile of I in Figures 5(a) and (b),
both the shapes resemble each other except
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Figure 6. The profile of / and I at ¢,/Y=0,/Z=0.1
and g,=1. (a) A-type; (b) B-type.

on 0<sX<1. This is probably due to the I,
and I3 terms at ¢,/Y=0,/Z=0.1 which
cause no significant change in the profile of 1.

In order to consider the effect of orientation
distribution of lamellar assemblies on the sX-
dependence of the scattered intensity distri-
bution at u=0°, the calculation was carried
out at g,=1 corresponding to the broad
distribution. The result is shown in Figures
6(a) and (b). Both the shapes of I resemble
each other except on 0 <sX < 1. This tendency
is similar to those which appeared in Figures 4
and 5. Therefore, the question can be arisen
why the considerable difference of SAXS in-
tensity distribution between A-type model in
Figure 2(b) and B-type model in Figure 3(b)
comes out in the range of 0 <sX<1. As shown
in Figures 4(a) and 5(a), both the intensities /
on A-type model decrease gradually as sX
decreases in the range of 0<sX<1 and be-
comes zero at sX=0, when the lamellar assem-
blies orient almost perpendicular to the Xj
axis. Furthermore, as shown in Figure 6(a), the
intensity / shows a small peak on 0<sX<1
and becomes zero at sX=0, when the orien-
tation of the lamellar assemblies is characteris-
tic of a broad distribution. By contrast, the
scattered intensities / as shown in Figures 4(b),
5(b), and 6(b), corresponding to B-type, in-
crease as sX decreases in the range of 0 <sX <1
and gives the zero-order scattering. The
magnitude of 7 at sX=0 is proportional to N.
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Accordingly, when N is infinite, the value of /
becomes infinite and therefore corresponds to
the intensity of an incident beam automati-
cally. However, the scattered intensity must be
zero at sX=0 in an ideal case. As for the
experiment to observe the intensity distri-
bution of SAXS, the distribution in usually
estimated by substituting an unscattered in-
tensity associated with an incident beam as
well as an air scattering one from the observed
intensity. However, such beams around sX¥=0
are eliminated by a lead stopper and therefore
nobody can demonstrate that the scattered
intensity is zero at sX=0, experimentally. In
the very small angle region except around
sX=0, the observed intensity distribution at
u=0° showed a gradual increasing curve with
decreasing sX,'> when the measurement was
carried out by using a PSPC (position sensi-
tive proportional counter) system for undrawn
dry gel film which was produced by gelation
crystallization from dilute solutions according
to the method of Smith and Lemstra'? and has
drawability up to an elongation ratio of 20
times.®® A similar phenomenon has been ob-
served for a sedimented mat of single crystals
of polyethylene. Namely, the experimental re-
sult is similar to the calculated one shown in
Figure 6(a) but different from the ones in
Figure 4(a) or 5(a). This indicates that the
orientation of assemblies constructed of alter-
nating lamellae is not sharp but broad with
respect to the X; axis (the film normal di-
rection). Accordingly, the scattered intensity
distribution calculated on A-type model in
Figure 2(b) is better than that calculated on B-
type one in Figure 3(b) in order to explain the
scattering from real system. Furthermore, the
validity of A-type can be demonstrated in
terms of the concept that the equation of
SAXS intensity satisfies Babinet’s reciprocal
theorem for volume fraction when there is no
fluctuation in the thickness of the alternating
lamellar phases. This concept is described in
Appendix.

In order to understand the effect of the
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Figure 7. The effect of the orientation distribution
function of lamellar assemblies, o,, on I and I calculated

s Yas

on A-type of 6,/¥=0./Z=0.001 and 1/X=0.05.

transition zones ¢ and ¢’ on the scattered
intensity, numerical calculation was carried
out by using eq 24—29. Figure 7 shows the
effect of the transition zones on / and I;, when
0,/Y=0,/Z=0.001 corresponding to a small
fluctuation of the thickness of the crystalline
and amorphous regions. The calculation was
carried out by using A-type model at X,=0.6.
The ratio of the transition zone ¢ to the average
repeat distance X is fixed as #/X=0.05 and
from eq21, p=(Y/X) becomes 0.575. In this
case, the ratio of ¢’/X ia also determined to be
0.075 automatically from eq 21 and 22. The
parameter o, is fixed as 100 and 1 to charac-
terize two extremes of the distribution p(«), the
one narrow and the other broad. As illustrated
in Figure 7, the curves of I shows that maxi-
ma up to the tenth are missing. The distri-
bution of I at 6,=1 shows many small peaks,
which are not shown for Iy at 0,=100. This
cause is unresolved problem. Such small peaks,
however, cause no significant change in the
profile of I. Interestingly, the profile of I at
o,=1 is smoother than that at ¢,=100. This

Polymer J., Vol. 17, No. 3, 1985



SAX-ray from a System of Alternating Lamellar Phases
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Figure 8. The effect of the orientation distribution
function of lamellar assemblies, o,, on [ and Ij calculated
on A-type at 6,/Y=0,/Z=0.1 and 1/X=0.05.

is presumably due to the addition to the I
term which makes the peaks and background
smooth at o,=1.

Figure 8 shows the calculated results of I
and Iy at 1/X=0.05 when o,/¥=0,/Z=0.1
corresponding to a large fluctuation of the
thickness of the crystalline and amorphous
regions. The magnitude of I decreases con-
siderably at sX=8. This tendency of I is the
same as the case in Figure 7 in spite of large
value of ¢,/Y and ¢,/Z. The profile of I at
sX =8, however, shows a small trough around
sX=8. Furthermore, it should be noted that
the profiles of Iy and 7 show rapid decrease of
the magnitude with increasing sX in com-
parison with the profiles shown in Figures 5(a)
and 6(a). Such a rapid decrease was discussed
already by Blundell® and Hashimoto et al.!!
Incidentally, the decrease is independent of the
parameter o, associated with the orientation
distribution of lamellar assemblies.

In order to demonstrate the validity of A-
type, the azimuthal u-dependence of the scat-
tered intensity was calculated. The results are
shown in Figures 9—13. Among them, Figures
9—11 exhibit the patterns calculated from
A-type and Figures 12 and 13 the patterns
calculated from B-type. First, we shall discuss
the p-dependence as the function of the pa-
rameters 0,/Y, ¢,/Z, and ¢, in the case of
X/L=0.02 corresponding to the system which

Polymer J., Vol. 17, No. 3, 1985
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Figure 9. SAXS patterns calculated on A-type at =0
and X/L=0.02.

(c) 2=3

the lamellar length L is much longer than the
average repeat distance X. The result is shown
in Figure 9. The profile of the scattered in-
tensity for the u-dependence is affected by o,.
Judging from the change in profile with dec-
reasing o,, one would expect that the intensity
distribution becomes broader as the distri-
bution p(x) becomes broader. The increase of
fluctuation in the thickness of the crystalline
and amorphous regions, namely, the increase
of 0,/¥ and 0,/Z causes the disappearance of
the third order peak intensity as far as the
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t=0, Y/X=06, X/L=0.l

%/Y=9/Z=0.00| %/Y=%/Z=0.!
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(f) @=3

(c) =3
Figure 10. SAXS patterns calculated on A-type at =0
and X/L=0.1.

contour line is adopted to distinguish the
relative magnitude between 100 and 0.1. This
tendency would be expected from the com-
parison between the distributions shown in
Figures 4(a) and 5(a).

Figure 10 shows the u-dependence of the
scattered intensity distribution calculated by
using the same values of the parameters listed
in Figure 9 except X/L. X/L is fixed to be 0.1 in
order to check the effect of lamellar length on
the distribution. The lamellar length in this
case is shorter than that in Figure 9. Com-
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Figure 11. SAXS patterns calculated on A-type at

1/X¥=0.05 and X/L =0.02.

paring the results in Figure 10 with those in
Figure 9, the first and second order intensity
distributions for the p-dependence become
broader as lemellar length becomes smaller.
Furthermore the change in profile of the dis-
tribution with variation of ¢,/¥, ¢,/Z, and o,
exhibits the similar tendency to the results in
Figure 9. Namely, the increase in ¢,/Y and
0,/Z makes the third and fourth order peak
intensity distributions indistinct and this ten-
dency becomes considerable when the distri-
bution p(«) becomes broader.

Figure 11 shows the patterns calculated to
understand the effect of the transition zones ¢
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and ¢’ on the u-dependence of the scattered
intensity distribution. #/X is fixed as 0.05.
Furthermore X/L is fixed to be 0.02 as listed in
Figure 9. The change in profile of the patterns
with variation of ¢,/¥, ¢,/Z, and ¢, shows
similar tendency to that shown in Figure 9
except that the arc length representing the
profile of the intensity distribution of the third
and fourth order peaks is shorter than that in
Figure 9. Such a phenomenon is due to the
rapid decrease of the scattered intensity with
increasing sX, as u increases. This has been a
characteristics of the introduction of #/X.!°
The patterns (b) and (e) shown in Figures 10
and 11 are in good agreement with the intensi-
ty distribution observed for a sedimented mat
of single crystals and also dry gel films of
polyethylene.® ~!° Therefore the parameters
X/L and /X are important to give the best fit
between observed and calculated patterns. Un-
fortunately, it is very difficult to obtain the
detailed information to determine those values
experimentally on the basis of the observed
SAXS patterns.

As can be seen in Figures 9—11, it should be
noted that there are no many scattering maxi-
ma in the horizontal direction which appear in
the patterns calculated on B-type model,
namely, Blundell’s model (see Figures 17 and
18 in ref 10). In order to seek the origin of this

discrepancy, we consider the behavior of the
intensity I at u=90°. For mathematical con-
venience, the treatment was restricted to the
system at a=0°. This system denotes perfect
orientation of the lamellar assemblies per-
pendicular to the X, axis, which is similar to
the system given by o,=100. At £=90°, the
scattered intensity I derived from B-type
model can be written as follows:

sin? (nsL)
(ms)?
(51)

The term sin? (nsL) is a periodic function with
maxima occuring at positions defined by

N N _
I= Y Y fif¥=N%p.—pXY 1)

j=1k=1

nsL=Q2n—1)m/2  (n, integer) (52)
which can be rewritten as
L_@n-1 (53)

X 2sX

Equation 53 shows that L/X increases as n
increases and sX decreases. This indicates that
the. scattered intensity calculated from B-type
has many scattering maxima in the horizontal
direction.

On the other hand, at ©=90° the scatted
intensity calculated from A-type can be given
by rewriting equations 7a—7d follows:

, sin?(nsL)

N N
I =,-=Zl k; [if #=N¥p.—p)(Y —1) 5P (54a)
I,= i i 9,95 =N*(p.—p)A(Z~1) w (54b)
j=1 k=1 (7s)
N N _ _ 32 E
L=Y 3 fgt=N¥p.—ips— Y —xZ—r) 220 (540)
j=1 k=1 (7s)
and
v S *_ N2 - g . sin?(nsL)
Li=) Y gfF=N¥p.—pNp,—NY —t\Z—t) ———— (54d)
j=1k=1 (ms)
Thus,
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I=1,+1,+1,+1,

=N*(p.—pPNY =)= (p— p(Z — 1)}

The zero value of eq 55 can be demonstrated
from eq18. From this result, it would be
expected that the scattered intensity at p=90°
takes a very small value when the lamellar
assemblies have a sharp distribution with re-
spect to the X; axis. This result is very
reasonable, because scattering maxima do not
appear in the horizontal direction. This in-
dicates that A-type is better than B-type to
describe the SAXS intensity distribution quan-
titatively. Therefore, it can be concluded that
calculations of intensity must be carried out on
the basis of the concept that scattering is due
to positive and negative variations from the
average density of the system.

Finally, we will consider the importance of
the I term which has been sometimes neglect-
ed. According to the concepts proposed by
Hosemann*> and Blundell,%” the normalized
scattered intensity must be zero when there is
no fluctuation in the lamellar thickness and N
is infinite. The concept is obviously incorrect.
This invokes the importance of eq 42 and 43.
In eq43, the term sin?(nNbX)/sin?(nbX),
which is well-known as the Laue function, is
included in the /. term. The Laue function has
the value N2 at sX=n (n, integer). This in-
dicates that the scattered intensity / cannot be
approximated by the I term except when the
lamellar thickness fluctuates and N is suf-
ficiently large. Therefore, the scattered inten-
sity / must be defined as a summation of the I
and /. terms. A similar result was already
obtained for the one-dimensional problem.?

CONCLUSION

It is very important to introduce the concept
that small angle scattering is due to positive
and negative density deviation from the aver-
age density of the system. This can be de-
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, sin?(nsL)

(ms)? (55)

monstrated obviously by considering the
azimuthal angle p-dependence of the scattered
intensity distribution. When the theoretical
calculation was carried out using the above
concept, namely, A-type, the pattern is in good
agreement with one which has been observed
usually for a sedimented mat of single crystal
and dry gel films of polyethylene.8 1° By
contrast, when the pattern was calculated on
the basis of the concept that the scattering
depends upon the excess electron density be-
tween the crystal and amorphous regions
shown as B-type in Figure 3, the pattern has
many peaks in the horizontal direction which
have never been observed. This discrepancy
could be solved mathematically through eq
51—55. However, as shown in Figures 4—6,
the intensity distributions at u=0° calculated
from A-type and B-type resemble each other
except on the region of 0<sX < 1. Therefore, It
can concluded that the azimuthal angle pu-
dependence is very important to emphasize the
validity of A-type.
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APPENDIX

In the previous paper,® it can be demonstrat-
ed that Babinet’s theorem is satisfied for crys-
tallinity (in the case of a semicrystalline poly-
mer) or volume fraction (for a block copoly-
mer), when there is no fluctuation in the
thickness of the alternating lamellar phases in
one dimension. Now, let us consider whether
Babinet’s theorem is satisfied for X, in eq43
representing the scattered intensity from the
oriented lamellar phases in the two dimen-
sional system. For this purpose, we shall re-
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turn to eq21. From eq21 we have

1-2X,\ t
=X+ 1) ¥ (A1)

When X is employed instead of 1 — X, eq Al
can be rewritten as:

2X' —1\ ¢
x4
p=1 °+< X7 >X

. (A2)

By wusing the relation ¢'=X.1/(1-X,)=
(1—-X)t/ X! which can be derived from eq21
and 22 we have

iy (22X B as
p= Ty ) x=P (A3)

Therefore, we can substitute 1 — X/ and 1—p’
into eq43 instead of X_ and p, respectively.
Thus we have

J’Zn
0

(mb)*(p— X)X ma

p(a){(pc —p,)1—2X)sin maL

}2 sin?(tNbX)

NXLsin?(nbX)

x {sin? [nb(1 — X )(p' — X )X /(1 —2X )] sin® [mbX (1 - X, —p)X/(1 -2X )]
+sin? [mbX [(p' — X )X /(1 —2X )] sin? [nb(1 — X )1 - X, —p)X/1—-2X")]
—2sin[mb(1 — X )(p'— X )X /(1 —2X)]sin [nbX [(1— X . —p)X/(1—-2X")]

xsin [nhX [(p'— X )X /(1 —2X )] sin [nb(1 — X )1 — X, —p)X /1 —2X")]

x cos(nbX)} da

Comparison of eq 43 and A4 indicates that
Babinet’s theorem is satisfied for X, when the
two phases have no fluctuation in thickness as
discussed in the previous paper.®* However,
Babinet’s theorem is not satisfied in the /. term
as derived by Hashimoto et al.'* This indicates
that IS in eq 27 (or eq 40) and I§ in eq29 (or
eq41) are very important for representing the
scattered intensity in a real system.
Incidentally, eq44 for the system without
transition zones satisfies Babinet’s theorem for
X,, but eq45 derived from Model B cor-
responding to eq 44 does not satisfy it.
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