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ABSTRACT: An expression was derived to correlate the unperturbed mean-square radius of 
gyration of an intermediate polypeptide chain <s 2 ) 01 with helical content fH (see eq 10). An 
unperturbed state corresponding to the a-helix was obtained by converting the helix to a tortuous 
random-coil with a bond-rotation angle of + 100° or - 100° (in cis-convention) per residue, or 
per "virtual bond," and a bond angle satisfying the experimental value of 8.8 for the characteristic 
ratio of the random-coil of PBLG. The "quasi" linear expansion factor och of a helical sequence 
in an intermediate chain was evaluated (see eq 18) using the Zimm-Bragg-Nagai theory in colla
boration with our expression for <s2 ) 0 • The intermediate chain may be a kind of swollen random
coil owing to the existence of helical sequences in the chain, and thus, the linear expansion fac
tor oc,1 of the entire intermediate chain was approximately formulated as oc,1=oc,coch where oc,c 
is the linear expansion factor for the radius of gyration of a random-coil. With oc,1 and <s2) 0 " the 
mean-square radius of gyration <s2 ) 1 of polypeptides in the transition region was calculated 
( eq 12) and compared with that obtained experiment (see Figure 4). Our theoretical results were 
found to agree well with experiment. 
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optical rotation in the transition region. The helix-coil transition of polypeptides1 is 
much interest and importance. Thus, with 
typical polypeptides as samples, a great many 
investigations2 have been performed to find 
out how the dimensional properties of poly
peptides in dilute solution are affected when a 
helix-coil transition occurs under various en
vironmental conditions. During the last two 
decades, there have been several attempts3 -s 
to treat this transition by statistical mechanical 
methods. A partition function of a polypeptide 
molecule has been constructed by matrix 
methods. Explicit formulae have been given8 •9 

for the helical content fH and the average 
number of helical sequences gH as well as 
their distribution in a polypeptide chain. 
The Zimm and Bragg theory6 has shown good 
agreement with experiment for the change in 

The general objective in studying the helix
coil transition is to explain the dependence of 
dilute solution properties of polypeptides on 
the helical content fH and the chain length n. 
The representative conformation-dependent 
properties are the average molecular dimen
sions (the mean-square radius of gyration <s2 ) 

and the mean-square end-to-end distance 
<r 2 ) ), the hydrodynamic properties (the intri
nsic viscosity [17] and the translational friction 
coefficient) and the mean-square dipole mo
ment <11 2 ). Nagai9 •10 and Miller and Flory11 

studied the molecular dimensions in the tran
sition region by applying the Zimm-Bragg 
theory.6 But their theoretical results did not 
provide a complete explanation of the exper
imental resultsY Neves and Scott 11113 con-
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Figure 1. The polypeptide chain. Virtual bonds are shown by dashed lines connecting consecutive a
carbon atoms. The partial double-bond character of the amide bond is also evident. 

eluded the excluded volume effect to be impor
tant for predicting the dimensional properties 
of polypeptides in the helix--coil transition 
region. 

Thus, as an extension of Nagai's theory,9 

another model for calculating the unperturbed 
dimension (s 2 ) 0 and linear expansion factor 
for the radius of gyration Or:5 at various stages 
of the helix--coil transition is proposed in this 
paper: for (s2 ) 0 , the internal rotation of 
polypeptides is taken into account, and a. is 
obtained by application of the Zimm-Bragg
Nagai theory.6.9 This kind of study, calculat
ing a. of polypeptides in the helix--coil tran
sition region, has never appeared in the litera
ture. Our results for (s2 ) were compared with 
experimental data. The detailed theory, results 
and discussion are reported in the text. 

THEORY 

Unperturbed Dimension 

Brant and Flory14•15 treated the polypeptide 
chain as a sequence of virtual bonds of length 
l = 3.8 A, a fixed distance between the a-car
bons of the trans-peptide repeating unit (i.e., a-

amino acid residues -CHR-CO-NH-) in the 
chain. Virtual bonds are shown in Figure 1 by 
dashed lines. A peptide unit is in a planar 
trans-conformation permitting a spatial con
figuration of the polypeptide chain to be ex
pressed in terms of the virtual bonds, all the 
bond lengths and bond angles in the repeating 
unit being essentially fixed. 15 

By the foregoing treatment, the polypeptide 
chain was simplified by a simple chain com
prising identical skeletal atoms joined by 
identical virtual bonds. (Hereafter the "virtual 
bond" is represented simply by the "bond.") If 
the bond-rotational potential is independent of 
its neighbors, the characteristic ratio en can be 
expressed16a as follows: 

Cn=(r 2 ) 0 /nl 2 

=[(E+(T))(E-(T))- 1] 11 +O(n- 1) (1) 

where (r 2 ) 0 is the unperturbed mean-square 
end-to-end distance, n, the chain length, E, the 
3 x 3 identity matrix, < T), the average trans
formation matrix, and the subscript II denotes 
the I, I element of the matrix product. < T) is 
given by the following equation: 16a 

sine r cose 

< T) = sin 8( cos¢) 

sin8(sin¢) 

-cos8(cos¢) (sin¢) 0 l (2) 

-cos 8(sin ¢) -(cos¢) 

where e and ¢ are the bond angle and bond
rotation angle (in trans-convention), respec
tively. 
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The randomly coiled state of the polypep
tide is set as a freely rotating chain in this 
paper. The real random-coil of polypeptides 
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however is not exactly identical to the freely 
rotating chain, since there is some rotational 
hindrance, etc. Thus, our 8 is not a real 
value,l6b but a hypothetical bond angle satisfy
ing the experimental value14 of 8.8 for (r2 ) 0 c/ 
n/ 2 (see eq 6 below). If the real value of 8 is 
used, the calculated value of (r2 )oc/ 
n/ 2( = 1.9316b) is much less than the experimen
tal value. 

1. rx-Helical Residue. The polypeptide helix 
is an rx-helix, 17 i.e., 3.6 residues per turn of 
the helix. Every bond rotates with the same 
magnitude and the same sense in the helical 
conformation so that a residue has the same 
spatial orientation with respect to the 3.6 th 
preceding residue in the rx-helix. If the bond
rotation angle per turn, or per 3.6 virtual 
bonds, is assumed to be 360° (cis-convention), 
the mean bond-rotation angle should be 100° 

( = 360°/3.6, cis-convention) or 80° ( = 180-
1000, trans-convention). Ptitsyn and Shara
nov18 successfully obtained the unperturbed 
dimension of the helical conformation of 
polyisobutylene by converting18 ·19 the helix 
to a tortuous random-coil by reversing the 
signs of bond rotation along the entire chain 
without altering the magnitudes of the rota
tions/9 where the signs of bond rotation are 
independent of the neighboring bonds. 
Hence, in order to consider the unperturbed 
state of the regular rx-helix chain, the same 
method is used in this paper. The bond-rota
tion angle of the tortuous random-coil corre
sponding to the unperturbed state of rx-helix 
is ± 100° (cis-convention) or ± 80° (trans
convention) for every bond, and (cos¢)= 
cos 80°, (sin ( ± 80°)) = 0. Hence, from eq 2, 
we obtain, 

sine 

-cos e cos 80° (3) 

The ( T)H is the transformation matrix for the 
rx-helical residue which represents the unper
turbed state of rx-helix, i.e., the tortuous 
random-coil mentioned above. Substitution of 
eq 3 into eq 1 yields 

(r 2 )oH = (1 +cos e) (1 +cos 80°)+ O(n -1) 
n/ 2 1 -cos e 1 -cos 80° 

(4) 

where (r2 )oH is the mean-square end-to-end 
distance of the tortuous random-coil18·19 cor
responding to the unperturbed state of rx-helix. 

2. Randomly Coiled Residue. The random
coil of polypeptides is set to be a freely rotating 
chain, i.e., (cos¢)=(sin¢)=0, which is 
closer to a real random-coil than the freely 
jointed chain, the former being more often 
used for describing the random-coil.20a Thus 
eq 2 reduces to16a 
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0 

sine 

0 

0 ] (5) 

where ( T>c is the transformation matrix for 
the randomly coiled residue. Substitution of 
eq 5 into eq 1 leads directly to the following 
well-known equation:16c 

(r 2
) 0 c=(1+cos8)+0(n-t) (6) 

n/ 2 1-cos e 
Here (r 2 ) 0 c has the same meaning as the (r2 ) 0 

in eq 1, but in order to emphasize a randomly 
coiled state, the subscript C is attached. Since 8 
is the bond angle as mentioned previously, it 
should have a fixed value in the helix-coil 
transition region. 

3. Intermediates in the Transition Region. 
An intermediate chain is composed of two 
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kinds of residues, ex-helical and randomly coil
ed residues. The unperturbed dimension of 
the intermediate chain may be obtained in the 
absence of interaction between the two kinds 
of residues. Hence, the average transformation 
matrix (f) for an intermediate may be written 
as2ob 

(f)= (1- T)c + T)H (7) 

where the helical content represents the 
fraction of the ex-helical residue in an in
termediate chain. Substitution of eq 3 and 5 
into eq 7 yields 

sine 

-cos O(cos 

0 

(8) 

From eq I and 8, we find 

(r 2 ) 0 1 = (1 +cos 8) (1 + jHCOS 80°)+ Q n-1 
n/ 2 1 -COS 8 1 - fH COS 80° ( ) 

(9) 

This is the characteristic ratio of an inter
mediate chain in the unperturbed state, and 
used frequently in the following for represent
ing the unperturbed dimension of an inter
mediate chain (see eq 10, I2, and 20). The 
second terms on the right sides of eq 4, 6, and 
9 are negligible for most experimental con
ditions of polypeptides (n > 102). Hence, the 
relation, (r2\=6(s2) 0 , is obtained20c where 
(s2) 0 is the unperturbed mean-square radius 
of gyration. Division of eq 9 by eq 6 gives the 
ratio of the unperturbed dimension of an 
intermediate chain to that of the random-coil, 
i.e., 

(r 2)ol (S 2)ol 

(r2)oc (s2)oc 

1 +fHcos 80° 

1-/Hcos 80° 
(10) 

where (r2) 01 and (s2) 01 are the quantities 
(r2) 0 and (s2) 0 of the intermediate chain, 
respectively, and (s2) 0 c is the quantity (s2) 0 in 
the randomly coiled state. 

Expansion Factor for a Perturbed Intermediate 
Chain 
The actual value of the mean-square radius 

of gyration (s2) is defined as 

(11) 
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where ex, is the linear expansion factor for the 
radius of gyration which represents the linear 
perturbation due to the so-called excluded 
volume effect. We may rewrite the mean
square radius of gyration as 

(s2), -(ex'')2 (s2)ol 
(s 2)c- ex,c (s 2) oC 

= (1 + fH COS 80°) (12) 
ex,c 1 - fH COS 80° 

where eq IO and II are used. In eq I2, (s2) 1 

and (s2)c are (s2) of the intermediate chain 
and the random-coil, respectively, and ex,1 and 
ex,c are exs of the intermediate chain and 
random-coil, respectively. 

On using the equation for (s2) of a rigid rod 
molecule,21 the spatial average dimension of 
an ex-helix rod of n residues (s2)H (in A 2) is 
expressed by 

(s2)H=(l/I2)(1.5n)2 (13) 

Here, 1.5 A is the pitch per monomer residue 
of the ex-helix. 

By the Zimm-Bragg-Nagai theory,6.9 the 
average number of helical sequences gH in an 
intermediate polypeptide chain of n residues in 
the helix--coil transition region is represented22 

by 

gH = (na112)j112(l- j)l/2 + f(2f -1) (14) 

where a is referred to as the cooperativity 
parameter6 for the formation of helical se-
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quences, or as the helix-initiation parameter, 
and depends on the polypeptide and solvent.2 

The quantity f is the parameter related to the 
degree of transition (random-coil--+IX-helix), 
and is reduced to fH at n = oo (see below). The 
average number of residues per helical se
quence nh is expressed by 

nh =nfH/gH (15) 

and fH is given23 by 

(16) 

as derived from the Zimm-Bragg-Nagai 
theory.6 •9 

Since the helical sequence is a kinq of IX-helix 
rod of nh residues (see eq 15), its <s2) and 
<s2) 0 could be evaluated respectively from eq 
13 and 4, where the chain length n should be 
replaced by nh, and the relation20c <r2) o = 
6<s2) 0 for n > 100 should be used. The "quasi" 
expansion factor of the helical sequence IXh in 
an intermediate chain is then obtained from 
eq 11 as 

<s2)h/<s2)oh (17a) 

IX 2 = (1/12)(1.5nh)2 (17b) 

h _!__ n [2 (1 +cos e) (1 +cos 80°) 
6 h 1 -cos e 1 -cos 80° 

where <s2)h and <s2)oh are the quantities of 
<s2) and <s2) 0 of the helical sequence in an 
intermediate chain, respectively. Here, we note 
that in the derivation of eq 17b, eq 4 was 
utilized for the unperturbed dimension of the 
helical sequence. 

The randomly coiled sequences in an in
termediate chain act as flexible joints, and 
hence the intermediate chain should be similar 
to the random-coil, but, at a considerably 
large fH, behave as a rod-like molecule rather 
than a random-coil. In this paper, the in
termediate chain whose molecular dimensional 
feature does not differ very much from 
random-coils is considered, but it should per
sist in most of the transition region. Thus, the 
intermediate chain of fH not close to unity is 
assumed to be an expanded random-coil as the 
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random-coil (of IX5 = IX5c) swollen by the 
amount of IXh by the helical sequences (of IX5 = 
1Xh) formed in the chain (see Figure 2). Since 
the average helical sequences should occur at 
any position of the intermediate chain with 
equal probability, the expansion IXh might be a 
uniform expansion. The linear expansion fac
tor of the intermediate chain IX51 is approxi
mately formulated as 

(18) 

At a considerably large fH (i.e., rod-like poly
peptides), eq 18 may overestimate the expan
sion factor IX51 since the factor IX5c in eq 18 
should reduce to unity in this case. But eq 18 
may be useful for describing the changing 
trend of the expansion factor in the transition 

region for fH not close to unity. Substitution 
of eq 18 into 12 yields 

<s 2)1 =IX 2 (1 + jHCOS 80°) (19) 
<s 2)c h 1-fHcos80o 

The factor, (1 +cos 8)/(1-cos 8), in the de
nominator of eq 17b corresponds to the char
acteristic ratio <r2 ) 0 c/nl2 of polypeptides in 
the randomly coiled state as mentioned pre
viously (see eq 6). Brant and Flory14 deter
mined its value as equal to 8.8 for a high 
molecular weight poly(y-benzyl L-gluta
mate) (PBLG). Therefore, eq 17b reduces to 

(20a) 

where the value14•15 of l = 3.8 A is used. The 
expansion factor in eq 20a should be either 
larger or smaller than unity, depending on nh. 
On the basis of the experimental fact (ref 2) 
that the molecular dimensional properties of 
polypeptides do not decrease with increasing 
fH in the helix-coil transition region for the 
system of a sufficiently high molecular weight 
polypeptide and a=:: 10-4 , we assumed that the 
expansion factor of the intermediate chain IX51 

(see eq 18) does not decrease with increasingfH 
for such a polypeptide-solvent system. Thus, 
along with eq 18, all IXh's less than unity (i.e., 
nh < 160, see eq 20a) are assigned to unity, i.e., 
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asc 

(a) (b) 

Figure 2. Schematic representation of a polypeptide chain: (a) randomly coiled form; (b) intermediate 
chain. IX,c is the expansion factor for the radius of gyration of the random-coil and IX., the expansion factor 
for the radius of gyration of the average helical sequence (in which nh :2: 160) in an intermediate chain. 

(20b) 

The reason for this can be explained as fol
lows: at nh < 160, the helical content fH is 
relatively small for a system of sufficiently 
large n and a-== 10-4 (see eq 14 to 16), where 
the randomly coiled sequences should be much 
more extended than the helical sequences and 
thus the expansion factor ah of the helical 
sequences of nh < 160 might be screened by 
expansion due to the randomly coiled se
quences in the chain. 

RESULTS AND DISCUSSION 

The quantities, fH, (<s2 ) 1/<s2 )c)112 , and 
iX51/asc ( = ah) for n = 950 at various givenfwere 
calculated using eq 16, 19, and 20, respectively, 
with the aid of eq 14 and 15, and with a= 
2.0 x 10-4 .6 The results are shown in Table I. 
The conformation-dependent property <s2 ) 1 

in Table I increases slowly over the range from 
JH=O to about 0.85, but increases sharply for 
JH>0.85. This is due to the trend of the linear 
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Table I. Dependence of fH, ( (s2)J!(s2)c)112, 
and IX,diX,c on f for the chain of 

n=950 taking a=2.0x 10-4 

f /H ((s2)J!(s2)c)'l2 IX,J!IX,c ( = 1Xh) 

0.050 0.048 1.0084 1.0 
0.150 0.142 1.0250 1.0 
0.250 0.234 1.0415 1.0 
0.350 0.325 1.0582 1.0 
0.450 0.417 1.0752 1.0 
0.525 0.486 1.0883 1.0 
0.600 0.556 1.1017 1.0 
0.675 0.628 1.1157 1.0 
0.750 0.702 1.1303 1.0 
0.825 0.778 1.1457 1.0 
0.875 0.832 1.1566 1.0 
0.900 0.860 1.2001 1.0325 
0.925 0.889 1.2853 1.1001 
0.950 0.919 1.4052 1.1963 
0.975 0.952 1.6094 1.3620 

expansion factor a51 in the transition region. 
The reason for this trend is explained in the 
following way: as previously mentioned, the 
randomly coiled sections in a fairly long chain 
act as flexible joints. Thus, over the range of fH 
from zero to about 0.85, the intermediate 
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chain acts as if it were a random-coil of a5 = 
asc· But in the range of0.85<fH 1, the chain 
acts as an expanded random-coil because of 
additional expansion ah( > 1) to a5c through 
the action of the helical sequences of nh > 160 
formed in the intermediate chain. The slowly 
increasing nature of <s2)If<s2)c over the range 
between =0 and fH c:::: 0.85, where a51 is con
stant (see the last column of Table 1), is due to 
the slowly increasing nature of <s2) 01 (see 
eq 12). 

For an infinitely long chain (n = oo ),JH and 
nh are reduced to 

(2la) 

and 

nh rrl/2(l-fH)l/2 (2lb) 

The former is obtained from eq 16 whereas the 
latter from eq 14 and 15. On using eq 21, nh is 
easily obtained at a givenfH (=fin this case), 
which enables one to calculate ah2 and <s2)d 
<s2)c from eq 20 and 19, respectively. For the 
case of n = 600, the method used for making 
Table I is repeated to calculate <s2) 1f<s2)c. 
The results for n = oo and 600 are shown in 
Figure 3 from which the effect of n on the 
curve of (<s2)If<s2)c)112 vs. fH is seem to be 
small. 

Norisuye et a/.24 experimentally studied the 
relation of <s2)f12 vs.fH, where the former was 
obtained by light-scattering and the latter by 
optical rotation measurements for PBLG sam
ples in dichloroacetic acid (DCA) containing 
8.3 wt% cyclohexanol (CHL) at various stages 
of the thermal helix-coil transition. Their ex
perimental <s2 )f12 values for Nw=2180 are 
plotted in Figure 4 against fH· Our results for 
<s2)} 12 vs. fH obtained by similar calculations 
used for making Table I are shown by the full 
curve in Figure 4 where the Norisuye et al.'s24 

parameter values ( = 326 A and rr112 = 
0.85 x 10-2) were used. Figure 4 shows good 
agreement between the theory and experiment. 

Our theoretical study on the intrinsic vis-
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fH 

Figure 3. Dependence of( (s2 )If(s2)d 12 on the helical 
contentfH for n= oo and 600 with <r=2.0 x 10-4 . 

"' ' -A'"' 
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__ THEORY 
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'!) 400 
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fH 

Figure 4. Variation in (s2)/12 with the helical content 
fH· The experimental points24 are for PBLG (Nw=2180) 
in a DCA-CHL mixture (8.3 wt% CHL). 

cosity ['7] of polypeptides will be reported in 
Paper II. 
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