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ABSTRACT: An attempt was made to extend Ferry’s and Renkin’s theories establishing a very
comprehensive and general theory that would explain the separation of particles in solution by
ultrafiltration with a polymeric membrane. In addition to the pore size distribution N(r) in the
membrane (r, pore radius), four factors were considered: (1) the sieving effect due to collision
between particles in the filtrand with the pore wall or the pore edge of the membrane (steric factor),
(2) viscous interaction between the particle and the pore wall (viscous factor), (3) the hydrodynamic
effect on the particle (fractionation factor), and (4) intermolecular forces between the particle and
the membrane (intermolecular factor). The ratio ¢(a) of the particle concentration in the filtrate to
that of the filtrand (a, radius of particle) was expressed as a function of particle size, with the
filtration conditions including the flow rate (shear rate) of the filtrand, and the membrane
characteristics (N(r) and porosity). The validity of the proposed theory was confirmed by the

experiment.
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For the past decade, attention has been increas-
ingly focussed on the science and technology of
separating particles dispersed or dissolved in liquids
by means of a porous polymeric membrane. It is
considered that separation of particles by size using
a membrane is governed by the following two
mechanisms: (a) the material (particle) passes
through a kind of void formed temporarily by the
thermal molecular motion of the polymer constitut-
ing the membrane. This is called the “dissolution—
diffusion mechanism,” which is predominant when
pores are not observable by an electron microscope;
(b) the particles with a radius a smaller than the
radius r of the pores in the membrane can pass only
through permanent pores and are separated accord-
ing to the molecular size. This is often called the
“molecular sieving mechanism.” It is recognized
that, in general, as the pore radius r decreases, the
intermolecular force between the polymeric material
constituting the membrane and the solute molecules
in the filtrand plays a very important role in the
filtration governed by the dissolution—diffusion

mechanism.? ~#

In the ultrafiltration process, the mechanism (b) is
expected to predominate. However, Ferry® verified
theoretically that particles smaller in size than the
pore cannot always pass through the membrane.
This indicates that the molecular sieving mechanism
is not completely adequate (see eq 5). Renkin® mod-
ified Ferry’s theory by taking into consideration
the viscous force acting on particles moving in the
pores (see eq6). According to these theories, the
ratio of the particle concentration of the filtrate to
that of filtrand, ¢(a) (a is radius of the particle),
depends only on the ratio k of the radius a of the
particle to that of the pore ». The point is that these
theories neglected, (a) the effect of the flow of the
filtrand (the flow rate or shear rate) on @(a), (b) the
intermolecular forces between particle-membrane
and particle-solvent and (c) the pore size distri-
bution N(r) of the membrane. Unfortunately, these
three factors are not negligible from the experimen-
tal point of view. For example, ¢(a)depends mark-
edly on the flow rate (see Figure 21) and even if
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solutes with similar molecular weights (i.e., approx-
imately similar a values) are filtered, ¢(a) differs
from solute to solute (see Figure 7 of ref 7). Also,
the actual membranes have wide pore size distri-
bution (see Figure 14).

In order to critically evaluate the reliability of the
theories proposed so far, we should first determine
the pore radius r and the particle radius a ac-
curately. The mean pore size should also be de-
termined. But owing to the absence of a method for
the quantitative evaluation of pore characteristics,
no study which provides this information has been
possible except for our recent systematic approach.®

In the course of a previous study on the filtration-
type artificial kidney for hemoperfusion, in which
the porous membrane having a mean pore size (27,
defined below) of 90 nm was utilized, Kamide et al.®
observed a great difference in the composition of the
perpendicular flow filtration with that of the parallel
flow filtration. These are schematically represented
in Figure 1. In the former (Figure la) the blood is
almost stationary, but in the latter (Figure 1b), the
blood moves continuously parallel to the membrane
surface.

The previous theories by Ferry® and Renkin® fail
to explain this difference. Kamide et al® explain
that in the parallel flow filtration process, fractio-
nation occurs on the basis of a particle size; the
larger particles have a tendency to accumulate to the
position of the maximum flow rate (i.e., the center
of the flow in the case of cylindrical laminar flow),
resulting in a compositional local difference in the
filtrand.

The experimental results on the filtration-type
artificial kidney suggest that in deriving the funda-
mental equation for ¢(a), the following five vari-
ables should be taken into account: (1) radius of
solute particle, (2) mean pore size and pore-size
distribution of the membrane, (3) the flow rate
of the filtrand or its shear rate, (4) the pressure ap-
plied to the membrane surface, and (5) temperature.

In this paper, we attempt to develop a general
theory of permselectivity by taking into account the
pore size distribution in the membrane, and to
compare it with experimental results.

THEORETICAL BACKGROUND

Figure 2 illustrates that the concentration of
particles of radius a changes with distance from the
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Figure 1. Schematic representation of perpendicular
and parallel flow filtrations: (a) perpendicular flow fil-
tration; (b) parallel flow filtration. Arrows indicate the
vector of flow velocity. The shaded part represents the
membrane of thickness d,,; d, thickness of the slit of flow;
r, pore radius; v, filtration rate per unit area of mem-
brane; P,, membrane porosity; o;, mean flow rate of
filtrate in a pore; %z, mean flow rate of solution (filtrand).

membrane surface. In this figure, 0 indicates the
position of the membrane surface, d,, the thickness
of the membrane, d, the width of the filtrand flow,
C,, the mean particle concentration of the filtrand
not generally equal to the concentration of the
filtrand when at a distance of 1/2d from the mem-
brane surface, and C,,, the mean concentration of
particles in the filtrand that may pass through a
pore. The change in the filtrand concentration from
C, to C,, as shown in Figure 2 may originate not
only from fractionation (referred to as the fractio-
nation factor) occuring on the basis of particle size,
but also from molecular interaction (intermolecular
factor). The latter factor can be represented by three
kinds of interactions, i.e., polymer molecule con-
stituting the membrane—particle, particle—solvent,
solvent—polymer molecule. C,; is the particle con-
centration at the entrance of a pore. The con-
centration change from C,, to C,; results from the
difference in the effective pore area of the solvent and
particle passing through the membrane (referred to
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Figure 2. Schematic representation of the concentra-
tional distribution of particles of having radius a as a
function of the distance from the membrane surface: d_,
thickness of membrane; d, width of gap of filtrand flow;

0, position of membrane surface; C,, mean particle
concentration in filtrand; C,, mean surface concen-
tration of particles in the filtrand that can pass through
the pore; C,;, particle concentration at the entrance of

the pore; C,;, particle concentration in the filtrate.

as the steric factor). C,; is the particle concentration
in the filtrate. When the solvent molecule and the
particle pass through a pore, the difference in
velocity between these gives rise to the change in the
concentration from C,; to C,.. This velocity differ-
ence is due to the viscosity of the fluid in the pore.
The change from C,; to C, is referred to as the
viscous factor.

If the effective pore areas of the solvent and the
particle are represented by S, and S,, respectively,
then C,; is given by

Cai/(l _Cai):SaCas/[Sv(l _Cas)] (1)

Since both C,; and C,; are usually less than 0.01,
eq 1 may be rewritten as

Cai/C_'as = Sa/Sv (2)

We define ¢(a) as the ratio of the concentration
C,¢ of particles with radius a in the filtrate to that in
the filtrand before filtration, C, (i.e., the feed
concentration),

<p(a) = Caf/C—a (3)

@(a) is a directly measurable quantity. When the
osmotic pressure on the membrane Arx is zero, the
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concentration ratio ¢(a) is related to the reflection
coefficient a(a) by

p(a)=1-0(a) 4

The condition Az=0 is experimentally satisfied and
assumed throughout this paper. Here, both the
particles dispersed and the molecules dissolved in
the solution are referred to as “particles.”

Ferry® was the first to propose a theory for
interpreting the permselectivity of the ultrafiltration
process. For a process in which a solution contain-
ing particles of radius « is passed through a mem-
brane having a pore radius of r, Ferry assumed that
(a) the pore is perfectly cylindrical and perpen-
dicular to the membrane surface, (b) there is no
clogging or adsorption of particles on the mem-
brane surface, (c) the direction of the filtrand flow is
perpendicular to the membrane surface and only the
particles, whose centers of gravity are within a
distance of r—a from the center of the pore, can pass
through the membrane (this is the so-called steric
hindrance effect or molecular sieving effect), and (d)
the flow of the liquid inside the pore is a one-
dimentional Poiseuille flow. The relationship he
obtained between ¢(a) and a/r for this membrane
with a pore radius of ris given by

@(a)=2{1—(a/n)}*— {1 —(a/r)}* &)

The velocity of the particles in the pore is re-
tarded by a viscous force less than that of the
solvent.!! Renkin® modified eq5 by taking into
consideration this effect (i.e., the viscous factor), so
that,

@(@)={[1—(a/r)}? —=[1—(a/n]*}[1—2.104(a/r)
+2.09(a/r)® —0.95(a/r)’] 6)

According to eq5 and 6, where the non-
uniformity of pore size is not considered, ¢(a) is
expected to be a single function of the ratio a/r. This
prediction is at variance with our experimental
results on hemo-ultrafiltration,” in which ¢(a) is a
function not only of the ratio a/r but also of the flow
rate of the filtrand and pressure applied to the
membrane. As a result, we undertook the present
study.

We denote the number of pores having radii
between r and r+dr in a unit area of a membrane by
N(r)dr. Thus N(r) is the frequency distribution of
pore radius r. If the pore density N is defined as the
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total number of pores in a unit area, N may be
represented by

N= J ) N(rydr )

]

The ith mean pore radius 7, is defined by equation,®

Fi:J‘wr‘.N(r)dr/J‘wri—lN(r)dr (8)

0 0

The porosity P, is the volume fraction of pores in a
membrane and, for a membrane consisting of
straight-through cylindrical pores,® is given by

P,=7rJ~ r2N(r)dr=nr,- F{* N )
0

We define ¢(a, ) as ¢(a) in the case when N(r) is
represented by a ¢ function (in other words, the
pore size distribution in the membrane is absolutely
uniform). Assuming that the flow in the pores obeys
Poiseuille law and that the overall flux from the
membrane is given by the sum of the individual
fluxes, we obtain

(p(a):j @(a, S)r*N(r)dr / j r*N(r)dr

0 0

When the values of N(r) and ¢(a, §) are known in

advance, ¢(a) can be calculated by using eq 10.
For a membrane having a uniform pore size

distribution, ¢(a) in eq3 reduces to ¢(a, §), and

can be rewritten as

¢(as 6) = Caf/éa = (Caf/cai)(Cai/Cas)(Cas/Ca) (1 1)

The definitions of C,, C,;, C,,, and C, are illustrated
in Figure 2. It should be noted that C,; and C, are
the only observable quantities. For convenience, the
concentration ratios (C,¢/C,;), (C,i/C.s) and (C,i/C,)
are expressed as ¢,(a, 0), ¢ (a, §) and @q.(a, J),
respectively,

(pv(ay 5) = Caf/Cai
(ps(a7 5) = Cai/éas
(pfm(a’ 5) = Cas/ca

Equation 11 is simplified to eq 13, using the above
parameters

(p(as 5) = (ps(a3 6) . (pv(a’ 5) ' gofm(a’ 5) (13)

In eq 13, ¢ (a, J), ¢.(a, 6), and ¢, (a, §) denote the

contribution of the steric, viscous, fractionation and

intermolecular factors toward ¢(a, ), respectively.
By substituting eq 13 into eq 10, we obtain

(10)

(12)
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@(a) =j @@, 9) ¢,(a, 9)

[

r*N(r)dr

0

*QOemla, 5)r4N(r)dr/J (14)
Equation 14 is the fundamental equation for cal-
culating ¢(a).

oa), »,(a), and @ (a) are, as in the case of eq
10, defined by

ola)= j ) oJa, S)r*N(r)dr / J ’ r*N(r)dr (15)
0 (4]
o (@)= J ? o (a, S)r*N(r)dr / J ) r*N(r)dr (16)
0 0
Pml@)= f " il PN / f CrN@dr (1)
0 0

and a_lso the following two parameters ¢ (a)- ¢.(a),
and ¢y, (a) can be defined by,

©

o4a, 9)

0

oa) . (a) = f

F*N(r)dr
0

@ a, 5)r4N(r)dr/j (18)

and,

Prml@) = @(a)/ @ (a)- @,(a) (19)

Here it should be noted that the product of ¢ (a),
o,(a), and @ (a) is generally not equal to ¢(a).
When ¢, (a, d) is nearly equal to unity, ¢(a) can

be approximated by ¢, (a) ¢, (a) and when both
?rnla, 0) and @y(a, 0) are nearly equal to unity, ¢(a)
can be approximated by ¢.(a). Consequently, if we
derive the theoretical equations for ¢J(a, d),
oa, 9), and ¢, (a, J), the p(a) for a membrane of a
known N(r) can be calculated by eq14. In the
following section, we will derive these three con-
centration ratios.

Steric Factor ¢y (a, d)

A typical parallel flow pattern of the filtrand flow
on the membrane has already been demonstrated in
Figure 1b. The overall filtration rate per unit area of
the membrane surface is expressed by v; and the
mean velocity of the filtrate flowing in a pore o;
coincides with the ratio of v; to the porosity P, of
the membrane, ie., o,=uv;/P, Here, the collision

Polymer J., Vol. 13, No. 5, 1981
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angle o, defined as the angle between the normal to
the membrane surface and the direction of the flow
of a particle, is given by (see Appendix I)

a=tan" {(3riP,/2v,-d)'* x 0.5757}  (20)

where, r is the pore radius, @ is the average flow
velocity of the filtrand and d is the thickness of the
flow (i.e., the gap width on the membrane). Ferry®
assumed a=0. Equation 20 was derived on the
assumption that (a) the pore is circular and trans-
verse throughout the membrane, (b) the flow of the
solution on the membrane surface (filtrand) is
Poiseuillian and has a thickness d, (c) the com-
ponent of the particle flow velocity parallel to the
membrane surface equals that of the filtrand, where
the so-called viscous effect on a particle may be
ignored, since a <d, (d) tan o is given by i, /i;, where
i, is the average rate of the filtrand flow through a
pore, (e) the radius of the solvent molecule may be
ignored, in consideration of that of the particles,
and (f) collision between particles and the mem-
brane surface (or the pore wall) is perfectly elastic.

In Figure 3, the collision of particles in the
filtrand against the membrane at an angle a is
schematically represented. The broken line is the
trace of the center of gravity of the particle at the
moment of collision. Since it is obvious that when
particles collide with region I of the membrane, the
particles are not in the pore, and when particles
collide with the pore wall defined as region III, the
particles are in the pore. When the collision occurs
in region II, the particles are either inside or
outside the pore. If we can express the position of a
particle in a pore following collision in terms of a, r,
and o, the effective pore area over which the particle
passes through S, can be calculated in the way
shown below. For simplicity, we assume that the
solvent constitutes the fluid body (i.e., continuous
body) («=0) and the radius of the solvent molecule
in the solution is zero, i.e., S,=mr?.

Figure 4a shows a schematic representation of a
situation in which a particle in the filtrand collides
with the edge of the pore wall and is oriented in a
unidirectional flow. The shaded parts in the figure
indicate the membrane, 0 is the center of gravity of
the particle at the moment of collision. Particles
contact the edge of the pore indicated by C. OA is
the velocity vector of a particle before the collision,
OB is that following collision, and F is the point on
the membrane surface at a distance a from the edge
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Figure 3. Schematic representation of the collision in a
solution of a particle, of size is 2a, with the pore wall or
the pore edge of a membrane: a,particle radius; r, pore
radius; a, collision angle, that is, the angle between the
normal to the membrane surface and the flow direction
of a particle; broken line, locus of the gravity center of
the particle at the moment of collision with the mem-
brane. Regions I, II, and III indicate positions where
collision occurs with the membrane surface, the pore
edge, and the pore wall, respectively.

(b)

Figure 4. Schematic representation of the collision of a
particle in the filtrand with the edge of the pore wall. (a)
collision at the right hand side edge; the edge of the pore
wall facing an anti-flow direction. (b) Collision at the left
hand side edge; the edge faces to the flow direction.
Shaded part, membrane; 0 and 0, center of gravity of

the particle at the moment of collision;ﬁ(in Figure
4(a)) and C’A’ (in Figure 4(b)), velocity vectors of the
particle before collision. Other symbols are defined in
the text.

of the pore. Line OP is drawn so as to intersect with
line CF perpendicularly. § is the angle £ OCF. y is
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the angle / OFC. Here, the positive values of the
angles are measured clockwise and are limited to a
range between n and —m.

The relations AO=BO can be derived from
assumption (f). If the center of gravity of a particle
is below point F after colliding with the wall or the
edge of a pore (the wall or the edge on the left-hand
side in Figure 4a), the particle can pass through the

pore. When the direction of ﬁs’ coincides with the

direction of &5 angle f is denoted by f,. Then f, is
given by

Bo=(/2—a—y)/2 @1

where

y=tan™'[a-sin f,/{2r—a(l +cos )}]  (22)

Combination of eq21 with eq22 leads to,
B.=[n/2—o~tan""[k-sin f,/{2— k(1 +cos f)}]]/2
(23)
where

k=a/r 24)

When f> f,, a particle following a collision can not
pass through the pore, i.e., a particle, whose center
of gravity is (a-cos f,—a-sin f,-tana) (= D,) from
the edge of the pore (point C in Figure 4(a)), can not
pass through the pore.

In Figure 4b is shown a situation in which a
particle, parallel to the flow direction, collides with
the edge of the pore wall. The prime mark is
attached to C, F, O and P in order to distinguish
particle collision with the left hand wall from that
with the right hand wall. These primed letters have
the same meaning as C, F, O, and P in Figure 4a.
Also, " and y” have the same meaning as f and 7,
respectively. The velocity vector of the particle
before the collision is represented by O’A’ and that
after the collision by O’B’. it is assumed that when a
particle after the first collision collides with another
pore wall, (in this case right-hand side) and with its
center of gravity beneath point F’ can come into the
pore. Thus, when o satisfies the condition
a=y+2p"—mn/2, the particle can pass through the
pore. This condition can be rewritten in the form:

B =(n2—y +a)2 (25)

A corresponding equation for y’ can be derived in
exactly the same way as employed in the derivation
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of eq22 and is given by
y’=tan~'{k-sin f’/[2— k(1 +cos B)]}

where, k is defined by eq 24.
The maximum value of ', i.e., f§;, which satisfies
eq 25 and 26 simultaneously is given by

(26)

B, =[n/2+a—tan" Yk
-sin By /[2—k(1+cos B, )]}1/2

Here, 8, should satisfy the relation; f,” =«, which
can be readily derived from the definition of f3,".
Due to the collision with the pore edge, a particle,
with its center of gravity within a distance of
(a-cos B, +a-sinfB,’-tana) (=D,) from the pore
edge (C’ in Figure 4b) cannot pass through the pore.
Therefore, the effective pore area S, is given by

27

Jr?—a® cos?p B
S, = f _ (2x-Dydz (28)
~J/r*—a® cos*p
where
x>+ 2 =r? (29)
D=D,+D,=2a-cos B (30)
_ ﬂll +ﬂr
cos f=cos <~2—)
X {cos <H> +sin <Bl’ —_ B') tan oc}
2 2
(31

Here, x and z represent the coordinates of the pore
edge on the X and Z axes which are set up on the
membrane surface, with the origin at the center of
the circular pore. The upper and lower limits of the
integration in eq 28 are the larger and smaller roots
of the equation, z2=r>— D?/4.

In Figure 5, the effective pore area (shaded area)
calculated by the present theory, is compared with
that determined by Ferry’s theory, in which a=0
and y= —n/2 are assumed. The latter assumption is
obviously unrealistic. The Ferry’s effective pore
area is independent of # and smaller than the
present one under #=0. On the other hand, the area
given by the present theory decreases with increas-
ing . The solvent molecule constitutes a continuous
body (fluid) (hence, «a=0) and its radius is so small
that the effective area S, for the solvent can be
approximated by nr2. Combination of eq 12, 2 and
28, leads to
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Figure 5. Comparison between Ferry’s theory and
the present theory in regard to the steric factor concern-
ing to ¢(a): (a), the Ferry’s theory; (b), the present
theory. The Four circles indicate pores, and the shaded
area represents the effective pore area that allows par-
ticles to pass.

(2x — D)dz/nr?

(@ )= J‘\/r —a® cos?p

r2—a* cos 2B
=(2/m)(sin~ 1\/1 —k?* cos? B
~k/1—k? cos? B cos f) (32)

In Ferry’s theory, the condition f,=8,"=0 (ac-
cordingly, f=0, see eq31) was assumed regardless
of o and k. Putting f=0 into eq 32 results in the
equation (see eq 1l of reference 5) for the steric
factor obtained by Ferry 5. This is the case in which
the flow is governed by diffusion.

Viscous Factor ¢,(a, 6)

The ratio C,/C,; is equal' to the ratio of the
velocities of a particle (v,) and a solvent molecule
(v) in a pore, and hence ¢(a, 6)=v,/v,. For a
particle inside the pore, the net viscous force can be
neglected. The ratio of v,/v, under the above con-
dition has already been given by Happel and
Byren'? and also given by Faxen!! in a more
generalized form. Using the equation derived by
Faxén, we obtain

o (a, 6)=uv,/v,
=1-(2/3)k? 0.4059%7
+0.5326k° +1.51k'° +

—0.1628k°—
(33)

Faxén’s equation holds for £<0.6'® and hence,
eq 33 is also applicable in this range of k. We must
note that as pointed out previously by Bean!
Renkin® applied Faxén’s theory in order to explain
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the variation in ¢(a, 6) caused by the viscous factor
without a detailed understanding of the hydrody-
namic situation. Thus, Renkin’s theory (hence, eq 4)
is not theoretically correct with regard to viscous
factor.

Fractionation and Intermolecular Factors ¢q,(a, 0)

It has widely been believed without experimental
evidence that the concentration of particles in the
filtrand is constant irrespective of the distance from
the membrane surface; that is, C, = C,, holds. When
the filtrand flows in a thin gap, there appears a
velocity gradient which gives rise to a concentration
distribution in the direction normal to the mem-
brane surface. In order to evaluate C,, the thickness
y of the filtrand that can enter into a pore and the
change in the particle concentration with the dis-
tance should be given in advance.

As is shown in Appendix I, y is given by

vcrdr \1/2 vt 1/2
y= ——) x0.87= - x 1.739
Pl’ : Umax PI’ : ’V
when U, #0 (34)
with
Upar=1.50 and y=6u/d (35)
where, U__ . is the maximum rate of the Poiseuille

max

flow of the filtrand and 7 is the shear rate of filtrand
on the membrane surface. When U_,=0 (ie.,
y=0), y should be regarded as a parameter only on
the filtration time.

Figure 6 shows the shear rate dependence of y
calculated by eq 34 for membranes with a constant
porosity (P,=0.75) but with various r values under
a constant overall filtration rate v;=3.3x 10™* (ml
cm~2s™!). These conditions approximately cor-
respond to actual cases. The combination of
r/P,=0.1um and y=100 (s™!) is a typical experi-
mental condition, under which 7 is nearly equal to
a pore radius in practical filtration experiments.
When the intermolecular interaction A4, is neg-
ligibly small, the change in concentration of the
particles in the solution (filtrand) can be explained
only by the fractionation factor. We refer to
@@, ) in this case as @g(a, 0); i.e., it is defined by

(pf(a? 6) = Cas/ca = (pfm(a’ 6) When Aa,s =0 (36)

On the other hand, when the flow rate of the filtrand
is negligibly small (that is, y=0), as in the case of
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Figure 6. Shear rate dependence of y. The numbers
denote the values of pore radii in yum. y is the shear rate
of the filtrand on the membrane. j is thickness of the
filtrand which can pass through a pore and is given by
eq 34.

perpendicular flow filtration, the concentration
change in the filtrand above the membrane surface
is caused by intermolecular interaction. Thus, we
define ¢, (a, 6) as follow,

¢oula, 6)=C,/C, when =0 37

When both y and the intermolecular interaction are
not negligible, ¢;.(a, 6) is assumed to be repre-
sented by the product, ¢¢(a, ) ¢, (a, 5). Thus,

(me(a: 5) = (pf(aa 5) ' Qm(a, 5)

when 7#0, and A4,,#0 (38)

Molecular fractionation in a capillary flow of
polymer solution was observed for polyethylene.'*
This type of fractionation must appear in a solution
containing many particles varying in size. When a
particle, at a given instant, is at a distance y from a
the capillary wall, the velocity component v(y) in
the radial direction, v(y), is derived by a modifi-
cation of the experimental relation obtained by
Goldsmith and Mason'3 (see eq 7, of ref 15), and
yields,

o(y)=BU,,,*(2a/d’}***

x{(d"—2y)/d"}{1—(2/d—y)/R(a, d")} (39)
with

R(a, d’)=—0.75a+-0.77d (40)

where B is a constant independent of y, a, the
velocity of fluid at the center of the cylinder U;,,,
and the cylinder diameter d’. The prime in eq 39 and
40 indicates the values for the capillary flow. We
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assume that eq39 and 40 also hold for the two
dimensional Poiseuille flow; that is, d” and U, ,, can
be replaced by d and U,,,, respectively. Then v( y)
increases with increasing U,,,,. The larger the size of
a particle (a), the larger is the v( y). In other words, a
larger particle moves faster than the smaller one
toward the center of the flow near the membrane
surface. We denote the diffusion coefficient of a
particle with radius a, by D, and the concentration
of a particle at y from the membrane surface in the
filtrand by C(y). We then can derive from the mass
conservation law,

oC(y)  oC(y) ov(y)
=— uy) - Cy)+——5D.

ot dy 0y oy
Equation 41 can be solved under a steady-state
conditions. (see Appendix II). The solution is

C(»)=C, exp { —(B/4D,)j*(2a/d)***

x (1=25/d)*[1 —d(1 ~|d)/3R(a, d)]}

We approximate C,, in eq 12 by the value of C( y) at
y=y/2, that is, we put C,,= C(1/27). Substitution of

the eq42 into the definition equation of ¢(a, )
given by eq 36 yields eq43 (4, ,=0),

0*C(y)

(41)

(42)

oia, 6)=1—ky*(2a/d)*®* 43)
where
k¢=(Bd[4D,)(1 — y/d)*{1 —d(1 — j/d)/3R(a, d)}
(44)

Inspection of eq 43 indicates that ¢ (a, 5) decreases
with increasing y and also with increasing particle
size a. The pore size influences ¢(a, §) indirectly
through y as can be seen from eq44. The pore size
dependence of ¢ga, 6) is negligibly small for
7>10nm, therefore, we find that the particle con-
centration in the filtrand changes significantly with
the fractionation factor for all porous membranes
regardless of pore size. Here, the molecular in-
teraction energy between the particle in the filtrand
and the molecule constituting the membrane is
referred to as W, , and that between the solvent
molecule and the particle as W,,. The energy differ-
ence AW, (=W, ,— W, ) between these two in-
teraction energies may give rise to the change in the
solute concentration in the vicinity of the membrane
surface. In a non-electrolyte solute solution, this
energy difference AW, ; may mainly arise from van
der Waals interactions. Thus, AW,  can be es-
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timated by using the coupling constants in the
London force 4, , and 4, ,. W,  jand W, , are given
by eq 45 and 46 under the condition y>a,'®
Wa,p =-— (Aa,p/6)a/(y - (1) (45)
and
Wp=—(Ar/(y—r) (46)

where, r, is the radius of the solvent molecule. From
eq 45 and 46, we obtain,

AW, = —(4,/6)aly) (47)

where
A, a=A,,a—a,,r (48)

When =0 and the steady state is realized, the
concentration distribution of particles as a function
of the distance from the membrane surface may be
described by the Boltzmann distribution law,

C(y)=C, exp [(4, . @)/(6kT )]

C,, is approximated by the concentration at y=y/2
(i.e., C(7/2)), and is given by,

(49)

Co=C, exp (4, @)/BKT" )] (50)
On substituting eq 50 into eq 37, we obtain
Pmla, 8)=exp (4,5 @)/kT" y)]
>1+((4,5-@)/GLT )] (51

Substitution of eq43 and 51 into eq 38 yields

Pem(a, 0)=[1—k*Qajd)***1 + 4, 4|3k T )]
(52)

Combination of the ¢(a, 0) (eq32), ¢.a, d)
(eq33), and ¢, (a, o) (eq52) leads

o(a, )=(2/m)(sin "'\ /1—k? cos
—k\/mcos B
x[1—(2/3)k? —0.4059k” + 0.5326k°
F L5104 - - )][1 = ky?(2a/d >34
X[1+A, .- a/3kT - )] (53)

This is the most generalized equation that describes
the permselectivity of particles in the ultrafiltration
process.
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EXPERIMENTAL

Membrane

In order to examine the applicability of the theory
proposed above, three types of membrane were
used. (a) Four commercially available polycar-
bonate porous membranes ‘“Nuclepore” manufac-
tured by General Electric Company (USA) (sample
codes Nu 0.8, Nu 0.6, Nu 0.2, and Nu 0.08, where
the number attatched to Nu stands for the mean
pore size in um informed by the producer) were used
as the model sample having straight through cylin-
drical pore. (b) Three cellulose acetate membranes
differing in pore size (sample codes SF 0.3, SF 0.2,
and SF 0.09, in this case 0.3, 0.2, 0.09 indicate
nominal value of mean pore size in pm) were
prepared in our laboratory as model samples with
spherical pore.'® (c) The cellulose membrane for an
artificial kidney manufactured by Enka AG (W.
Germany) “Cuprophan” was used as the model
sample with pore sizes less than 10 nm.

Characterization of Porous Membrane

The frequency pore size distribution for all sam-
ple membranes, N(r) except for Cuprophan were
determined by the mercury intrusion method, and
the scanning electron microscopic method.'® The
ith mean pore radius 7, (see eq 8) was calculated by
substituting the experimental N(r) data into eq8.
The porosity P, of the membrane was estimated
from the apparent density of the membrane.'® The
characteristic values of the membranes are sum-
marized in Table I.

Numerical Calculation of Various Concentration
Ratios
Two analytical functions were chosen in order to
represent the pore size distribution N(r) of an actual
membrane:

(@) N(r)=No(r—r);
where 8(x) is a 6 function of variable x (54)
(b) exponential function N(r) =k, (55)

Here, ki is a constant independent of » and b is a
constant integer ranging from —4 and 5. ¢ (a, §)
and ¢,(a, ) were calculated by putting the given
values of k£ and o into eq32 and 33, respectively.

Then, ¢ (a), ¢,(a) and ¢ a)  ¢,(a) were calculated
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Table 1. Characterization of various membranes
Characteristic value Nu 0.8 Nu 0.6 Nu 0.2 Nu 0.08 SF 0.3 SF 0.2
F (1m) 0.309 0.235 0.118 0.0560 0.11 0.092
7, (um) 0.331 0.252 0.132 0.0599 0.13 0.095
F3 (um) 0.317 0.268 0.156 0.0656 0.16 0.100
7y (um) 0.323 0.325 0.183 0.0713 0.21 0.120
P, (%) 15.3 14.0 10.3 7.2 75 75
N (no./cm?) x 108 0.542 091 2.1 12.5 22 25
Thickness (um) 13.0 13.0 13.0 6.0 130 125

by using eq 15, 16, and 18 from ¢(a, ) and ¢ (a, J)
thus obtained and the given N(r). Since ¢ (a, J)
given by eq52 is nearly independent of r, ¢, (a)
does not depend on N(r). The value of ¢, (a)
calculated for N(r)= No(r —r) can then be applied to
any case of N(r).

Solute and Solvent

Urea (mol wt=60.06, reagent grade, manufac-
tured by Kishida Chemical Co. Ltd., Japan), crea-
tinine (mol wt=113.12, biochemical grade, manu-
factured by E. Merck AG, W. Germany), vitamine
B,, (mol wt=1371, biochemical grade, manufac-
tured by E. Merck AG, W. Germany), heparin (mol
wt=ca. 10*, guaranteed reagent grade, manufac-
tured by Nakarai Chemicals Ltd., Japan), and
dextrans (M, =1 x 10% 6 x 10%, 2 x 10%, and 2 x 10°,
manufactured by Pharmacia Fine Chemicals AB,
Sweden) were used as solutes without further purifi-
cation. Distrilled water was used as the solvent.
Concentrations of the dilute aqueous solutions uti-
lized as the filtrands ranged from 0.005 to 0.1 wt%;
and were sufficiently low to allow the osmotic
pressure Am to be neglected considering the applied
pressure AP.

Figure 7 shows the apparatus for carrying out
the filtration.® The pressure difference AP applied
to on both sides of the membrane was kept con-
stant within the range of 10—300 mmHg through
out each filtration against and the flow rate of solu-
tion # was also kept constant in the range from 0—
500 ml min~!.

Measurement

The particle concentration in fluid was measured
by spectroscopy (Hitachi spectrophotometer type
100-50, manufactured by Hitachi Ltd., Japan) and
by differential refractometry (ALC/GPC 201,
manufactured by Waters Associate Inc., USA).
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Figure 7. Apparatus for carrying out filtration®: 1,
filtration parts; 2, pressure gauges; 3, flow rate control-
ling bulb; 4, storage tank for the solution; 5, weighting
balance; 6, pump; 7, prefilter; 8, circulation line of
solution (filtrand); 9, recovery line of filtrate; 10, vacuum
line.

The dependence of the pressure loss (i.e., the
pressure difference between the inlet and outlet of
the filtration part 1 in Figure 7) on the flow rate
indicated that the flow of the solution in the fil-
tration part 1 was governed by the Poiseuille law,
which is basic assumption in our theory.

RESULTS AND DISCUSSION

In Figure 8 the o dependence of 8, (full line) and
B,’ (broken line) for various k values. 8, and f,” are
accurately represented by

B.=(1—nk?/4)(m/2—a)/2 (56)
By’ =(1 —mk?/4)(m/2 + 0)/2
for a<{(1—nk*/4)/(1+nk?/4)}(n/2) (56

B =ua
for o> {(1 —nk?/4)/(1+nk?/4)}(n/2)

Equations 56 and 56’ allow the numerical calcu-
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k=
L 001~01
16

-32

s

Br (radian)
A1 (radian)

0 05 10 15
o (radian)

Figure 8. o« dependences of f, and f,. The numbers
denote k value. The case of ;=0 shown by a dot-dash
line corresponds to that derived by Ferry’.

lation of ¢(a, J) (eq32) to be simplified.

Theoretical Relationships between ¢(a) and N(r),
( Calculation)
0 Function Distribution. For simplicity we first
consider eq 54 for N(r). The combination of eq 10,
54, and 13 gives

ola)=o(a, 6)=oJa, 0) ¢, ) ¢iu(a, 9) (57)

where ¢J(a, 9), ¢.(a, d), and ¢, (a, J) are given by
eq 32, 34, and 52, respectively.
Figure 9(a) illustrates the particle size depen-

dences of p,(a), ¢,(a) 9ru(a, 3), 9(a) ¢,(a) and p(a)
for the membrane with 7=0.776 um, calculated by
taking a(=56°), A(=0.776 um), y(=1, 10, and
100s™1), d(=3000 um), and k(=1x10"/a s?)and
using the approximate equation, (4, /3kT)(a/y)=
—(a/3). F~1* obtained experimentally for aque-
ous solution of dextrans. Figure 9(b) shows ¢ (a)

(full line) and ¢ (a) @.(a) (broken line)—log a
curves as a function of o for a membrane with
7=0.776 um. The numbers in Figure 9(a) indicate y
values in s™! and those in Figure 9(b) indicate
o values in degrees. Inspection of Figure 9 leads to
the following conclusions. (1) With an increase
in a, all five concentration ratios in Figure 9(a)
decrease monotonically. (2) ¢ (a) is larger than 0.9
for k<0.4, suggesting that the contribution of
the viscous factor to ¢(a) is negligible in this range
of k. (3) The dependence of ¢,(a) on a increases
greatly with an increase in k%, and when
ke*<1x10%/a (a in um), ¢ (a) nearly equals to
¢o.(a). (4) About 109, of the particle less than one
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Figure 9. Particle radius dependence of ¢y(a), ¢.(a),

Qrm(@), ola) o (a), and @(a) for the membrane with
N(r)=Né(r—r) (F=0.776 um). The numbers in (a) and
(b) indicate collision angle « in degree and 7 in s7!,
respectively. In Figure 9(a), the full line indicates ¢ (a),
the dot-dashed line ¢ (a), the double dotted chain line,
@¢m(a), the broken line ¢ (a)- ¢,(a), and the dotted line,
o(a), where, a=56", d=3000um, k;=1x10"/as?, and
(A,/3kT) (a/y)= —(a/3). 7~ 2. In Figure 9(b), full and
broken lines indicate values of ¢y (a) and ¢ a)-¢.(a),
respectively.

tenth the pore size (27) cannot pass through the pore
due to the steric hindrance (i.e., ¢,(a)<0.9). (5)
When y<100s~! and (4, ;/3kT)(a/7) <0.1, ¢(a, 5)
is governed by ¢, a,d) and ¢ga, d), ie.,
(p(a, 5) '=~(P5(a, 5) : ¢f(a5 6)

Rectangular Distribution. The intermolecular fac-
tor is negligible for large y and small 4, _, and in this
case eq 10 can be simplified to give

a,s?
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00

oJa, 9)- ¢ (a, Hr*N(r)dr
0(a) = 0@, 3) Prmla, 0) > Jw

r*N(r)dr
0
=¢(a, 0) @n(a, 0) ¢a) ¢ (a) (58)
Combination of eq 58 and eq 19 yields
Prm(@) = ¢r(a, ) =0a, 6) pn(a, 6)  (59)

Furthermore, if £ <0.4, ¢ (a, §)=1.0 holds. In the
case, we obtain from eq 13 and 38,

(60)

between

(P(a) = (pf(as 5) : (pm(as 5) : q)s(a)

From the quantitative relationships

@4(a) ¢ (a) (or p(a)) and N(r), p(a) can in principle
be evaluated by eq 58 (or eq 60).
Equation 32 can be rewritten by introducing a

variable t defined by
t=k-cos f§ (61)

We can show that ¢ (a) given by eq 15 and 30 is a
one parameter function of the new variable ,

2 1_4(sin_l\/l—rz—t\/l—rz)n(r)d‘r

0

oa)= ps
nf T *n(r)de
0
(62)
where
n(t)= —a-cos B- N(r)/2 (63)
r=a-cos f/t (64)

Therefore, the k£ dependence of ¢ (a, ) is compara-
ble to its dependence on the flow rate of the filtrand
in the contribution to ¢ (a). It should be noted that
€q 56 through 64 hold independent of the form of
N(r).

In order to clarify the influence of the width of
pore size distribution on ¢(a), the rectangular distri-
bution shown below has been adopted.

N(r)=0 for r<rgn
=ky for roSrro. (65)
=0 for ro.<r

where, r,;, and r .. are the minimum and maximum
pore radii, respectively, and ., is a constant inde-
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pendent of r and is proportional to the pore density
of the membrane. Comparison of eq 65 and eq 55
reveals k,=k, and b=0; i.e., eq 65 belongs to the
family of exponential function.

The Poiseuille law indicates that membranes with
the same (7;-7,)"/? value and the same P, values
should given the same filtration rate. Hence,

0-5¢

Psi@)- ¢ (@)

?s(Q),

"rax! fmin =111

2 3 0

95(), 7@ @

via

%s(a) |, %s(@)-

loga (m)
©

Figure 10. Particle radius dependence of ¢(a) and
¢ (a)- ¢,(a) for the membrane with rectangular distri-
bution of N(r) with (7;-7,)!*=0.776 um: Full and bro-

ken lines indicate the values of ¢y (a) and ¢ a)-¢.(a),
respectively. The numbers in this figure denote o values
in degree. Figures a, b, and ¢ correspond to the mem-
branes with r,,/rmin=0.1, 0.3, and 0.9, respectively.
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(73 7,)"*=0.776 um, the same as that used in the
previous section, was also utilized for the further
study.

Figure 10 shows the particle size dependence of

¢ (a) (full line) and ¢ (a)  ¢,(a) (broken line) for
various collision angles a. The membrane was as-
sumed to have (7;-7,)'*=0.776 um and the ratios
between the maximum and minimum pore size
were taken to be 10 (Figure 10a), 3.33
10b), and 1.11 (Figure 10c). For

rmax/rmin

(Figure

Fmax/Tmin=1.11 (Figure 10c), ¢(a) and ¢(a)- ¢ (a)

are nearly equal to those obtained with
N(r)=Né(r—7) (see Figure 9). Both ¢ (a) and

oa) o a), for a given a value, decrease gradually
with an decrease in r,, /Fm.. This indicates that the
broadening of pore size distribution allows ¢(a) to
increase.

Figure 11 shows the changes in ¢,(a) and

o) o (@)/ o a) (=¢a)) With r /7, fOr various
oo values. In this case, a=040um and
(73-7,)'*=0.776 um were assumed. Both ¢ (a) and
¢,(a) values increase with r_ /r,..., approaching an
asymptotic value at r,,,/rni, =3.0. The asymptotic
values of ¢,(a) are larger for larger a. ¢,(a) is always
larger than ¢ (a). As is obvious from eq 58 and 60,
¢,(a) represents the contribution of the viscous
factor toward (a). A larger ¢ (a) means a lesser
contribution toward ¢(a). Thus the viscous factor
is less predominant for wider pore size distribution
(i.e., Fmax/Tmin) and larger o. This can be explained as
follows: Since the power of r in eq 18 is four, the
pore with a larger radius contributes to a greater

¢4(a)" ¢,(a) values, and eq 33 indicates that ¢ (a, 6)
for a larger pore is closer to unity, so that ¢ (a)
increase with an increase in r,/r pin-

Pore Size Distribution with a Long Tail. Next we
consider the case in which pore size distribution
N(r) can be expressed by an exponential function
with either =4 or b= —4 in eq55. The N(r) vs. r
curve corresponding to =4 has a tail at small r and
the N(r) vs. r curve for b= —4 has a tail at large r. If
we specify (73-7,)"/? and r;,, the r,, values of the
two N(r) functions can be determined theoretically.

Figures 12a and b show ¢ (a) and ¢ (a)- ¢.(a) vs.
a curves of the membrane with (7; - 7,)!>=0.776 um
and b=4 and —4, respectively. For b=4, N(r)=0
holds in the ranges of r >0.886 um and r < 10~* um,
and for b=-4, N()=0 for r>12um and
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rmax/min

Figure 11. Contributions of the viscosity factor to-
ward ¢(a), and are represented by ¢,(a) and ¢ (a),, as a
function of r,,,/F min and a. The numbers denote value of
a in degrees. a=0.410 um and (75 7,)'/>=0.776 um.

1.0 N(r)=kgr4

-2 _‘1 0
loga (gm)

Figure 12. ¢ (a) vs. aand ¢ a)- ¢(a) vs. a curves for
membranes with the same mean pore radii
(F3- 7)1 =0.776 um and different pore size distributions
(a) N(r)=k,* (b=4), (b) N(r)=k_,r~* (b= —4). Full
and broken lines indicate the values of ¢a) and
o4(a)" ¢ (a), respectively. The number denote o values in
degrees.

r<0.05 um. @ (a) as well as ¢ (a)- ¢,(a) for b=4 are
smaller than those for b= —4 at any «. The slope of
the curve, | dg(a)/d In a|, for b=4 is larger than that
for b= —4. The viscous factor represented by ¢ (a)
is more evident in the case of b=4 than b= —4.
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In summary, the steric and viscous factors repre-

sented by ¢,(a)‘ ¢.(a) play a less important role in
¢(a) as in the width of the pore size distribution
increases. In the theories proposed so far, only the
steric factor® (see eq5) or the steric and viscous
factors® (see eq6) on ¢(a) was discussed without
taking into account of the pore size distribution. A
comparison of the theories was made with the
experiments by taking appropriate values for r.
From theoretical point of view, there is the problem
as to what mean pore size should be used for r in
eq 5 and 6. This cannot be ignored since the mean
pore size changes in principle depending on the
method of measurement as long as the distribution
of pore size is significant. Anyhow, the pore size
distribution contributes to ¢(a) considerably.

Permselectivity of Porous Membrane (Calculation)
Permselectivity with respect to particle size, as
represented by d ¢(a)/d a, changes with mean pore
size. Therefore, in the case of N(r)=Nd(r—i),
d p(a)/dk (k=a/r) is preferable for eliminating the
contribution of mean pore size. For an actual
membrane with broad pore size distribution, &
should be replaced by a/(7;-7,)'/>. We define, for
convenience, the permselectivity power P, by,

P = — (73 7,)""*(dg(a)/da), 5

where the suffix ¢=0.5 indicates the value at
@=0.5. P can be evaluated from the experimental
@(a) vs. a curves and the value of (7, 7,)!"2.

(66)

)IIZ

(7,175
Figure 13. Dependence of permselectivity P,, on 7/F;.
The numbers denote the collision angles « in degree. @,
A, B, model membranes with (7 7,)"/*=0.776 um and
b=—4~5in N(r)=ky* O, A, [J, actual membranes
Nu 0.8, Nu 0.6 and SF 0.3, Circular, triangle, and
regular square marks indicate values of P, at angles 84°,
45°, and 0°, respectively.
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Figure 13 shows the 7,/r; dependence of P, for
hypothetical membranes with b= —4~ 5 (see eq 55)
and for the actual membranes such as Nu 0.8, Nu
0.6, and SF 0.3. All the (7;-7,)'/* values of the
hypothetical membrane are 0.776 um. Plots of P,,
vs. i,/f; for various membranes at a given o can be
represented by a single curve, independent of N(r)
and, thus, of (75-7,)'%. P, thus increases with a
decrease in r,/r; and with an increase in a.

In order to obtain a membrane having both large
permeability and permselectivity, we must design
the membrane by which large absolute values of
N(r) and large (75-7,)'* and small 7, values can be
obtained. In addition, the choice of filtration con-
ditions which give a large o value (for example, large
y is very important in achieving this purpose.

Comparison between Theoretical and Experimental
¢(a) Values
The N(r) curve determined for SF 0.3 by using the
mercury intrusion method is shown in Figure 14a.
Figure 14b shows the relation of ¢((a) and

oa) ¢ (a) to log (a/(F;-7,)""*) obtained by putting
this N(r) into eq 15 and 18. Figures 15a and 15b
demonstrate similar results for Nu 0.8. Inspection
of Figures 8, 9, 11, 14b and 15b leads to the
conclusion that the long tail of N(r) at larger r
produces the tail of the corresponding ¢ (a) (or

oJa)-pa) vs. a/(Fy-7,)'"* curve in the larger

af(7, - 7,)'"? region. Figure 16 shows a plot of the
permeability coefficient P, for a 0.05 wt% aq so-
lution of dextran against the pressure difference AP
for SF 0.2. If concentration (gel) polarization oc-
curs, P, must decrease significantly with an increase
in AP, as is always observed in reverse osmosis.'
However, in this case, P, is evidently almost inde-
pendent of AP. When the solution is not filtrated in
advance through Nu 0.8 under the condition of
=0, P, decreases with filtration time. Once it has
decreased, P, can not be recovered by repetition of
filtrating, followed by standing without filtration
under AP=0. These facts contradict the theoretical
prediction of the concentration polarization hy-
pothesis.'® Thus the contribution of concentration
polarization toward ¢(a), if it exists, can be neglect-
ed in our experiment. The change in ¢(a) with the
parameter o (eq 20) is shown in Figure 17, for the
filtration of aq solutions of urea and of dextrans by
SF 0.2. Here, o was calculated by putting the
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Figure 14. Experimental pore size distribution curve
and theoretical ¢(a) and @y a) @ @) vs. a/(Fy-F,)'?
curve for SF 0.3: (a), experimental N(r); (b), ¢ (a) (full

line and ¢ (a)- ¢,(a) (broken line). The numbers indicate
collision angles « in degree. (- 7;)">=0.18 um.

observed P(=0.76) and r(=(7;"7,)""*=0.100 um)
for SF 0.2, and the experimental conditions for d, i
and v; into eq 20. « is allowed to vary with external
conditions such as v;, which is proportional to AP, d,
and y(=6u/d). The circles are experimental data
points. The numbers for dextran in this figure
denote the weight-average molecular weights M, of
the sample. Evidently, ¢(a) decreases monotonicall
with an increases in « and M. We can reduce ¢(a)
vs. o plots for a wide variety of j (10—70s~!) and
AP (10—500 mmHg) to a single master curve.

The particle diameter 2a of urea was estimated

Polymer J., Vol. 13, No. 5, 1981

— NuO0-8
™
£
i
T
€5
3
il
N
=
x
C
<
0 " " AN
0 01 02 03 04 05
r (pm)
(a)

95(a), s@) (@)

-1
logla/ (YA W2}
(b)

Figure 15. Experimental pore size distribution curve
and theoretical oJ(a) and @/ a) o a) vs. a/(F;-Fy)'?
curves for Nu 0.8: (a), experimental N(r); (b), ¢ (a) (full

line) and ¢ (a)- ¢ (a) (broken line). The numbers indicate
collision angles « in degrees. (75 7,)'/> =0.400 um.
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Figure 16. Dependence of the experimental permea-
bility coefficient P, on the applied pressure difference AP
for SF 0.2: solution (filtrand), 0.05wt% aq solution of
dextran (M,,=1.0 x 10%).

from its molecular structure to be 0.4 nm and those
of dextran were assumed to be equal to the mean
square diameter of gyration 2{S,>? in a @ solvent

and calculated from
2a=2{S§y>'?=1.02x 10"*M'? (in um) (67)
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Figure 17. Changes in experimental ¢(a) of certain
model substance for SF 0.2 under filtration condition
SF0-2 (i.e., AP and ). a is calculated by putting the observed
° values of P, (=0.76), d (1.0mm), r (=(73:7)'*=
0 N R 0.110 um) for SF 0.2 and the experimental values of @
0 05 1.0 and v; into eq20. The numbers denote weight-average
X (radian) molecular weights.
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Figure 18. Comparison between experimental and theoretical ¢(a) of various model substances for SF

0.2: (a), observed N(r); (b), theoretical values of ¢ (a) (full line) and ¢ (a)- ¢,(a) (broken line) calculated by
using the N(r). The numbers in Figure 18b indicate the collision angle « in degree; (c), plots of observed

¢(a) against a and calculated ¢ (a)- ¢, (a) values (broken line) reploted from Figure 18b, the numbers in
this figure indicate molecular weight; O, observed ¢(a) for urea; @, dextran with M, =1 x 10*; A, dextran
with M,,=2x 10% A, dextran with M, =2 x 10°.
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Figure 19. Plots of ¢, (a) for SF 0.2 against y2. ¢;(a)

is estimated from Figure 18c. y is calculated from the
value of # by using the relation y=6i/d.

where, M, is adopted in place of M.

Figure 18a shows the observed pore size distri-
bution function N(r) for SF 0.2, and Figure 18b, the
theoretical curves for ¢ a) (full line) and

¢oJ(a) ¢, (a) (broken line) obtained by using this
N(r). We calculated theoretical relations between

ola)- o a) and a/(7,-7,)** for solutions filtered
through SF 0.2. The results are shown as broken
lines in Figure 18c. Experimental ¢(a) data points
are in fairly good agreement with theoretical
(@) ¢,(a) for urea, and for three dextrans.
Figure 19 shows the y*> dependence of ¢; (a)
estimated from the observed ¢(a) and by using eq 19

the calculated ¢ (a)- ¢,(a) values shown by the full
lines in Figure 18. Combination of eq59 and 52
leads us to give

Prm(@ = {1 —ke7*Qajdy***} {1+ (4, /3K T)a/5)}
(68)

Equation 68 predicts that ¢, (a) is a linear function
of * and in fact the experimental data points in
Figure 19 can be fitted approximately to a straight
line.

In Table II are summarized the values of k; value
and (4, /3kT)(a/y) value, experimentally evaluated
from the slopes and intercepts of the full lines in
Figure 19 for various substances filtered through SF
0.2. Both k; and (4,,/3kT)(@a/p) depend on the

Polymer J., Vol. 13, No. 5, 1981

Table II. Experimental values of k; and
(4, ,/3kT)(a/y) of various
substances for SF 0.2

Substance ke/s? (4,4/3kT)a/p)
Urea 0 0.03
Creatinine 0 0.01
VB,, 3.42 x 10" —0.184
Dextran M,=1x10*  4.78 x 10*° —0.049
Dextran M, =20x10* 6.87 x 108 —0.063
Dextran M, =200 x 10* 4.03 x 108 —0.132

chemical structure of the molecule making up a
particle. When the chemical structure is similar as in
this series of dextrans with different M,, k, de-
creases and the absolute value of (4, /3kT)(d/y)
increases with M. the former may be interpreted
on the basis of the molecular weight dependence of
the diffusion coefficient D, as indicated by eq 44,
and the latter may be interpreted in terms of the
molecular weight dependence of the particle radius
a as indicated by eq48. The distinction between
positive and negative values of (4, /3kT)(a/y) is
significant in a qualitative discussion concerning the
molecular interaction. For example, from the view
point of molecular interaction between solute par-
ticle and membrane, a cellulose acetate membrane
has a tendency to allow urea and creatine molecules
to pass through its pore, much more easily than do
VB,, and dextran.

Figure 20a shows the experimental N(r) for Nu
0.08, and Figure 20b shows the plot of the theoreti-

cal ¢ (a) (full line) and ¢ (a)- ¢ (@) (broken line) as a
function of a/(7;-7,)'* for Nu 0.08. These two
curves nearly coincide with each other. In Figure
20c are shown the o dependence of experimental

¢(a) data points and the theoretical ¢ a) ¢, (a)
curves. The agreement between these ¢(a) and

oa) ¢,(a) is not as good as in the case of SF 0.2,
but the tendency of ¢(a) to decrease with 7 is
significant, as the iheory predicts. Since v; is pro-
portional to r* for a given AP, eq 34 indicates that 7
is proportional to r** at a fixed value of P,. Then,
@u(a, 8) given by eq 51 shows r dependence in the
region of small r. In this case y is very small, and
makes eq 59 and eq 19 inapplicable. if we take this
r dependence of @y(a, ) into account, the following
equation is more reliable than eq 68,
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Figure 20. Comparison between observed values of ¢(a) and calculated value of ¢ (a) ¢,(a) of some
model substances in aq solution for Nu 0.08: (a), observed N(r); (b), theoretical values of ¢y(a) (full line)

and ¢,(a)- ¢,(a) (broken line); (c), observed ¢(a) (O, urea; @, VBy,; A, A, [J, dextran with M,,=6 x 10%,

2x 10°%, and 2 x 10°, respectively) and theoretical value of ¢ (a)- ¢,(a) (broken line). The number in Figure

20b indicate collision angle « in degree.

Prel@) = Pr(@) —ki2a)d)* 47 (69)

where ¢, (a) is an adjusting parameter evaluated
experimentally from ¢, (a) at y=0. By applying
€q 69 to the data in Figure 20c, we obtain k; of the
Nu 0.08 membrane to be 0, 5x 10'%, 8 x 10*°, and
2x10® (s?) for urea, VB,, and two dextrans of
M,=6x10*, and 2x10° respectively. These
values are comparable to those for SF 0.2 mem-
brane in Table II in their relative order.

The observed ¢(a) values of various substances
for SF 0.2 and Nu 0.08 decrease with an increase in
o if the molecular weight of a particle is larger than
at least 10°. This fact has been explained in part by
the concentration polarization hypothesis, which
unfortunately is inadequate for explaining the pres-
sure dependence of the filtration rate observed in
this study (see Figure 16). It is clear that the shear
rate y dependence of ¢(a) can only be interpreted by
the present theory, in which the « dependence of

¢4(a), and @4(a)- ¢,(a) is taken into account.
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Our permselectivity theory has been applied to
estimating the mean pore size of a regenerated
cellulose membrane “Cuprophan,” for which the
previous methods**+?* were not adequate since the
pore size of the membrane is smaller than 10nm.

The shear rate y dependence of ¢(a) for aq solu-
tion of some model substances is shown in Figure
21. A slight decrease in ¢(a) with an increase in
y is observed as expected from the theory (see eq
53), except for urea (¢(a)=1.0) and dextran
(M,,=2x 10°) (¢(a)=0.00). The experimental val-
ues of ¢(a) at =0 are plotted as a function of log a
(a; particle radius) in Figure 22. The Best fit of the
theoretical ¢(a) vs. a curve to the experimental
points was achieved by N(r)=k_,r~* with
P =200m, 7,/F3=26.5, and (7;-7,)"*=3.8 nm,
and is shown as a broken line in Figure 21. Since
o(a)=o¢/a)- ¢,(a) was assumed in this case (that is,
¢.(a, 6)=1 was assumed in eq 58), the actual values
of (7-7y)'* and r,,, might be slightly larger than
the values obtained here.

Polymer J., Vol. 13, No. 5, 1981
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Figure 21. Dependence of experimental ¢(a) on shear
rate 7 of some model substances for Cuprophan: The
numbers in the parentheses for dextran indicate weight-
average molecular weight.

The value of 7.6nm for the pore size is about
twice as large as that in the literature (3.1 nm) for
Cuprophan?! and is nearly equal to the literature
value (7.3 nm) for cellophane.! We have derived the
relation between porosity of membrane P,, water
permeability coefficient P, and mean pore radius
(75 7,)"/* by using Poiseuille law as follows:

P.=8nP,/(F;T,) (70)

where 7 is the viscosity of water.. P, for Cuprophan
was evaluated from an ultrafiltration experiment to
be 1.14x107* cm?s™! mmHg ! If we put
P,=1.14x107%, (7-7,)"*=3.8nm and 5=0.80
centipoise (at 38°C) into eq 70, we obtain P,=3.8%,
which is a little smaller than the values obtained by
the swelling method (11%)'® and by the apparent
density method (3—7%).!8

Appendix 1. Derivations of eq 20 and 34

Figure A-1(a) shows a schematic representation
of a straight through cylindrical pore in a mem-
brane, and Figure A-1(b) shows the flow lines of the
solution on the membrane and in the pore. In
Figure A-1(a), the center of the circular pore on the
membrane surface is taken as the origin 0 in
Cartesian coordinate X, Y, Z. The solution (fil-
trand) flows parallel to the X axis from left to right.
d,, and d are the thicknesses of the membrane and
the width of the gap between the membrane and a
wall, respectively. In Figure A-1(b) is a flow partern
in a cross section at Z=z(x) parallel to the X and Y
axes. Here, x is the X-ordinate of this cross section
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Figure 22. Observed ¢(a) of model substances with
particle size 2a at 7=0 for Cuprophan: open circles,
observed values and broken line, theoretical values

oa) ¢.(a).

(a)

v¢lPr

Figure A-1. Schematic representation of flow of fil-
trand above membrane surface: (a), Cartesian cordinate
X, Y, and Z; d,,, thickness of the membrane; (b), flow line
of filtrand and filtrate; d, slit width of filtrand flow; 2x,
distance between pore walls in the direction of the X-axis
at the point Z=z; y(z), thickness of laminar flow which
can pass through a pore at Z=z; (c), definition of
collision angle a; vy, filtration rate; P,, membrane po-
rosity; i,, mean velocity of the filtrand capable of
passing through pore.

and is related to z and r by
(A-1.1)

xt+2=r

where r is pore radius. The function x which satisfies
eq A-1.1 is denoted by x(z). We assume that the
filtrand flow on the membrane is by a two dimen-
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sional Poiseuille flow and that when the flow rate is
not zero, the component of the filtrand flowing into
a pore from the Z direction is negligible in its
amount. From the material balance of the solvent
between pore entrance and exit, we obtain

¥(z)
J Upax {1 = 4d/2— y)*/d*} dy=(2x(2)v/P,)
0

(A-1.2)
where y(z) is the maximum value of y for the flow
which can enter a pore and depends on z (¢f. Figure
A-1(b)). U, is the flow rate of the filtrand at
y=dJ2. Since y(z)<d holds generally, we obtain

from eq A-1.2,
W2)=(X(2)v¢ d| Upg P (A-1.3)

The average flow rate i, of the filtrand which can
enter a pore i, is evaluated from,

i, =j r Y(2)i,(z)dz / J ' Wz)dz
0 0
¥(z)

y(z)
y(z)= J Unmax{1 —4(d/2— y)*/d} d)’/J dy
0 0

(A-1.4)

with

=2xv¢/P, y(2) (A-1.5)

By substituting eq A-1.3 and A-1.5 into eq A-1.4, we
obtain

r

x(z)t2dz
0

i, =(1/2)(v; - Umax/P,-d)manZ/J
(A-1.6)
The numerical calculation of

1
I (1—2z)'*dz

0

gives us the following approximate equation,

r 1

j x(z)/? dz=r3/2J‘ (1—2z/r)d(z/r)=0.87 r3/?
0 0

(A-1.7)

Substitution of eq A-1.7 into eq A-1.6 gives

4,=0.575 (r* v oo/ P d)'? (A-1.8)

The collision angle « is approximated by the angle
whose tangent is the ratio between i, and v;/P,, as
shown in Figure A-1(c). Thus, we get

a=tan~ (i, P,/v;) (A-1.9)
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If @2 is defined as the mean velocity of the filtrand,
assumption of a two dimensional Poiseuille flow for
the filtrand leads to

d=2/3)U .y (A-1.10)

By substituting eq A-1.8 and A-1.10 into eq A-1.9,
we obtain eq 20 in the text.
The mean value of y(z), j, is defined by,

f:Jr y(z)dz/fr dz

Unless @ is 0, ie., if U, #0, eq A-1.11 is
transformed to,

)7=J‘r y(z)lip(z)dz/jr dz/

X f ' Wz)i,(z)dz / J ' Wz)dz

0

(A-1.11)

(A-1.12)

If we substitute eq A-1.4 and A-1.6 into eq A-1.12,
we obtain,

7=0.87 (v;-d-r/P.-U_, )"

(A-1.13)

max

Appendix II. Derivation of eq 42

Figure A-2 shows a small volume element
dx-dy-dz at the position (x, y, z). The concen-
tration of a particle has no gradient in either the x
or z directions. Therefore, this concentration at the
position (x, y, z) can be expressed as C(y). From
the material balance, we obtain

(dC(y)/drydx-dy-dz={v—ay2)
"Coy—ap—Vy+ay2) Cyraya) dx-dz

—{DydCy4y2)/dy =D, dCyy 1 4y2)/dy} dx-dz

A-2.1
v ( )
V(y+1/2dy)
y ' dx
\:'\ dy
At
DalVd dz
v{y-1/2dy)
X
o™ X
z N
z (x,0z)

Figure A-2. Volume element the dx-dy-dz at point
(x, y, z) in the filtrand.
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where D, is the diffusion coefficient of a solute in the
solution. Equation A-2.1 can be rearranged to

dC(y)/dt= —(dC(y)/dy)o(y) - (du(»)/dy)C()
+Dy(d*C(y)/dy?) (A-22)

At the stationary state, the relation dC(y)/dt=0
holds, and eq A-2.2 becomes,

d*C(y)/dy*=(1/D,)-d(C(y)-v(y)/dy (A-2.3)
The solution of eq A-2.3, by use of eq 39, is given as,
In C(y)= —(1/3D,)BU;,,(2a/d)***(1 - 2y/d)?
x {1—(d/3R(a, d))(1—-2y/d)}

+Cy+C, (A-2.9)

where, C; and C, are integration constants. By
consideration of the boundary conditions,
dC(y)/dy=0 at v,=0 and that C(y)=C, at y=d)2,
eq A-2.4 can take the form of eq 42 in the text:

C(»)=C, exp [—(B/4D,)}*(2a/d)***(1~2y/d)
x{1—(d/3R(a, d))(1-y/d)}] (42)
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