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ABSTRACT: New parameters such as the resolving power RP and various separation yield Yare 
defined to adequately represent fractionation efficiency in molecular weight fractionation by 
solubility difference. The effect of fractionation conditions (the initial polymer volume fraction vP0' 

the total fraction number n, and the concentration dependence parameter p of the polymer-solvent 
interaction parameter x) on the above efficiency parameters is clarified on binary mixtures consisting 
of two different polymer-to-solvent molar volume ratio X1 and X 2 by using computer experiments, 
which are equivalent to 2089 single-phase separation experiments. A very high resolving power cannot 
be expected for a single step of the phase separation. The fractionation, combined with low vv 0 and 
high n" affords a high separation yield, except for the high molecular weight component fraction 
separated by successive precipitation fractionation (SPF), whose Y is always zero. In contrast to this, 
successive solutional fractionation (SSF) enables us to isolate the high molecular weight component 
much more effectively than the low component. 
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As early as 1944, Flory! defined a parameter £ 
representing the fractionation efficiency for the 
molecular weight fractionation based on the 
solubility difference by 

c=[dfx(2) J =(lnR)/4 (1) 
dIn X xp 

where =fraction of a given X-mer remaining in 
the polymer-rich phase, X= the polymer-to-solvent 
molar volume ratio, XP=X at fx(2)=0.5, R=the 
volume ratio of the polymer-lean phase to the 
polymer-rich phase. Equation I indicates that a large 
R, accordingly lower initial concentration vP0 , is 
highly desirable to carry out the fractionation run 
with high efficiency. Later, Kawai2·3 showed from 
some simplified calculations that, in order to make£ 
large, a smaller fraction size in a successive 
precipitational fractionation (i.e., the weight ratio of 
the polymer partitioned in the polymer-rich phase to 
that dissolved in the starting solution) pP, besides vP 0 , 

is also quite effective. On the basis of the results 
obtained from the systematic computer simulations, 

Kamide and Nakayama4 (KN) concluded that phase 
separation with a largeR does not always furnish the 
fractions of narrow molecular weight distribution 
(MWD) and in the case of successive precipi
tational fractionation (SPF), which was discussed 
and employed exclusively in the past, a decrease 
in pP unavoidably brings about an increase in 
the breadth of MWD in the fractions, particularly 
in smaller pP regions. The validity of the above 
conclusion was then experimentally ascertained by 
Kamide and his coworkers. 5 -? KN prefered to use a 
parameter c', defined by eq 2, in place of £ as a 
fractionation efficiency parameter, 

8, = [dfx(2)] = (J/4 
dX Xp 

(2) 

where (J =the partition coefficient of X-mer in the 
two phases. 

It should be kept in mind that both £ and s' are 
inadequate unfortunately for quantitative discussion 
as to the ease of separating the components with 
different X from their mixtures by the fractionation 
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method. Huggins8 defined other parameters, e( 1J and 
e(2) as efficiency parameters for mixtures of equal 
molecules of two components with different X. These 
parameters are evidently limited in their applicability 
to only specific binary mixtures he studied.8 

As is evident from the above discussion, the 
various efficiency parameters in early studies are only 
approximate and have a rather ambiguous character 
and it is necessary to employ a much more rigorous 
parameter, like the resolving power RP, most 
commonly used and defined in optics. In this paper, 
we focus attention on this important point, defining 
at the first step new efficiency parameters such as the 
resolving power Rv (eq 5) and the separation yield Y 
( eq 9, II, 13, 14) and then we clarify the effect of the 
initial concentration vv 0 and total number of 
fractions on these parameters in the fractionation by 
solubility difference, using the binary mixture with 
different X. 

RESOLVING POWER AND 
SEPARATION YIELD 

First, consider binary mixtures with two different 
X(X1 and X 2 , X1 <X2 , the suffix indicating the 
component). Write W1 ° for the weight fraction of the 
component I and W2 ° ( = I - W1 °) for the weight 
fraction of the component 2. In the case of equal 
weight mixtures, we obtain W1°= W2°=0.5. 

A solution of the above binary mixtures is cooled 
down until the phase separation occurs. Here, the 
fractionating conditions are carefully chosen in such 
a manner that the weights of the polymers in 
polymer-lean and polymer-rich phases are equal. 
The weight fractions of components I and 2, 
dissolved in a polymer-lean phase and a polymer
rich phase, to the total polymer in a starting solution 
are denoted as wl(l)' w2(1)' wl(2) and w2(2)' 
respectively (Here, W1(1l+ W2 (1l + W1(2l + W2(2J= 1). 
Thus, the relation, 

is the fractionation conditions. Here, Psis the weight 
ratio of polymer remaining in a polymer-lean phase 
to that of the starting solution, and is equal to the 
fraction size in a successive solutional fractionation 
run. We define the resolving power Rv in the 
fractionation as the ratio X 11"(X2 - X1) of the original 
polymer, which, under the given conditions, provide 
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fractions having the following heterogeneity. 

w 
2 l(ll :;;,0.99 or 

w 
2 2(2) :;;,0.99 

I W.ol I w.(2) 
i= 1 i= 1 

In other words, Rv is defined by, 

Rv = Xd(X2- X1) 

(4) 

(5) 

A large Rv value indicates that the fractionation 
makes possible the separating of each component 
from the mixture, even if the molar volume ratio of 
these components X1 and X2 are very close to each 
other. In eq 4, we adopt for convenience a 99% level 
purity, which may be changed as necessary. 

A binary mixture (the components X1 and X2 , 

their weight fractions W1 ° and W2 °) in a solution was 
fractionated into n, fractions by successive 
precipitational fractionation (SPF) or successive 
solutional fractionation (SSF). In this case, we write 
Tf7ul for the weight fraction of i-th component 
dissolved in the phase j (j =I for polymer-lean phase 
andj=2 for polymer-rich phase), separated at k-th 
step. Here, the following relations: 

2 n1 -1 2 

I 1 + I I = 1 for SPF (6) 
i=1 k=l i=1 

and 
2 n1 -1 2 

I I I for SSF (7) 
i=1 k=l i=1 

are satisfied. 
In SPF, we write k1 .v for mmtmum k, which 

satisfies the condition of 

Then, the following relation holds 

i=l k=l i=l 

The size of the fraction at k-th step P/ is given in SPF 
by 

2 

P/= I 
i= 1 

In this paper, 

p/=Pv=l/n" k=1,2,3,···,n,-1 

is assumed (i.e., the fraction size Pv is kept constant in 
a give run) and in this case, the separation yield, Y, is 
defined by 
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Y1,p=(n, -k1,p)pp/W1 ° =(1-k1,ppp)/W1 ° (9) 

k1 ,p> W2 °n1 (10) 

where k1 ,p is equal to W2° n, at Y1,p= 1. Equation 9 

shows that Y1,p is the ratio of the weight of the 
fractions (as polymer-lean phase) of 99% or higher 
purity to the total weight of component 1 polymer 
existing in the starting mixture. 

By analogy with Y1 ,p, the separation yield Y2 ,p of 
the component 2 polymer by SPF in polymer-rich 
phase is given by, 

(11) 

where 

k2 ,p<,W2°·n, (12) 

k is the maximum fractionation step, satisfying the 2,p 

condition of 

Obviously, the component 1 polymer exists mainly in 
the polymer-lean phase at higher fractionation steps 
(k>k1,p) and the component 2 is in the 
polymer-rich phase at lower fractiOnatiOn steps 
(k<k2,p). 

In SSF, the separation yield of the components 1 

and 2, Y1,, and Y2 ,, are defined by eq 13 and 14, 
respectively. 

Yl,s=k!,sPs/Wl 0 (13) 

and 

Yz,s = (1- kz,sPsl/ Wz 0 (14) 

where 

k!,s< W! 0n, (15) 
kz,s> w!on, 

k or k is maximum and minimum k, respectively, l,s 2,s 

satisfying the condition of 

or 

and in SSF 
2 

p/=p,=1/n,= I 
i=1 
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In order to separate the component 1 polymer by 
SSF, it is recommended to separate the binary 
mixture up to the k1,, step and then to gather the 
polymers obtained at each step into the polymer-lean 
phases (that is, further separation beyond the k1 ,s+l 
step is meaningless). On the other hand, in order to 
isolate the component 2 polymer by SSF, it is best to 
fractionate the mixture up to the k 2 ,, step and then to 
take the polymer into the polymer-rich phase at the 
step as the component 2 and the fractions obtained at 
steps before k2 ,, should be discussed. 

COMPUTER EXPERIMENT 

The computer experiments were carried out 
exactly on the basis of the modified Flory-Huggins 
theory, in which the concentration dependence of a 
polymer-solvent interaction parameter X is 
expressed by the relation, 

(16) 

(Xo =parameter, vP =polymer volume fraction, 
p=concentration dependence parameter), and the 
Gibbs' phase equilibrium theory on the 
multicomponent system. The calculation was 
performed, using the method of Kamide and 
Sugamiya,9 by an electronic computer IBM system 
370-158. 

Binary mixtures with X 1 = 30-600 and X2 = 40-
6000 (X1 < X2 ) were assumed as the starting 
polymeric materials. 

The following two kinds of experiments were 
performed: 

Experiment 1: Phase-Separation Experiment 
A solution of 1 : 1 (by weight) mixture was cooled 

and phase separation occurred. The separation 
temperature was chosen so that the weight fractions 

(=it! w;<Il or it w;<2l) 

of the polymer remaining in the two phases would 
be just one half of the total polymer (i.e., 
pP=p,= 1/2). Using the phase separation data 
obtained thus, the resolving power RP was 
calculated. 
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Experiment 2: Fractionation Experiment 

In addition to the above-mentioned 1 : 1 mixture, 
unequal weight mixtures were dissolved in a solvent 
(initial concentration VP0 = 1 X 10-4 here 
is the upper limit of vP0 : 1/(1 +Xw(Xz)- 112 ), 

Xw and Xz are the weight-average and the z-average 
degree of polymerization of the original polymer, 
respectively), and were fractionated by SPF and SSF 
into n, fractions (n, = 10 1 00). The values of Y1 ,p, 

Y2 ,p, Y1,s, and Y2 ,s were evaluated from the 
fractionation data obtained. The fractionation 
experiments done m this paper correspond 
completely to the 2089 single-phase separation 
experiments. In this case, X 1 , X2 , W1 °, vP 0 , n,, and p 
were employed as variables. 

RESULTS AND DISCUSSION 

Figure 1 shows the relationships between X 1 and 
vP0 , observed in the phase separation of a 1: 1 (by 
weight) mixture in solvent, yielding a constant RP. 
Figure 1 a), b), and c) correspond to the case of p = 0, 
0.8, and 1.6, respectively. It is noteworthy that for a 
given RP, the X2 value can be clearly determined. 
With an increase in the X value of the original 
polymer (X1 and X2 ), the resolving power decreases 
remarkably, compared at the same vP 0 . The degree of 
lowering RP is markedly influenced by the solvent 
nature (p ); a small p gives a large lowering of RP. For 
example, in the case of p=O, to obtain 

by a single-phase separation step, from a solution of 
a binary mixture (X1 = 30, X2 = 60, W1 ° = W2 ° = 1/2), 
a 1.3 X 10- 3% solution should be prepared. This 
value is to low to be practical, since the concentration 
range, in which the practical fractionation can be 
relatively easily carried out, is 0.1 %. The 
possible combination of X 1 and X 2 , constituting a 
binary mixture, from which the fractions with 99% 
purity can be separable, is infinite in number; for 
illustration, when a solution, in which a given binary 
mixture is dissolved, of a given concentration is to be 
fractionated, RP increases significantly with an 
increase in p, indicating that if a solvent with a large p 
value is employed, high resolving power can be 
obtained. As is evident from Figure 1, very high 
resolving power cannot be expected for a single step 
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Figure 1, Effect of concentration dependence 
parameter p on the resolving power R"-X1 relations: 
W1 ° = W2 ° = 0.5 (binary equal weight mixture); the 
fraction size, p"=p,=0.5; a) p=O, b) p=0.8, and c) 
p= !.6. 

Figure 2. Relationships among initial polymer volume 
fraction vP0 , total fraction number n" and various Y: 
binary equal weight mixture (X1 = !50, X2 = 300, 
W1°= W2°=0.5);p=O;a) Y1 ,p,b) Y2 P,c) Y1 ,,andd) Y2 ,. 

phase separation. 
Solutions of 1 : 1 mixture (X1 = 150, X 2 = 300) with 
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a concentration ranging from 10- 2 ( = 6.56)% 
was fractionated, assumingp = 0, by SPF or SSF into 
10 100 fractions. The original mixtures are denoted 
as closed circles in Figure I. Figure 2 shows the 
relationships between vP0 and n,, affording a given 
separation yield Y calculated from the above 
fractionation data. Figure 2 a), b), c), and d) 
correspond to Y1,p, Y2 ,p, Y1,,, and Y2 ,,, respectively. 
The shadowed area in the figure is the area of zero 
resolving power: Y = 0, and the dotted line means 
In general, to attain a given separation yield Y, it is 
necessary to separate a comparatively small number 
of fractions from a dilute solution or to isolate a 
relatively large number of fractions from solutions of 
high concentration. As anticipated, the 
fractionation, combined with low vP 0 and high n" 
affords a high separation yield. An exception is Y2 ,p, 

which is always zero under any fractionation 
conditions. Thus, it should be remembered that high
molecular-weight fractions cannot be separated 
precisely if SPF is employed. In contrast to this, 
usage of SSF enables us to separate high
molecular-weight components much more 
effectively than low-molecular-weight components. 
But, in this case, the range of separation for the low X 
component is also as wide as that for a high X 
component In an extremely narrow vP0 range, in the 
vicinity of the low X component cannot be 
separated. 

In order to obtain fractions having one 
component by weight of99% or more, by using only 
one step of the phase separation, a starting 
concentration should be maintained as low as 
9 X 10-4 % (see Figure 1). This is a matter of 
considerable difficulty. In SPF, the separation of the 
component 1 polymer with 99% purity is possible 
under not too extreme conditions (for example, 
vP 0 = I% and n, = 10). However, in the latter case, the 

separation yield Y1 ,p remains about OA, far smaller 
than Y1,p= LO, obtained by a single-phase 
separation experiment vP0 , suitable for SPF, is 
almost 103 times as large as that for a single-phase 
separation. Although time consuming, SPF is thus 
undoubtedly far more economical in comparison 
with a single step separation method. If SSF is 
employed in place of SPF, Y1,, = 0 is obtained under 
the conditions of vP 0 = 1% and n, = 10. Under much 
more unusual conditions, for example vP 0 = 0. I% and 
n,=50, Y1,p (=0.8) <Y1 ,, (=0.9) is observed, 
indicating that SSF affords a higher separation yield 
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of the low component than SPF, 
In this manner, under the operating conditions of 

a high initial concentration and small number of 
fractions, being apparently economically 
advantageous, SPF is preferable in separating the 
low X component (i.e., the component 1 polymer) to 
SSF, With respect to the separation of a high X 
component, SSF is of course more advantageous 
than SPF. It is of interest to note that in both SSF 
and SPF, the purity of the polymers remaining in a 
polymer-lean phase in the case of SPF or in a 
polymer-rich phase in SSF is always higher than that 
of the fractions (polymer-rich phase in SPF and 
polymer-lean phase in SSF). 

A 1 : 1 (by weight) mixture (X1 = 150, X 2 = 300, 
and W1°= W2°=0.5) was fractionated from its 1% 
solution by SPF or SSF into twenty fractions 
(n, = 20). Figure 3 shows the effect of the p value of 
various Y, calculated from the above fractionation 
data. In the figure, the open rectangle, closed 
rectangle, open circle and closed circle denote Y1 .P' 

Y2 ,p, Y1,, and Y2 ,,, respectively. The parameters Y1 ,p, 
Y1,, and Y2 ,, increase linearly with an increase in the 
p value and these p dependences are very similar for 
the most part The parameter Y2 ,p always remains 
zero, irrespective of the p value employed. That is, 
SPF does not enable us to separate the high 
molecular weight component with high purity, even 
if the solvent is very carefully chosen. 

The change in the separation yield Yin SPF and 
SSF with molecular characteristics (X1 , X2 , and W1 °) 
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Q, 
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0 
Y2,p 

0 0.8 1.6 
p 

Figure 3. Effect of concentration dependence parame
ter p on separation yield Y: binary equal weight 
mixture (X1 = 150, X2 = 300); initial polymer volume 
fraction, vP 0 = I%; total number of fraction, n, = 20; D, 

Y1 ,p, •· Y2 P' 0, Y1,, and e, Y2 ,. 
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of the original polymers was systematically 
investigated. For this purpose, the original polymers 

W1°=W2°=1/2), 
dissolved in a solution of 1.0%, were fractionated 
into 20 equal fractions. The separation yield Y was 
calculated from the data of these computer 
experiments. Figure 4 shows the relation between X1 

of the original polymers and 
yielding constant Y value. The value of 
corresponding to Y = I, is RP. The shadowed area in 
the figure is the area, in which any component with a 
purity of 99% or more cannot be isolated. Under 
these conditions, (i.e., vP0= I% and n,=20), the 
fraction consisting of component 2 polymer only or 
of at least 99% purity can never be separated by SPF. 
Occasionaliy, we can not separate component I, by 
SSF particularly in the case of large For a 
constant Y decreases rapidly with an increase in 
X1 . To separate one component from the mixture 
with a given separation yield Y, it is necessary to keep 
the difference X2 - X1 as large as possible for a large 

099 

2 4 03 2 4 6 
x, -10-2 

Figure 4. Relationships among resolving power Rv, X1 , 

and the separation yield Y: binary equal weight mixture 
(X1 ° = X2 ° = 0.5); initial polymer volume fraction, 

vv0 = !%; total fraction number, n1 =20; p= 0; a) Y1 .p, b) 
Y2 .v, c) Y1.,, and d) Y2 ,. 
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X1 . For instance, in order to separate the component 
I with a separation yield Y = 99% by SPF 
(Y1,p=0.99), the ratio X2/X1 should be equal to or 
larger than 6. Similarly, X2 / X1 > 6 is needed for 
Y1,,=0.99. Even if the molecular characteristics of 
the original polymer vary widely, SPF is effective for 
separating the low-molecular-weight component 
and SSF is preferable for isolating high-molecular
weight component (component 2) as found for I: I 
(by weight) mixtures. This is applicable for 
multicomponent polymers. 

In the above discussion, only a 1 : 1 (by weight) 
mixture was taken as the original polymer. Next, the 
effect of the distribution of the components in the 
polymer on various separation yields Ywas studied. 
For this, a I% solution of the binary mixtures 

X1 =150, X2 =300) was 
fractionated into equal twenty fractions (n, = 20) by 
using SPF or SSF. Figure 5 illustrates the relations 
between separation the yield Yand W1 °, obtained by 
the above fractionations. Y2 ,p = 0 was observed 
regardless of the composition W1 °. Other 
parameteres, except for Y2 ,p, are larger if the 
composition of the component in question is higher 
(e.g., the component 1 for Y1,J. This means that the 
predominant component can be readily isolated as a 
fraction with high purity and high separation yield. 
In the range W1°<0.4, Y1,,=0 was observed. To 
separate the component 1, it is strongly 
recommended to utilize SSF when the component 1 
is predominated (i.e., wl 0 is large) in the start-
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Figure 5. Effect of the composition ratio W1 ° of the 
binary mixture (X1 = 150, X2 = 300) on various separation 
yields Y: initial polymer volume fractions, vv 0 = I%; total 
fraction numbers, n1 = 20; p = 0. 
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ing polymer and to utilize SPF when W1 ° is small. 
The high-molecular-weight component can 
always be separated by SSF, irrespective of the 
composition of original polymers. With the polymer 
having W1 ° > 0.5, both components can be isolated 
concurrently by SSF. In this sense, the use of SSF 
should be recommended most. This is exactly what is 
done in practice. In this paper the discussion is based 
only on the results obtained by computer 
experiments. Kamide et al. have confirmed the 
validity of the procedure of a computer simulation 
used here for systems such as polystyrene(PS)
methylcyclohexane 7 •10 , PS-cyclohexane (CH), 7 

poly(a-methylstyrene)-mixture-CH11 by comparing 
the following quantities determined experimentally 
and theoretically: the partition coefficient a, volume 
ratio of polymer-lean phase to polymer-rich phase R, 
polymer volume fraction in the two phases vp(lJ and 
vp(ZJ• Mw and Mw!Mn of the polymers in both phases, 
weight ratio of components in the fractions. 
Therefore, the conclusions obtained in this paper for 
phase-separation and fractionation of binary 
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mixtures are likely to provide an additional 
important theoretical basis for molecular weight 
fraction of existing polymers by solubility difference. 
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