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ABSTRACT: In order to explain the separate «-CH peaks in NMR spectra of poly-
peptides in the helix—coil transition region, the lifetimes of molecules in two sites (one being
a totally random-coil conformer and the other, comprising all other conformers containing
at least one helix unit), were calculated on the basis of the one-dimensional Ising model in
accordance with a two-site model. A lifetime greater than 10~%s was not obtainable for a
totally random-coil conformer for chain lengths ranging from 10 to 85. It was concluded
that the occurrence of the separate peaks could not be attributed to the slow exchange rate
between the two sites. Polydispersity in the chain length seems to be major consequence
of such separate peaks.
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For the kinetic consideration of the helix—coil
transition of polypeptides, several theories'™® have
been proposed, in which the initial rate of the tran-
sition was treated by perturbation after equili-
brium. The mean relaxation time predicted by
these theories can be used to interpret experimental
kinetic data obtained by various approach-to-
equilibrium measurements, such as the temperature
jump,” the ultrasonic absorption,’ and the dielectric
relaxation.”® These measurements yielded relaxa-
tion times of the order of 107°—107%s. But high-
resolution nuclear magnetic resonance spectro-
scopy has often been used to study the helix—coil
transition of polypeptides.” The NMR obser-
vation of separate helix and coil peaks of a-CH
in the transition region, separated by chemical
shift difference of the order of 10° Hz, may sug-
gest the presence of lifetimes of about 107*s or
greater for each form.® Recently, two theoretical
models have been proposed to investigate such
discrepancy in relaxation times. Ullman,’ Brad-
bury, et al.,** and Nagayama and Wada® have
explained the NMR peaks in terms of molecular
weight polydispersity. Ferretti and Jernigan,® "
and Miller’? have concluded that the low-field
peak may be assigned to the totally random-coil
conformer and the high-field peak to all other con-
formers containing at least one helix unit, and

that the separate peaks are a result of slow nuclea-
tion of the helix unit from a random-coil poly-
peptide. The latter authors concluded that the
fast times obtained from both experiments and
theories are related to the time for adding or
melting one helix unit to or from an existing
helical sequence, and that the slow times obtained
by NMR spectra are related to the formation of
an initial helical sequence from a random-coil
segment of the polypeptide. Moreover, Ferretti
and Jernigan® investigated the NMR spectra on
the basis of the two-site model, and evaluated the
lifetimes associated with the separate peaks by the
total line-shape analysis method.

In this paper, in accordance with the two-site
model, the lifetimes of totally random-coil con-
former (C-site) and of the all other conformers
containing at least one helix unit (H-site) were
calculated by using the nearest neighbor one-
dimensional Ising model for polypeptide chains
with the chain lengths ranging from 10 to 85,
and the results obtained were compared with the
experimental ones reported by Ferretti, et al.®

KINETICS OF ONE HELIX-REGION MODEL

This paper is concerned with the lifetime of the
helix—coil transition for short chain polypeptides,
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Figure 1. Schematic illustration of the transition of
the one helix-region model. jindicates the number of
helix units in the chain and 2; the degeneracy of
the j-th state.

and thus, it is sufficient to consider’ only one
helix-region restricted to the interior of the chain.
This one helix-region model is equivalent for the
random walk model”®™ with two interacting
walkers for the helix—coil transition.

In the one helix-region model, the basic reac-
tion sequence of the kinetics of the helix—coil
transition of polypeptide is shown schematically
in Figure 1. In Figure 1, j indicates the number
of helix units in the chain, and 2;, the degeneracy
of the state for the polypeptide chain having j
helix units (i.e., the degeneracy of the j-th state).
Let p; indicate the probability that the polypeptide
is in the j-th state. According to the statistical
mechanics of the helix—coil transition developed
by Zimm and Bragg,'® and Poland and Scheraga,"
p; at the equilibrium condition is given by

P 0,eq. =1 /Z

Pj o.=8;05|Z (1<Lj<N) 6))
where s and o are, respectively, the standard
Zimm—DBragg helix stability having a statistical
weight and the nucleation parameter, and Z is

the partition function for the one helix-region
model and is given by

N
Z=1+40 ) 2;5°
=1

and Q;=N—j+1 @)
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For a short chain, the s value at a transition
midpoint (i.e., the point at which the helical con-
tent # is equal to 0.5) is greater than unity, e.g.,
s=1.211, 1.107, and 1.057 for the polypeptides
whose chain lengths are 34, 55, and 85, respec-
tively. Therefore from eq 1 it is shown that the
0-th state (i.e., the totally random-coil conformer)
is most stable and that 1-st state (i.e., conformer
carrying only one helix unit) is the least probable
state or the highest energy-level state. In view of
these considerations, the description for the kinetics
of the helix—coil transition by the two-site model
may be regarded as an analogy of the dissociation
of a diatomic molecule in which dissociation occurs
when the molecules acquire a certain critical
energy, as is considered so by Schwarz and
Poland'® for dissociation of multi-strand com-
plexes.

CONFORMATIONAL LIFETIMES

In consideration of the above, the lifetime of
the molecules in H-site may be regarded as the
first passage time'’ for a molecule, initially in the
H-site, to reach C-site, under the initial condition
that the initial probability distribution, p;, is of
the Boltzmann type.

Jernigan and Ferretti® derived master equations
for describing the time and chain length de-
pendence of p;.

1 d IN—2
7%=—<%+be> DP1+2g,ps
1 dp; _ 2(N—p+2 .
k dr ~ N—j+2 *#97

2AN—j

- <2qb+1\f_—j£qf) Pi+2qvpy1 3
1 d
vy ’%:(IfPN—I —2g,Px

where k is the rate at which a unit performs a
transition from either state to the opposite one,
and g, and g, are s/(1+s) and 1/(1+5s), respectively.
The processes associated with the kinetics of the
one helix-region model are indicated schematically
in Figure 2. The rate constants k; and k, cor-
respond to kg; and kgq,, respectively in their
notation. However this difference is not signi-
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Figure 2. Types of transitions and rate constants of
the transitions. H and C indicate helix and coil
units, respectively. The rate constant in parentheses
indicates that for which an additional parameter 7x
is taken into consideration.
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ficant, because only the ratio of these two rate
constants is guaranteed by the principle of detailed
balance. Moreover our notation is suitable for
comparing our results with those of Neves and
Scott.”* In eq3, the transition from the O-th
state to the 1-st state is omitted since the O-th
state is regarded as sink (or absorption wall) when
the lifetime of molecules in the H-site is investi-
gated.

The density function for absorption is given by

R @

T odr j=1 dt

The lifetime of the molecule in the H-site, <T >y,
is given by

_(~,dpo 5. & (, dp,
o= 1Edr=— 3 "+ s ar

N (o
AN )
Jj=1Y

Further, by the use of a matrix formulation,
{T>g may be given as follows (see Appendix)

(Dog=—-ed™'p(0) O]

where A becomes the transition matrix when eq 3
is rewritten into the matrix formulation as
1 drP@) _
k dt
P(0) is the initial value of the row vector P(¢t)=
(Pl(t)a p2(t),' Y pN(t))9* and p.i (0) iS giVCn by
_ o(N—j+1)s’
pj(o)_T
where Z’ is the partition function when the totally
random-coil conformation is excluded from the
population, and given by

—AP(t) O

®)
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Z'=¢ % (N—j+1)s )

and
e=(1,1,---,1) (10)
The lifetime of the molecule in C-site is given by
P
N =7‘<T>n an
H
where P, and Py are the probabilities that the
molecule is in C-site and the H-site at equilibrium,
respectively.

In a similar manner, an equation is derived for
the second moment, <T*>g, of <TDg

1

<T2>a=—kz—eA‘2p(O) (12)

RESULTS AND DISCUSSION

Schwarz and Poland'® have recently shown that
one helix-region model is valid for the kinetics of
the helix—coil transition as well as for the equili-
brium statistical mechanics of the transition in
a region near the transition midpoint when chain
length N is less than 26" "2, In mixed organic
solvents, ¢ is of the order of 107, so one helix-
region model may be assumed valid for chains
whose lengths are less than 200. Thus, a value
10™* was adopted for ¢ for in making the calcula-
tions of this paper.

Calculated lifetimes, k<T>g, k<{T>s, and k{TZ>Y?
for a chain of 55 units, are indicated as functions
of s in Figure 3. <{T)y has a strong dependence on
s and shows nearly an exponential dependence on s.
On the other hand, <T); has only a slight de-
pendence on s and k<{T>¢ seems to approach 10°
for a large s. The mean square root of <T) g is
nearly equal to {T)>g and this fact shows that the
variance of {T)g is very small even for a short
chain.

In order to estimate the absolute values of the
lifetimes, the value of k& must be specified. Re-
cently, Zana'® published summarized results on
the relaxation times and concluded that the most
probable value of the rate constant for the ele-
mental step of helix growth is about 10°s™". He
considers this process to be limited by the rate of
rotation of short segments in the polypeptide
chain around C,-C’ and C,~N bonds, supported
by the fact that the reciprocal relaxation time for
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Figure 3. Conformational lifetimes, k<{T>g, k<{TD¢,
and k<{T%>y'/? (dashed curve), as functions of s for
a chain of N=55 and 6=10"4

the rotation of a short segment of vinylic chain
is of the same order of magnitude. According to
the Zana’s consideration, we adopt 10°s™* for &
value. Thus, we get {T>x=>5.6x10""s and <TD,
=2.2x 107" 5 at the transition midpoint.

Recently, Ferretti and Jernigan® investigated
the NMR spectra on the basis of the two-site model
and evaluated the average lifetime = from the
total line-shape analysis method, in which = was
defined by the equation:

T =R TS 13)

Their experimental and our calculated lifetimes are
summarized in Table I. These lifetimes were cal-
culated for two values of k, i.e., 10° and 1.8 x
10°s™". As shown in TableI, r is almost inde-
pendent of s in both the experiment and the cal-
culation. When 1.8x10° is adopted as the k
value, agreement between the calculated and ex-
perimental lifetimes is close. However, this k
value (i.e., 1.8 x10°) cannot be used to explain
previously published data on the relaxation time,
and moreover the conflict with the molecular
mechanics of helix growth step suggested by several
investigators'®'® from the chemical relaxation
measurements cannot be explained. Therefore,
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this value must be discarded.
The rate constant of the helix nucleation step
in eq3 is given by ogkg,. However, Schwarz

Table I. Comparison of the calculated average
lifetime 7., for a chain of N=55 and ¢=10"*
with experimental 7oy,

0 s Toxp () Tea1 (8)* Tea1 ()P
0.25 1.067 0.007 1.25x10°5 0.007
0.40 1.091 0.008 1.50x10-5 0.008,
0.50 1.106 -0.009 1.60x10"5% 0.008,
0.60 1.124 0.013 1.66x10"% 0.009,
0.70 1.149 0.015 1.53x107% 0.008;

& For k=108s~!. ® For K=1.8x10%s"L,

introduced a new factor yg, by which the helix
nucleation rate constant may be denoted as
orgkq,. This ymy factor corresponds to the
kinetical difficulty in the helix nucleation step
and/or additional energy barrier (additional ac-
tivation energy) for the transition between the
0-th state and 1-st state. When the rg factor is
taken into consideration, the first equation in eq 3
is converted to the following equation

1 dp, N—2

2
-V 1, - <THQb+_

A N qr>p1+2qbpz

14

The results on k{T>g and A{T)¢ calculated for
various 7y are indicated in Figure 4. In Figure 5,
the lifetimes are plotted against 7y at the transition
midpoint. As shown in Figures 4 and 5, lifetimes
are almost independent of 7y in -the region of
re>1. On the contrary, they have a strong de-
pendence on yz and are proportional to 7g in
the region of yg& 1. That is when yy is very small,
the transition between the O-th state and the 1-st
state is the rate determining step. If 10°s™" is
adopted for the k value, it must be assumed that
7z is 107°—107* in order to obtain a good agree-
ment between the calculated and experimental ¢
values. Though there is no knowledge about 7y
value at the present time, it seems impossible to
assume 7y of the order of 107°—107%. In view
of the statistical mechanics of helix—coil transition,
it is impossible to assume that the existence of an
additional high energy barrier of the helix nuclea-
tion (in addition to the difficulty represented by o)
is enough to explain such a small yg value. Fur-
thermore, if 7y is considerably less than unity, it
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Figure4. Conformational lifetimes, k{T)>x and k<{T)¢
(dashed curve), as functions of s at various 7y values,
for a chain of N=55 and ¢=10"%.
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Figure 5. Dependences of conformational lifetimes
k{T)n, k{T)c, and the average lifetime kr (dashed
curve), on 7y at s=1.1, for a chain of N=55 and
g=10""
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should be assumed that the transition from the 1-st
state to the 0-th state is much slower than the coil
growth step. However, this is unreasonable since
the helix unit in the 1-st state is bounded by two
coil units on both sides, while the helix unit in
the coil growth step is bounded by one coil unit
and one helix unit on each side. Recently, Jernigan
and Szu® have investigated the r value theoretical-
ly, and suggested that the helix nucleation ac-
companies a frictional resistance from the rota-
tional motion of the random-coil portion attached
to the bond of the residue that performs tran-
sition. However, even if this frictional resistance
is taken into consideration, the yy value is not of
the order of 107°—107*. Thus, the existence of
a long lifetime of the order of 10™*s is out of the
question and the slow nucleation explanation for
the separate peaks of a-CH NMR spectra is
questionable.

In Figures 6 and 7, lifetimes <T g and {T)¢ for
chains with various lengths are indicated as func-
tions of 5. {T>y has a strong dependence on the
chain length, i.e., it increases with increasing chain
length, since the number of states of conformation
of a polypeptide in a longer chain are more than

T T
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1.0 15 20
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Figure 6. Conformational lifetime k<{T)g as a func-
tion of s for chains of various chain lengths. The
numbers indicate the chain lengths.
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Figure 7. Conformational lifetime k<{T>¢ as a func-
tion of s for chains of various-chain lengths. The
numbers indicate the chain lengths.

in a shorter chain. On the other hand, <T),
decreases with increasing chain length, since Pg
is larger for a shorter chdin than for a longer chain.
Also, {T>¢ has a maximum at an s value somewhat
smaller than that of the transition midpoint.

Neves and Scott® derived the same conclusion
for the lifetime of a C-site by the Monte Calro
calculation. They obtained 5x10™* s for the life-
time of the C-site, assuming 2.5x10" as the &
value. It is invalid to assume nevertheless, that
the lifetime of a totally random-coil conformer is
different from the helix growth time scale by a
factor of the order of ¢ as assumed by Ferretti
and Jernigan.®

There may be different situations in the kinetics
of the helix—coil transition not describable by the
Ising model. Fujiwara and Saito® investigated
the rate of the coil nucleation from a completely
helical polypeptide, taking consideration the fric-
tional resistance caused by the motion of the
helical rods of both sides of the unit that is trans-
formed to a coil. They showed that the coil
nucleation from a completely helical polypeptide
rarely occurs, particularly for a unit located in
the inner part of the helical chain. However, coil
nucleation does not occur originally within the
one helix-region model. And the helix and coil
growth involve a rotation of a local coil part of
polypeptide chain, as suggested by the value of
the relaxation time obtained by the chemical rela-
xation measurements. Thus, a description of the
kinetics of the helix—coil transition of polypeptides
in terms of the one-dimensional Ising model seems
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to be acceptable, at least for short chains for
which the one helix-region model is valid.

APPENDIX

In order to calculate the integral of right-hand
side of eq 5, we introduce Laplace transform of
pit)

Liw={ e p 0t A-1)

From eq 5 and A-1, <TD>gx can be described as
follows

N
{Da= 2 L{0) (a-2)
5=
By the Laplace transformation of eq9, and by
substituting #=0 into the results, we get

LO=A7p"0) (A-3)
where L(0) is the row vector: L(0)=(L,(0),L(0),
Ly(0))*. From eq A-2 and A-3, we get eq 6 in
the text.

The inverse of the matix A4 is given as follows:
Matrix A can be represented simply by

a —C 0

A=| b2 @ —c (A-4)

—by ay

where the correspondence of elements a, b, and ¢
toeq 3isclear. The (i, f)-element of A7, (A_l)i, P
is given by

[ 11 6] Pefrst )
k=j+i Dy
(A“)i.,=—~—Di‘;,EN-i G=) (A
N
T [ 2=Fr=s <p)

where D; is the determinant of the i/ Xxi matrix
obtained from the first { rows and columns of A4,
and E; is the determinant of the i Xi matrix ob-
tained from after elimination of the N—i rows
and columns. D; and E; are given by the follow-
ing recurrent relations

D,=1
D1 =a,
Di=a¢D

(A-6)

i-1—bici—1Di—s 2<i<N)
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Eo=1
E,=ay (A-7)
E;=ay-i+1E;-1—by_irocn-i1Ei-2 Q<i<N)
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