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ABSTRACT: The effect of the excluded volume on the dynamics of a polymer 
chain is studied, using a stochastic jump model introduced by Orwoll and Stockmayer. 
The relaxation time of the normal mode of the averaged position vectors is obtained as 

'tp-1=1:p101-1(1-Cpz) 

where 1:p1o1 is the relaxation time in the absence of the excluded volume effect, z is the 
usual excluded volume parameter, and Cp is a constant depending on the mode num­
ber p. The slowing down is not so large as in the computer simulation by Verdier. 
Further, the autocorrelation function of the normal mode of the averaged position 
vectors is shown to be a simple exponential function, in contrast to the nonexponential 
form used by Verdier. These differences are due partly to the particularity of the 
lattice model used by Verdier and partly to the approximations we have used. 
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A polymer molecule in solution suffers fric­
tional as well as random forces from surround­
ing solvent molecules and moves irregularly. 
To investigate the effect of such Brownian 
motion on the dynamics of a polymer molecule, 
a bead-and-spring model was proposed by Rouse1 

in 1953 and independently by Bueche2 in 1954. 
This model was improved so as to take account 
of the hydrodynamic interaction3- 7 and of the 
excluded volume effect. 5- 7 In regard to the 
excluded volume effect, however, the theory is 
still not satisfactory, as will be mentioned later. 
On the other hand, Verdier and Stockmayer8 

presented a stochastic jump model on a cubic 
lattice to study the dynamics of a polymer in 
solution by computer simulation. Later Verdier9 

investigated this model precisely and found that 
in the absence of the excluded volume effect 
the relaxation curve of the autocorrelation func­
tion of the end-to-end distance is quite similar 
to that of the Rouse model. Verdier10 con­
firmed this agreement by calculating numerically 
the autocorrelation function of the square of 

the normal mode of the position vectors. This 
agreement was also explained analytically by 
Iwata and Kurata11 for the lattice model and 
by Orwoll and Stockmayer12 and by Verdier13 

for the freely jointed chain. The latter model 
will be explained in the next section. 

The effect of the excluded volume on the 
dynamics of a polymer is not as well under­
stood as is the effect of the excluded volume 
on the equilibrium polymer configurations. The 
excluded volume effect on the polymer dynamics 
was investigated by Tschoegl4 in the Rouse 
model only indirectly, through the introduction 
of a nongaussian distribution of the lengths be­
tween consective beads. Verdier and his co­
workers8-10 · 14 made a computer simulation of 
the dynamics of a lattice polymer by taking 
account of the excluded volume effect in such 
a way that a bead cannot make a jump into a 
position which is already occupied by another 
bead. The purpose of this paper is to investi­
gate analytically the effect of the excluded 
volume on the dynamics of a polymer in solu-
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tion, employing the freely jointed chain model 
presented by Orwoll and Stockmayer. One of 
the results of Verdier, et al., is that the relaxa­
tion of certain correlation functions is slowed 
down by factors from 2 (for the number of 
beads n=8) to 20 (for n=64). This slowing 
down is fairly large. Another result is that 
certain correlation functions do not decay ex­
ponentially as they do in the absence of the 
excluded volume effect. The cause for such 
large slowing down for a polymer on the cubic 
lattice was analyzed by Hilhorst and Deutch15 

and is attributed mainly to the next-nearest­
neighbor excluded volume interactions. In a 
freely jointed chain model the larger second­
neighbor excluded volume interactions which 
appear in a lattice polymer can be avoided. 
Consequently a freely jointed chain model is 
more realistic than the polymer model con­
strained on a cubic lattice. 

MASTER EQUATION AND TRANSITION 
PROBABILITY 

Let a polymer molecule be composed of n+ 1 
beads linked by n bonds. The beads are num­
bered from O to n along the chain and the 
position vector of the i th bead is denoted as 
r;. Then a configuration of the polymer is 
specified by a set of n + I position vectors (r0 , 

r1 , ••• , rn)={r). It is also specified by a set of 
n bond vectors (h1 , h2 , ••• , hn)=(h) defined by 

h;=r;-r;_1 for i=l, 2, ... , n ( 1) 

The vector r; is written in terms of the bond 
vectors as 

r;=r0 +h1 +h2 +-··+h; for i=l, 2, ... , n (2) 

Both sets of vectors will be at our disposal in 
the following. 

Following Orwoll and Stockmayer, 12 we as­
sume that the i th bead can jump with the 
transition probability W; to the new position 
r;' given by 

r;'=r;_1 +r;+1 -r; for i=l, 2, ... , n-1 (3a) 

ro' =2r1 -r0 (3b) 

rn' =2rn-1-rn (3c) 

(see Figure 1). This jump can also be repre-
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Figure la. The jump of the i th beads from r; 

to r;'. 

r, 
Figure lb. The jump of a terminal bead (0th 
bead) from ro to ro'. 

sented in terms of bond vectors as the jump 
from h;, h;+1 to h/, h'.+1; these are given by 

h/=h;+1, h'.+i=h; for i=2,3, ... ,n-1 (4a) 

ho'= -h0 , hn' = -hn (4b) 

Let P((r), t) be the probability density that 
the configuration of the polymer is (r} at a time 
t. Then this probability density obeys the fol­
lowing master equation: 

oP((r), t) 

ar 
n 

- I; W;P((r), t) 
i=O 

n I I + I: W; P(r0 • • • Y; · · · rn, t) ( 5) 
i=O 

where w; ( or w ;') is the transition probability 
for the jump of the i th bead from r; to r;' (or 
from r;' to r;). The transition probability must 
satisfy the detailed balance condition: 

w;P"4({r))=w/ P 0 q(r0 • • • r;' · · · rn) ( 6) 

where P 04 is the equilibrium distribution func­
tion having the following form: 

p•4({r))=vY'IT exp (- 31r;-~;-t12) 
,~1 2b 

( 7) 
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Here ,.,,,Y is the normalization constant and b 
is the bond length. U is the excluded volume 
potential and is assumed to be the sum of the 
two-body-force potentials. 

U=I; u(ri-r;) 
i<j 

( 8 ) 

Substituting eq 7 into eq 6 and using eq 8 and 
3a-3c, the detailed balance condition can be 
rewritten as 

, exp[--1- I; u(ri-r;)] 
wi _ kBT; 

---;;- exp[-k~rf u(r/-r;)] 

(i=O, 1, ... , n) 

If we put 

Wi=aexp[-k~Tfu(r/-r;)] 

( 9) 

for i=l, 2, ... , n-1 (10a) 

w0=r exp [- - 1- I; u(ro' -r;)] ( I Ob) 
kBT j 

the detailed balance condition is satisfied, where 
a and r are assumed as constants independent 
of the position vectors. The choice of the form 
of eq lOa-lOc is not unique and thus a or r 
may depend on the position vectors, provided 
that the detailed balance condition is satisfied. 
We can take into account the hydrodynamic 
interaction by considering a as a proper func­
tion of bond vectors. 12 But we exclude this 
possibility. If u(r/ -r;) is the hard-core poten­
tial with the diameter a, that is 

u(r/-r;)=oo for Ir/ -r;I <a 

and 

u(r/-r;)=O for lr/-r;l:2:a 

(I la) 

(llb) 

transition probability is a constant a if the i th 
bead jumps to a position which is vacant. In 
this way the direct effect of the excluded volume 
on the motion of the beads is taken into account. 

We rewrite the transition probabilities given 
by eq 10a-10c into more tractable forms by 
introducing the Mayer's /-function: 

[ 
} I ] I exp -kBTu(ri -r;) =l+f(ri -r;) ( 13) 

Substituting eq 13 into eq 10a and assuming 
that / is small, we obtain 

wi=a[I + I; f(r/ -r;)] 
j 

(14) 

The Mayer's /-function is approximated by 

f(r/ -r;)=-vo(r/ -r;) (15) 

Here v is the excluded volume, given by 

V= 4ira3 (l _ fJ) 
3 T ' (16) 

where fJ is the Flory temperature. From eq 14 
and 15 we obtain the final form of the transi­
tion probability: 

and 

wi=a[I-v I; o(r/ -r;)] 
j 

(i=l, 2, ... , n-1) (17a) 

w0=r[I-v I; o(ro'-r;)] (17b) 
j 

w,.=r[I-v I; o(rn'-r;)] (17c) 
j 

EQUATIONS OF MOTION FOR THE 
AVERAGED POSITION VECTORS 

The equations of motion for the averaged 
position vectors defined by 

( 18) 

eq 10a becomes 

Wi=O for Ir/ -r;I <a 

and 

are obtained from eq 5 by multiplying by rk 
(12a) and integrating over all possible configurations. 

(12b) 

This implies that the transition probability is 
zero if the i th bead jumps to a position which 
is already occupied by any other bead, and the 
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Since the terms for i=f.k in the summation 
vanish, we obtain 

(19a) 

for k = I , 2, ... , n - I and 
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dqo = -2(wo(r0-r1)) 
dt 

dqn = -2(wn(rn-,n-1)) 
dt 

where use is made of eq 3a-3c. 

(19b) 

(19c) 

Substituting the transition probabilities given 
by eq 17a-17c, eq 19a-19c can be written as 

dqk 
-= -a(-qk-1 +2qk-qk+1) 
dt 

+av I; (o(r/ -rj)(-rk-i +2rk-rk+1)) (20a) 
j 

for k=l, 2, ... , n-1 and 

dq0 2 ( -=- r qo-q,) 
dt 

The characteristic function ( exp (ik. b)) in the 
above expression is approximately calculated as 
the characteristic function of a Gaussian distri­
bution function with the average (b)=b' and 
the variance ((b-b')2)=(h2)-b12 ':::'..b2, if b12 « 
(b2)=b2. Thus 

(exp (ik·b))=exp ( - : 2 k2 +ik.b') (26) 

and 

(exp (ik·b)b) 

= (b' + ~\k) exp ( - k2 +ik.b') (27) 

Substituting eq 26 and 27 into eq 25 we obtain 

+2rv I; (o(ro' -r;)(r0-r1)) 
j 

I _\ dk [ (k-j)b2k2+ "k (20b) ;-J (2ir)3 exp - ~-b~ r 

~qt= -2r(qn-qn-1) 

+2rv I; (o(rn' -r;)(rn-rn-1)) 
j 

Now we put 

(20c) 

l;=(o(r/ -r;)( -rk-i +2rk-rk+i)) (21) 

which is equal to 

Ij=(o(h;+1 +h;+2+ ... +hk-1 +hk+1)(bk-h1c+1)> 

(22a) 
for j<k and 

I;=(o(hk+hk+2+ ... +h;-1 +h;)(hk-hk+l)> (22b) 

for J>k. 
Introducing the integral representation of the 

a-function 

we have for j<k 

I;=\ d\(exp[ik•(h;+i J (2ir) 

(23) 

+h;+2+ ... +hk-1 +hk+1)](bk-bk+i)) (24) 

If we may assume as a first approximation that 
there are no correlations between bond vectors, 
this can be rewritten as 

I;=~ (!~3 (exp (ik·h;+1)) (exp (ik-h;+ 2)) ... 

(exp (ik.bk_,)) 
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X[(exp (ik·bk+1))(bk)-(exp (ik·bk+l)bk+!)] 

(25) 

• (b~+l +h~+2+ • • • +h~-1 +h~+1)] 

X [b/ -(b~+1 + ~\k)] (28) 

Performing the integral over k and neglecting 
the higher order terms of b', I; becomes the 
following: 

( 3 ) 3
/

2 1 [ I I 
I;= 2;b2 (k-J)312 bk -bkH 

1 I I I I ] + k-j(b;+1 +h;+2+ • • • +hk-1 +hk+l) 

( 3 ) 3n 1 [ = 2irb2 (k-j)3/2 -qk-1+2qk-qk+l 

+ k~/qk-1 +qk+l-qk-qj)] (29) 

In a similar manner we obtain I; for j > k: 

( 3 ) 3n 1 [ I;= 2irb2 (j-k)a12 -qk-1 +2qk-q1c+1 

+ j~k(qk-l+qk+l-qk-qj)] (30) 

Using eq 22a, 22b, 29, and 30, eq 20a-20c 
are given as follows: 

_1_ dqk 
a dt 

= -(-qk-1 +2qk-qk+1) 

- 13[ (ak-b1c)q1c_ 1-(2ak-b1c)qk+(a1c-b,c)qk+1 

k-2 q- n q· ] 
+ (k 1

/12 +. I; ( · ;)5/2 1=0 -J J=k+2 J-
(31a) 
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where 

_ ( 3 _ )3/2 p-V --2 
21rb 

and ak, bk, c1, d1 , c2 , and d2 are given by 

k-2 1 " 1 
ak= _I; (k .)3;2 + . I: ( . k)3;2 

3=0 -1 ,=k+2 1-

(31b) 

(31c) 

(32) 

:.::::'. 2( v'2 - ) 12 - (n-~)112 ) (33a) 

k-2 1 " 1 
bk= I; (k ·)5/2 + I: ( · k)5/2 

j=O -1 j=k+2 1-

2 ( 1 1 1 ) :.:::3 v' 2 - e12- (n-k)312 (33b) 

(33c) 

(33d) 

n-2 

and the elements of B are given by 

Boo=d1-C1, Bo1=(C1-2d1), 

Bo1=~ (2:S,.j:S,.n) , 
1 

Bkk=bk-2ak (l::;.k::;.n-1), 

Bkk-1=Bkk+1=ak-bk (l::;.k::;.n-1), 

1 
(k-))512 

1 

(0::;.J::;.k-2, }+2::;.k::;.n-1) , 

(J-k)5/2 
(k+2::;.J::;.n, 1::;.k::;.J-2), 

(n-})512 
(0:S,.j:S,.n-2) , 

(36) 

RELAXATION TIME 

We define the normal mode of the averaged 
position vectors by 

U=Q-lq (37) 

where u is a ( n + 1) X 1 column matrix whose 
p th elements is the p th normal mode up and Q 
is a (n+l)x(n+l) matrix which diagonalizes 
the matrix A+pB in eq 34. Then the relaxation 
time of the p th normal mode is given by 

(38) 
1 

C2= I; (n-})312 C1 (33e) and 
j=O 

n-2 

d2= I: (n-})612 
di 

j=O 
(33f) 

Here we replaced the summation by the integral. 
These equations can be written in a vector 
notation: 

where 

·{l A= 

1 dq 
--=-(A+pB)q 
a dt 

1 -1 0 0 

-1 2 -1 0 

0 -1 2 -1 
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(34) 

-1 2 -1 

0 -1 1 

(35) 

up(t)=up(O) exp (-t/r p) (39) 

where Ap is the p th eigenvalue of the eigenvalue 
equation 

(A+pB)a=.:la (40) 

We can solve eq 40 by a perturbation method, 
assuming that f3 is small. The eigenvalue and 
eigenvectors of the matrix A are obtained ex­
actly and are given by 

;i 101 =4 sin2 pn p=0, 1, ... , n (41) 
P 2(n+l) 

and 

QIOJ_( 2 ) 112 (k+l/2)p7r 
pk - -- cos ~~--=-

n + 1 n+l 

k=0, 1, ... , n (42) 

where Q~r is the k th component of the eigen­
vector aP 101 • Then the eigenvalues of eq 40 
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can be obtained: 

(43) 

where the superscript T denotes the transpose 
of the eigenvector. 

We calculate the first order term of pin eq 43: 

;_ 11l_qa 101r.B.a 101_,q;., ;., 0 101B _0 1_01 
p - I' p p - I' LJ LJ pk kJ J p 

k=O j=O 

__ ,q(prr)2c 
- I' na12 P 

(44) 

where n » I is assumed and eq 36 and 42 are 
used. CP is given by 

CP=~ ~ 1- 2[2(1-(- l/)+2rrp1 12S(2prr) 
3 (prr) 

- 5·,}rrp112S(prr)+ ,/2rr2p312C(prr)] (45) 

where 
z sin t 

S(x)= ---11-2 dt , 
0 (2rr t) 

~
z COS t 

C(x)= --112dt 
0 (2rr t) 

(46) 

Fixman also derived the same form for CP as 
given by eq 45 in the theory of the Rouse model 
with the excluded volume effect (eq 76 in ref 6). 
The relaxation time for the slow mode given 
by eq 38 becomes, up to the first order of p: 

(47) 

where 

101-1 _ (prr)2 
-rp -Cl'-; (48) 

is the relaxation time for the slow mode in the 
absence of the excluded volume effect and 

Z=V -- n112 ( 3 ) 3 /2 

2rrb2 (49) 

a can be related to the translational diffusion 
constant D12 by 

ab2 

D=--
3(n+l) 

(50) 

From the Einstein relation D=kBT/(n+ 1)1;, a 
can also be written as 

(51) 

606 

Table I. Values of Cp for the mode 
numbers p from 1 to 6 

p Cp 

1.516 
2 1.170 
3 0.993 
4 0.878 
5 0.796 
6 0.733 

where I; is a frictional constant. If eq 51 is 
substituted into eq 48, -r P 101 gives the relaxation 
time of the Rouse model. 

From eq 47 it is found that the relaxation 
time for the slow mode can be expanded in 
powers of the excluded volume parameter z at 
least up to the first order. Since CP > 0, the 
relaxation time becomes larger in the presence 
of the excluded volume effect than in its ab­
sence. The cause of this slowing down is that 
jumps into the positions occupied already by 
other beads are forbidden because of the ex­
cluded volume restriction. 

The numerical values of CP are shown in 
Table I for the values of p from 1 to 6. Since 
the value for smaller p is always larger than 
the value for larger p, the effects of the excluded 
volume are larger for the slow modes than for 
the fast modes. The ratio of the slowest relax­
ation time -r1 to the fastest relaxation time -r,. 
becomes 

(52) 

which means that the width of the spectrum of 
the relaxation time is broader in the presence 
of the excluded volume effect than in its absence. 
The relaxation function H(-r), when -rp is re­
garded as a continuous function of p for large 
n, is given by 

H(-r)= -ckBT(d In -r/dp)-1 (53) 

where c is the polymer concentration. From 
eq 47, 45, and 53 this function is approximately 
given, in the case z « 1, by 

H(-r)-::::_ ck;:n-r-112( 1 _ (: yi2z-r114) (54) 

In deriving this, use was made of the approxi­
mation CP-::::_(8 fl/3)C(prr)/p1 12 which is valid 
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Table II. Ratios rp/,p101 for various p and n 

n 
p 

64 32 16 8 

2.64 1. 78 1.45 1.28 
2 1.92 1.51 1.32 1.20 
3 1.67 1.40 1.26 1.17 
4 1.56 1.34 1.22 1.15 
5 1.48 1.30 1.20 1.13 
6 1.43 1.27 1.18 1.12 

Table III. Ratios rp/rp1o1 by Verdier 

n 
p 

64 32 16 8 

21.0 6.13 2.62 1.34 
2 21. 7 8.75 4.08 2.79 
3 19.5 7.23 3.96 2.12 
4 15.5 5.91 2.90 1.97 
5 13.2 4.90 2.79 1.19 
6 10.5 4.31 2.08 1.23 

for p> l and also the fact that C(prr)~0.5 irre­

spective of p for p> l. The slope of the graph 

In H(r) vs. In r becomes 

dlnH(r)= _ _l__ v~(_rr__)11\,114 (55) 
d In r 2 3 n 

where -1/2 is the value in the absence of the 

excluded volume effect and agrees with the 

value of the Rouse model for the free draining 

case. The second term of eq 55 is the correc­

tion in the presence of the excluded volume 

effect; this term decreases the slope. This means 

that the excluded volume effect has an effect 

similar to the hydrodynamic interaction, which 

also decreases the slope. 
In Table II the ratios of the relaxation time 

r P in the presence of the excluded volume effect 

to the relaxation time r/ 01 in its absence are 

shown for the number of beads n=8, 16, 32, 

and 64 and for the mode numbers p from 1 to 

6. These values are calculated from eq 47 as­

suming a hard core excluded volume potential 

and a/b=l/3, in other words p=0.0512. In 
Table III the same ratios calculated by Verdier10 

by Monte Carlo computer simulations are shown. 

From these Tables II and III it is clear that 

slowing down as does the Monte Carlo calcula­

tion. One of the reasons for this disagreement 

is the particularity of the lattice model employed 

by Verdier. As pointed out by Hilhorst et al., 15 

the large slowing down in Verdier's computation 

is mainly due to the second-nearest-neighbor 

excluded volume interaction. In the freely 

jointed chain model, the effect of the second­

nearest-neighbor excluded volume interaction 

on the. slowing down does not become so large 

as in the lattice model. 
The autocorrelation function of the normal 

modes up, which is defined by 

becomes 

(up(O)-up(t)) 

(u/) 
(56) 

(57) 

where use is made of eq 39. Thus the auto­

correlation function of normal modes uP is a 

simple exponential type. The origin of this 

fact is the linear approximation with respect to 

the averaged bond vector b', which permits the 

existence of normal modes even in the presence 

of the excluded volume effect. In Verdier's 

results10 the relaxation curve for this autocor­

relation function is supposed to be nonexponen­

tial, although it is not calculated explicitly. 

This disagreement comes from the linear ap­

proximation. If we do not use this approxima­

tion, we will obtain nonlinear equations for the 

averaged position vectors, which will lead to a 

nonexponential relaxation curve. 

CONCLUSION 

We have derived the relaxation time of the 

normal mode of the averaged position vectors 

of beads in the presence of the excluded volume 

effect under the assumptions: (1) the excluded 

volume v is not too large, (2) the system is not 

too far from equilibrium, and (3) the equations 

of motion for the averaged position vectors 

can be linearized. One of the results obtained 

is that for a suitable choice of parameter p the 

relaxation of the normal mode of the averaged 

position vectors of beads is slowed down by 

factors from I.I for n=8 to 2.6 for n=64. 

our calculation does not show such a large The autocorrelation function of the normal 
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mode of the averaged position vectors of the 
beads, however, decays exponentially, as in the 
case of the Rouse model, without the excluded 
volume effect. This is contrary to Verdier's 
computer experiments. These differences are 
considered to be due to the particularity of the 
lattice model employed by Verdier and the ap­
proximation we have used. A freely jointed 
chain model is considered more realistic, as 
mentioned already in the Introduction. 

In a similar way it will be possible to discuss 
the intrinsic viscosity of freely jointed chain 
with the excluded volume effect. This problem 
is now under study. 
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