
Polymer Journal, Vol. 8, No. 5, pp 415-422 (1976) 

Characterization of Randomly Branched Polydisperse Polymers 

Hideomi MATSUDA, Izumi YAMADA, and Shigetaka KUROIWA 

Department of Chemical Engineering, Faculty of Textile 
Science, Shinshu University, Ueda 386, Japan. 

(Received Februa_ry 26, 1976) 

ABSTRACT: A new method for characterizing randomly branched polydisperse 
polymers is proposed. Measurements of sedimentation velocity and diffusion of the 
branched polymer at the 0 point of the corresponding linear polymer give two apparent 
molecular weight distribution curves. From these curves the real molecular weight 
distribution curve can be obtained without any effect of branching, and the branching 
parameter distribution curve can be calculated. This new method has been applied to 
polystyrene-divinylbenzene copolymers; the results show that the method is very simple 
and useful for the characterization of branched polymers. 
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It is well known that the dilute solution 
properties of a branched polymer are influenced 
by its molecular weight distribution and branch­
ing distribution, thus making the characteriza­
tion of a branched polymer very difficult. The 
following experimental methed for characterizing 
branched polymers has been proposed. A poly­
disperse sample is fractionated by the ordinary 
fractionation method, and the branching pa­
rameter of each fraction, which is approximately 
monodisperse, is determined by viscosity or 
light scattering measurements. Experimental 
data have been reported by Thurmond and 
Zimm1 for styrene-divinylbenzene copolymer, 
by Guillet2 for low density polyethylene, and 
by Blachford and Robertson" for butadiene­
styrene copolymer. Theoretical calculations of 
solution properties have been attempted by 
many workers. 4 - 6 Kilb reported a method of 
determining the branching parameter of a ran­
domly branched polydisperse polymer by vis­
cosity measurements. 7 ) Moreover, Kurata, et al., 
studied the intrinsic viscosity and sedimentation 
constant of randomly branched polystyrene. 8 

Kamada and Sato studied the dilute solution 
properties of randomly branched poly(methyl 
methacrylate). 9 •10 These studies, however, did 
not show how to obtain the molecular weight 
and branching parameter distributions. Since 
gel-permeation chromatography (GPC) has been 
used for polymer characterization, studies of 

branched polymers have also been advanced by 
the GPC technique. u-is Tung proposed a 
method to obtain molecular weight and branch­
ing parameter distributions of randomly branched 
polydisperse polymers by combining GPC and 
sedimentation velocity measurements. 14 •15 In 
any case, in order to get molecular weight and 
branching parameter distributions separately, 
solution properties, which are influenced directly 
by the hydrodynamic radius of the polymer in 
solution and by which the molecular weight 
distribution of polymers can be obtained, should 
be measured: for example, the sedimentation 
constant, diffusion constant, and retention 
volume of GPC. However, there are some 
unsolved problems in the absolute measurement 
of the molecular weight distribution by GPC, 
and therefore the sedimentation velocity and 
diffusion measurements are expected to be most 
useful to obtain the molecular weight and 
branching parameter distributions separately for 
randomly branched polydisperse polymers. 

In this paper, we propose a new method, 
which combines sedimentation velocity and 
diffusion measurements in dilute polymer solu­
tions, for getting the molecular weight and 
branching parameter distributions of a randomly 
branched polydisperse polymer, and we report 
some experimental results. · 
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THEORETICAL 

As the theory for the characterization of a 
randomly branched polydisperse polymer is 
complex, we first consider a randomly branched 
monodisperse polymer, which cannot really be 
prepared, and then apply the theory to a ran­
domly branched polydisperse polymer. 

Molecular Weight and Branching Parameter of a 
Randomly Branched Monodisperse Polymer 
For a monodisperse linear polymer at the () 

temperature, the relation between the molecular 
weight M and the hydrodynamic radius R is 
given by 

( 1 ) 

where Kr is a constant. Whether the sample 
is linear or not, if the partial specific volume 
of the branched polymer in solution is assumed 
to be equal to that of a linear polymer, then 
the sedimentation constant S is given by 

( 2 ) 

where Ks is a constant. Equation 2 is an al­
ternative expression of the well-known Svedberg's 
equation. 16 Substituting eq 1 into eq 2, we have 

( 3 ) 

As eq 1 is applicable only to a linear polymer 
at the () temperature, eq 3 corresponds to the 
following relation between the molecular weight 
and the sedimentation constant of a linear 
polymer at the () temperature: 

( 4) 

If the sedimentation constant of a branched 
polymer is measured at the () temperature of 
the corresponding linear polymer and the mo­
lecular weight is calculated by eq 3 or 4, then 
the molecular weight of the branched polymer is 

Ms=S2/Ks2Kr=S2/Ks' 2 ( 5) 

The molecular weight Ms calculated by eq 5 is 
the apparent molecular weight, for eq 3 and 4 
are valid only for a linear polymer at the () 
temperature. The difference between the ap­
parent molecular weight Ms and the real one 
M depends upon the degree of branching. On 
the other hand, the relation between the diffu­
sion constant D and the hydrodynamic radius 
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R is, regardless whether the sample is branched 
or not, given by the equation 

( 6) 

where K 0 is a constant. This equation is an 
alternative expression of the Einstein-Stokes' 
equation. Substituting eq 1 into eq 6, we have 
the equation 

( 7 ) 

Equation 7 corresponds to the following equa­
tion for a linear polymer at the () temperature: 

( 8 ) 

If the diffusion constant of a branched polymer 
is measured at the () temperature of the corre­
sponding linear polymer and if the molecular 
weight ii calculated by eq 7 or 8, then an 
apparent molecular weight M 0 should be ob­
tained as 

Mo=Ko2Kr/D2 =Ko12/D2 ( 9) 

As eq 2 and 6 are valid also for a branched 
polymer, the real molecular weight of a branched 
polymer is expressed as 

(10) 

Then, the substituting of eq 5 and 9 into eq 10 
gives the real molecular weight: 

M=(Mo-Ms)°" 5 (11) 

Therefore, if the sedimentation constant and 
the diffusion constant of a branched polymer 
are measured at the () temperature for the cor­
responding linear polymer, and if the apparent 
molecular weights Ms and M 0 are calculated 
by eq 4 and 8 for the linear polymer, then the 
real molecular weight of the branched polymer 
is obtained by eq 11. Among the apparent 
molecular weights M 0 , Ms, and the real mo­
lecular weight M, we have the relation 

( 12) 

For the linear polymer, we have the relation 

M 0 =M=Ms ( 13) 

Equation 11 can be used to obtain the mo­
lecular weight distribution of a randomly 
branched polydisperse polymer. 

Stockmayer and Fixman define a branching 
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parameter h as4 

(14) 

where Rb and R 1 are the hydrodynamic raddi 
of branched and linear polymers, respectively, 
in solutions having the same molecular weight. 
Substituting eq 11 into eq 1 we obtain 

(15) 

This expression relates the hydrodynamic radius 
of a linear polymer to the apparent molecular 
weights Mu and Ms, which can be obtained 
experimentally. On the other hand, from eq 6 
and 7, the hydrodynamic radius of a branched 
polymer is expressed as 

( 16) 

Substituting eq 15 and 16 into eq 14 we have 

h2 =(Mu/M8 )°" 5 (17) 

Equation 17 shows that the branching parameter 
h can be calculated from the apparent molecular 
weights Mu and Ms of a branched polymer. 

Molecular Weight and branching Parameter Dis-
tribution Curves of a Randomly Branched Poly­
disperse Polymer 
Our method needs to be generalized for poly­

disperse polymer as follows. Using the method 
proposed to obtain the molecular weight dis­
tribution for a linear polymer, 17 ' 18 we obtain 
integral distribution curves of the apparent mo­
lecular weights Mu and Ms of the branched 
polymer from diffusion and sedimentation ve­
locity measurements at the fl temperature of 
the corresponding linear polymer. Then, using 
eq 11, we can calculate the real molecular weight 
M for each set of points with the same integral 
values on the integral distribution curves of the 
apparent molecular weights W(Ms) and W(Mu)­
The integral distribution curve of the real mo­
lecular weight W(M) is obtained by joining a 
series of points of the real molecular weights. 

1.0,,------.,.,,....-------:::c---------:=,...., 
,,,"'" 

o. 
3: 

W(Mo)7' 

Mo/ M 

<-W(M) ,--c'-=-W(Ms) 

Ms,.'.,. 

o.o~~------------------' 
Molecular weight 

Figure 1. Calculation method of molecular weight 
distribution curve (MWDC) of branched polymer: 
W(Mu), apparent MWDC obtaind from diffusion 
method; W(Ms), apparent MWDC obtained from 
sedimentation velocity method; W(M), real MWDC 
calculated by M=(Mu·Ms)0 · 5• 

(See Figure 1.) Similarly, the distribution curve 
of the branching parameter can be obtained by 
eq 17. Thus, we can obtain the molecular 
weight and branching parameter distribution 
curves of a randomly branched polydisperse 
polymer. 

EXPERIMENT AL 

Materials 
Two kinds of branched polymers, PSB-1 and 

PSB-2 (styrene-divinylbenzene copolymer), and 
a corresponding linear polymer, PSL (poly­
styrene), were used in the present study. 
Styrene-divinylbenzene copolymers were poly­
merized in our laboratory according to the 
method of Thurmond and Zimm. 1 Polymeri­
zation conditions are shown in Table I. Poly­
merization mixtures were dissolved into a 
mixture of dioxane and acetone (1:1 by volume), 
which is a very good solvent for branched 
polymers. The resulting solution was added 
into an excess amount of methanol to obtain a 
polymer precipitate. The precipitate was filtered 
off and resolved in MEK. The solution was 

Table I. Polymerization conditions of branched polymers 

PSB-1 
PSB-2 

Styrene, 
ml 

60 
80 

Divinyl benzene, 
ml 

0.055 
0.045 

• AIBN =azobisisobutyronitrile. 
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AIBNa, 
g 

0.046 
0.038 

Temp, oc 

70 
55 

Time, 
hours 

7.0 
19.0 

Conv, 
% 

31 

15 
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added into methanol and the precipitate was 
filtered, then dried under reduced pressure at 
50°C for 3 days. The number-average and 
weight-averge molecular weights were deter­
mined by osmotic pressure and light-scattering 
measurements. In order to compare the results 
with those of a branched polymer, a linear 
polystyrene )ample was used; this was distributed 
by Professor M. Takeda of Tokyo College of 
Science for use as a standard sample in Japan. 
The number-average and weight-average mo­
lecular weights of this sample were measured 
in our laboratory. 

Measurement of 0 Point of Branched Polystyrene 
in Cyclohexane 
In our theory, all experiments have to be 

carried out at the 0 point of the corresponding 
linear polymer, and thus the 0 point of the 
branched polymer must be determined. If the 
difference of the 0 points between the linear 
and branched polymers is very large, our theory 
cannot be used. Samples, which were fraction­
ated from a part of PSB-2, were dissolved into 
cyclohexane at a concentration about 3 g/100 ml. 
in glass ampoules; then they were immersed in 
a thermostat at a constant temperature. After 
one night the solution separated into two liquid 
phases and the concentration of polymer in 
each phase was measured. The 0 point of 
branched polystyrene in cyclohexane was ob­
tained from these data according to Flory's 
method. 19 As is shown in the Result section, 
the 0 point of this system is 34.2°C, which is 
very close to that of the corresponding linear 
polymer. 

Sedimentation Velocity Measurements 
Sedimentation velocity measurements were 

carried out at 35°C in cyclohexane using a 
Hitachi Ultracentrifuge with Schlieren optics. 
All measurements were made at 43,700 rpm and 
at four concentrations. Apparent molecular 
weight distribution curves were obtained by the 
method proposed for a linear polymer with cor­
rections of diffusion and concentration; 1 7 the 
correction of the pressure effect on the sedimen­
tation constant was neglected. 

Diffusion Measurements 
Diffusion measurements were carried out in 

cyclohexane at 35°C using a Hitachi HTB-type 
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electrophoresis apparatus with Schlierene optics. 
A modified Neurath cell was used. Apparent 
molecular weight distribution curves were ob­
tained according to Gralen's method for a linear 
polymer.2° 

Viscosity Measurements 
The intrinsic viscosity of the branched poly­

mer was measured in cyclohexane at 35°C, and 
that of the linear polymer having the same 
molecular weight was calculated by the equation21 

[r,,]=7.48 X 10-4M 0 · 5 , (100 ml/g) (18) 

RESULTS 

Phase separation curves of branched poly-

35.0,,--------------------, 

25 

4.0 8.0 12.0 16.0 20.0 
C (g/JOO ml) 

Figure 2. Relation between phase separation tem­
perature and concentration of branched polymer 
in cyc!ohexane. The figures show molecular weight 
in I0-4• 

3.5,----------------, 

3.4 

"' 0 

)( 

3.3 

Te= 34.2°c 
3.2 

3. 1,.,.----~---~----'C,----' 
0.0 I .0 2.0 3.0 

((IIM!-'2 ) + (l/2Mwl) x 10 3 

Figure 3. Relation between Tmax and the mo­
lecular weight of branched polymer in cyclohexane. 
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780 sec 1140 sec 1400 sec 1760 sec 

Figure 4. Examples of photographs of sedimentation velocity measurements. The figures show 
sedimentation time in sec. Sample: PSB-1; concn, 0.6 g/100 ml. 

4.0hr 

8.0hr 

12.0 hr 

16.0 hr 
Figure 5. Examples of diffusion curves. The 
figures show diffusion time in hours. Sample: 
PSB-1; concn, 0.8 g/100 ml. 
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10.0 15.0 
S x 1013 (sec) 

20.0 

Figure 6. Integral weight distribution curve of 
sedimentation constant of PSB-1. 

styrene in cyclohexane are show in Figure 2. 
As the samples were not monodisperse, the 
maximum points of these curves might deviate 
a little from the critical temperatures. How­
ever, the temperature at the maximum point 
T max was approximated as the critical temper­
ature and the f) temperature was estimated from 
the T max by using the Flory method, as shown 
in Figure 3. The f) temperature of this system 
is 34.2°C and is almost the same as that of 
linear polystyrene in cyclohexane. Therefore, 
our method was practically applicable for this 
branched polymer. As described in the Experi­
mental section, all the results were obtained in 
cyclohexane at 35°C. Examples of photographs 
of sedimentation and diffusion measurements are 
shown in Figures 4 and 5. Examples of integral 
distribution curves of sedimentation and diffusion 
constants are shown in Figures 6 and 7, respec­
tively. From these curves, the apparent molec­
ular weight distribution curves are calculated by 
the following equations of a linear polymer: 
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o.o,,___...,_ ______ ----1 ________ _.,___, 

o.o 5.0 10.0 
D x I o7 (cmo/sec) 

Figure 7. Integral weight distribution curve of 
diffusion constant of PSB-1. 

2.0 4.0 6.0 8.0 10.0 

M x 10·5 

Figure 8. Integral weight distribution curves of 
molecular weight of PSB-1. 

10.0 
M x I o· 5 

Figure 9. Integral weight distribution curves of 
molecular weight of PSB-2. 

S=l.48xl0-15M 0 •5 , (sec)"" (19) 

D= 1.43 x 10-4M-0 •5 , (cm2/sec)23 (20) 

Integral distribution curves of the apparent mo­
lecular weight are shown together with integral 
distribution curves of the real molecular weight 
of branched polymers calculated by eq 11 in 
Figures 8 and 9. In order to examine the 
experimental accuracy, the integral molecular 
weight distribution curves of linear polystyrene 
obtained by the sedimentation velocity and 
diffusion method are shown in Figure 10. Both 
distribution curves in Figure 10 are very close to 
each other, within experimental errors. There­
fore Figure 10 indicates that our experiments 
were accurately carried out. The branching 
parameter distribution curves calculated by eq 
17 are shown in Figure 11. The number-average 
and weight-average molecular weights, Mn and 
Mw, and the cubes of the weight average of 
branching parameters, (hw)" calculated from the 
distribution curves are shown in Table II. The 
same table also lists the observed values of Mn, 

Mw, and (hw>3=[1Jhl[1J] 1 , where [1Jh and [7Jh are 

5.0 10.0 15.0 20.0 

M ·xi o·5 

Figure 10. Integral weight distribution curues of 
molecular weight of PSL (linear polystyrene). 

Table II. Values of molecular weights and branching parameters 

Sample 

Mwxl0-4 

PSB-1 35.0 
PSB-2 116.0 
PSLa 32.8 

a Linear polystyrene. 
b (hw)3=(I; hiWi/I; Wi)3• 

i 

420 

Molecular weight 

Calcd 

MnX J0-4 Mwx J0-4 

21.1 31.3 
74.2 120.4 
24.3 27.0 

Obsd 

MnX J0-4 

22.7 
67.9 
20.2 

Branching parameter 

Calcd 

0.78 
0.64 

Obsd 

[1Jh0![1Jh0 

0.83 
0.65 
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50.5 
:a: 

o - PSB-2 

o.0'---0-'-.9-5---~~'----o~.s-s ___ ,,,os,,..,o~~ 

Branching parameter h 

Figure 11. Integral distribution curves of branch­
ing parameter. 

the intrinsic viscosities of linear and branched 
polymers in cyclohexane at 35°C, respectively. 
The calculated values of Mw, Mn, and (hw)3 are 
in close agreement with those obtained by ex­
periment. However, (hw)3 in Table II is not 
always equal to the value of [1Jh/[17]i. As the 
value of intrinsic viscosity is a weight average 
value, we here assumed, following Stockmayer 
and Fixman,4 that the cube of the weight aver­
age branching parameter is equal to the value 
of [ 17 hi[ 17],. It must now be discussed whether 
such a treatment is valid or not. 

DISCUSSION 

We have shown that the new method is ex­
perimentally simple and useful for obtaining 
the molecular weight and branching parameter 
distribution curves separately. Our method, 
however, involved four hypotheses. The first 
hypothesis is as follows. All experiments have 
to be carried out at the (} point, and the 0-point 
of the branched polymer must be close to that 
of the corresponding linear polymer. Though 
our results show that the (} temperature of a 
branched polymer is little affected by the branch­
ing degree and is close to that of the linear 
polymer, polymers having the {}-temperature near 
the room temperature are rare. Therefore, our 
method must be extended for good solvent 
systems, such as polystyrene in MEK. The 
second hypothesis is that the partial specific 
volume of the branched polymer is equal to 
that of the linear polymer. Our experimental 
results show that this seems to be valid, but 
this hypothesis should be experimentally con-
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firmed. The third hypothesis is that the cor­
rection of the pressure effect on the sedimenta­
tion constant was neglected in our experiments. 
According to Fujita, the value of the correction 
is not negligible in an organic solvent system. 24 

However, as a first approximation we neglected 
it in this work. This correction must be con­
sidered in the further development of this 
method. The last hypothesis is the weakest 
point of our method. According to the pre­
vious workers, 18 • 20 when the molecular weight 
distribution curve of a polymer is measured by 
the diffusion method, the molecular weight dis­
tribution function or distribution function of 
the diffusion constant should be assumed to be 
analytical. In this paper, Gralen's distribution 
function has been assumed for the diffusion 
constant distribution. 20 If the distribution func­
tion is inadequate for the polymer, our result 
may not be valid. This problem is correlated 
to the applicable limitation of this new method. 
We cannot apply the method to a sample with 
two peaks in the differentical distribution curve 
of molecular weight. Moreover, from the simple 
considerations of Figure l and eq 11 and 17, 
even if the sample should have one peak in 
the molecular weight distribution curve, the 
application of our method may be limited by 
the relation 

(21) 

where, M;, Mj, h;, and hi are molecular weights 
and branching parameters of molecular species 
of i and j, respectively. Therefore our method 
is only applicable to a randomly branched poly­
mer which has one peak in the molecular weight 
distribution curve and satisfies relation 21. 
Then, this method has to be applied by con­
sidering the polymerization conditions and re­
lation 21. From the polymerization conditions 
and the values in Table II, the samples used in 
this work seem to satisfy the relation 21. How­
ever, only two samples have been studied here. 
This problem also should be discussed theo­
retically and experimentally in further studies, 
and our method should be compared with the 
results obtained by combining GPC and sedi­
mentation velocity measurements or GPC and 
viscosity measurements. Moreover, from Fig­
ures 6, 7, 8, and 9, the sedimentation constant-
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molecular weight and diffusion constant-mo­

lecular weight relationships of a branched poly­

mer can be experimentally obtained without any 

effect of molecular weight distribution. This 

problem shall be reported in a subsequent paper. 
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