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ABSTRACT:  The light-scattering patterns from two-dimensional statistically arranged
spherulites have been examined by using a combination model which takes into account
the size distribution, truncation, and disorder effects. From the computer simulation
for assemblies of truncated spherulites, it is found that the distribution of their average
radii can be fit by a logarithmic Gaussian frequency function, but their scattering
patterns, based upon the estimated distribution parameters, do not represent those for
the assemblies of the same truncated spherulites. Refinement of the model used in
the previous works is possible in order to make a more quantitative estimation of
light-scattering intensity for semi-crystalline polymer films and to clarify the origin of

excess Hy scattering.
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Since the study of light scattering from cry-
stalline polymer films was proposed by Stein
and Rhodes,' a number of papers2 have been
devoted to accounting for the deviation between
theoretical and experimental light-scattering pat-
terns. Comprehensive discussions have recently
been made by Yoon and Stein.® The principal
observations are that the experimental H, scat-
tered pattern is found to become broader at
small and at large scattering angles than the
width given by the theory of a single spheruh’te,1
and higher order scattering maxima are not
observed. Attempts to interpret the above ob-
servations by using the model approach in the
recent studies of Stein and coworkers are based
upon considerations of size distribution,* trun-
cation,®® and disorder effects.>” However, the
separation of these effects and the simplification
of the model leads to a shortcoming in the
qualitative analysis of light-scattering patterns
for semi-crystalline materials.

This paper differs from the statistical ap-
proach®® in that the above comprehensive model
effects are considered. That is, the scattering
from an assembly of truncated spherulites is

| Size Distribution / Truncation /

treated in a way which includes the distribution
of spherulite sizes as well as the disorder in
orientation of the optic axes within the lattice
cells of a two-dimensional spherulite generated
with a computer.

Although others," referring to the effect of
size distribution, have stated that this does not
give rise to any essential change in the scattered
intensity, their conclusion seems to be somewhat
premature, because of the reasons discussed in
a later section.

DEFINITION OF EQUATIONS

The scattered amplitudes of H, and V. scat-
tering for a two-dimensional isolated spherulite
when ©=0° and =90° (i.e., ®=0° represents
the optic axis lying in the plane of a spherulite
and S is the angle between the optic axis and
the spherulite fibril direction and is 90° for
polyethylene) are given by'!

Ey,=Ey(a,—a) cos p, sin 2p(A/w")

X[2(1=Jo(w)) —wJ ()] (1)

and
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Ey,=E, cos p,2A/W)[(ax—as)(1—Jo(w))
(v —as) Wy (9)+Jo(w) — 1)
(ar—ar) 08t p(2(1—Jo(w) =W (w)] (2)

where E, is the physical constant, the polariza-
bilities a«, and «; lie in the radial and the
tangential direction of a spherulite, and w equals
2zRsin 6/2; R and 2 are the radius of a spheru-
lite, and the wavelength in the medium, respec-
tively. Jy(w) and Jy(w) are the zero- and first-
order Bessel functions. cosp,; and cosp, are
defined by"!

cos p,=cos f/(cos” f-+sin® § cos® p)*’*  (3)
cos p,=cos f/(cos® f+sin’ sin® p1)''*  (4)

The averaged scattering intensity per unit area
for the assembly of spherulites is given by

I=(c/4zN) T Ef| T 4; (5)

where N is the number of spherulites, ¢ is the
velocity of light, 4; is the area of individual
spherulites, and the summation extends from 1
to N. An intensity function for the distribution
of spherulite size, assuming noncorrelation be-
tween spherulites, may be expressed as:*

IR)y=\ I(R)P(R) dR/{ P(R) dR (6)

Here P(R) is the distribution function and is
defined by a normalized Gaussian form* and/or
a normalized logarithmic Gaussian form™ as

follows:
__(R—R)’
exp [ 26°

exp [—(In R—In Ry)*/20,%]
(27)"%4Rum €xp (0,°/2)

P(R)=

1
@ o

or

P(R)= (8)
where R and ¢ are the mean radius of the
spherulite and its standard deviation, and R,
and ¢, represent the modal value of the radius
of the spherulite and the width and skewness
of the distribution, respectively. ¢, is related
to ¢ by

oo« 1 (9)

Kerker, et al.,'* have recommended the use of
eq 8 for the study of the size distribution of latex
particles. Coherent interference of the scattering
from different spherulites is neglected here.

6=Rna, ,

370

DISTRIBUTION AND TRUNCATION
EFFECTS

Previous studies®*'® were lacking in careful

examination of the effect of size distribution
parameters, for the reasons aforementioned.
To find the population of distribution of spheru-
lite sizes, it is necessary to establish random
locations for an assembly of nuclei of spherulites
in a given area by generation of random num-
bers with a computer.ls It is assumed here that
the boundary line resulting from impingement
of neighbor spherulites and the intersection line
connected the two nuclei are perpendicular and
the distances between the cross points at the
boundary of the intersection line are equal. These
assumptions may be limiting for real spherulitic
polymers, since nuclei are known to propagate in
three dimensions. It also involves the assump-
tion of simultaneous activation of predetermined
nuclei. Such an approximation, however, seems
permissible for thin films from the observation of
the photomicrograph of polyethylene under the
normal conditions.®'* The effect of the position
of the nucleus in the spherulite will be discussed
later.

A typical example of an assembly of truncated
spherulites is illustrated in Figure 1, which re-
presents 67 spherulites in a circle of 90 ym
diameter. The average radius (R) is 4.9 pym

Figure 1. Schematic representation of an assembly
of truncated spherulites generated by computer
simulation.
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Figure 2. Frequency of logarithmic Gaussian dis-
tribution as functions of ¢o and R;. R: is the
ratio of the spherulite radius to its modal value.
Circles express the frequency for size distribution
after averaging out the radii of truncated spheru-
lites generated by a computer.

at p =45°
Do
T

In [T4,(8.)]

—25

Ch
(2)
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and the average standard deviation of radius
(o) is 1.32 ym. Here dual averagings are made:
the first is the average of the radius (R) in
asymmetric spherulites, and the variance is de-
fined as an internal size distribution; the second
makes an averaging for their mean radii in an
assembly (¢R)), and this distribution is defined
as an external one. A more exact distribution
is obtained from 20 similar assemblies of spheru-
lites (the total number of spherulites is 1225),
which led to the result that (R)=5.4 ym, and
{o)=1.45 ym, so that the truncation parameter
is (¢°/R*»=0.07. The last value is in the range

Figure 3. Effect of size distribution on the logari-
thmic H. scattering intensity for circular spheru-
lites. a) Lines are plotted as a function of 6r,
which is the ratio of scattering angle ¢ to Omax
at maximum intensity and at x=45°: A, 0.1; B,
0.2; C, 0.3; D, 04 for go; Rm=5pm. b) One
quadrant of intensity contours for ¢o=0.1 and 0.3
as functions of ¢ and z.
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of the experimental observation, 0.07—0.13.°
Figure 2 depicts the frequency of the logarithmic
Gaussian distribution with R,,=5 ym for several
values of ¢,. In addition, the circles in Figure
2 represent the frequency of distribution as a
function of the average radii of the computer-
generated 1225 truncated spherulites. Here R,
is the ratio of the radius to that of the modal
value. It is seen that the line of ¢,=0.15 fits
satisfactorily to the circles, except in the vicinity
of the peak. Moore'* has briefly reported the
distribution of spherulite sizes of crystalline
polymers as studied by photomicrography and
photographic light scattering. The width of R,
obtained with Marlex 6050 polyethylene was in
the range of 0.71—1.41. Similar values were
obtained by Prud’homme® from Marlex 50 poly-

100815

300

67>

90°

Figure 4. Effect of size distribution on the logari-
thmic Vy scattering intensity for circular spheru-
lites with Rm=5 pm and as=(ar+2a:)/3 as func-
tions of # and p.
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ethylene by consideration of the truncation effect.
Although from the above reports we are not
able to estimate the frequency of size distribu-
tion, the width is in rather good accord with
that from our computer simulation.

Let us examine the effect of the size distribu-
tion of non-truncated spherulites. In Figure 3a,
the logarithmic H, scattering intensity (relative
units) at azimuthal angle x=45° is plotted as
a function of the ratio ©. of scattering angle 4
to fmax at the maximum intensity, for various
values of ¢, with R,=5 ym. One quadrant of
the logarithmic H, intensity contours is given
in Figure 3b as functions of ¢ and g, for ¢,=
0.1 and 0.3. Here X denotes the position of
maximum intensity. Similarly, the logarithmic
V. intensity contours are given in Figure 4 for
0y=0.1 and 0.3, where the surrounding aniso-
tropy a5 is assumed to be (a:+2a:)/3. If as=
(ax+ay)/2 is chosen, the patterns show a little
weak intensity around zero scattering angle
through all the azimuthal angles. Numerical
integration by use of eq 6 is made at intervals
of 0.04m for dR. A general feature of the
H, and V, patterns is that the higher order
maxima of the intensity disappear for ¢,>0.2;
the relatively low intensity contours become
long lobes and 6. decreases with increasing
values of ¢,. It can also be noted that the use
of the Gaussian function of eq 7 leads to a
somewhat sharp decrease of the intensity around
the maximum scattering angle and then to a
slow decrease at the larger scattering angles,
compared with that for the logarithmic one,
within the limit of eq 9.

For convenience in comparing the difference
between non-truncated and truncated spherulites,
the line D of Figure 5 gives the logarithmic
H, intensity at x=45° for the 67 truncated
spherulites having (¢’/R*)=0.08. The lines A,
B, and C in Figure 5 are those for the non-
truncated spherulites. The first is calculated
from eq 7 with ¢=1.5pm and R=5um, and
the second and the third are obtained from eq
8 with ¢,=0.2 and 0.15, respectively, as well
as Rp=35pm. These curves are adjusted to
agree in the intensity at the maxima. Curve
C is obtained using a distribution based on the
average radii of truncated spherulites with g,=
0.15. However, the scattering pattern of curve
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Figure 5. Comparison of the logarithmic Hv
pattern at x=45° between circular and truncated
spherulites as a function of 6:: A, ¢=1.5; R=5
pm; B, 60=0.2, Rn=5 pm; C, ¢¢=0.15, Rm=35 ym;
D, truncated spherulites of Figure 1.

D is found to be close to the curve A (¢=1.5
pm) and the curve B (¢,=0.2), except in the
vicinity of zero scattering angles. The agree-
ment between curves A and D is the result of
{o)=1.45 ym for the assembly of truncated
spherulites. By the use of the distribution func-
tion based on the mean radii obtained from
an assembly of truncated spherulites, an inten-
sity pattern containing all the shape disorder
cannot be obtained. This is due to the fact
that the distribution function represented by
the average radii has a defect: it is truncated
at the two ends of the realistic frequency func-
tion. An advantage in the use of a distribution
function is that a longer calculation, to sum
the scattering by individual spherulites as re-
quired for the truncated system, can be avoided.

In the solid (H, pattern at »=45°) and broken
(V5 one at ¢=0°) curves of Figure 6, the shift
effect of @max is obtained as a function of gy,
where the parameters used are the same as those
for Figures 3 and 4, respectively. The slight
deviation of shift angle between the two inten-
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Figure 6. Shift effect of position of fmax as a
function of ¢o. Solid and broken lines represent
the shifts for the Hy pattern at x=45° and the
Vv pattern at p=0°, respectively.

sities appears due to intervention of the sur-
rounding anisotropy in the V. function and to
the difference of the azimuthal angle leading
the maximum intensity. The shift effect is
identical to the effect stated previously,® that
the larger spherulite sizes are more heavily
weighted in the scattering function than the
smaller ones. This effect, resulting from an
external size distribution, is distinguished from
the effect of the internal distribution arising
from different truncation parameters.6 Thus, it
is seen that the shift of the position of fmgx-
for an assembly of truncated spherulites is the
result of the combination of two effects.

We are now interested to see the relation
between the shape of the spherulite and the
position of the nucleus. It is known that a
truncated spherulite having the shape of a square,
triangle, or semicircle does not have any appre-
ciable excess H, intensity at small scattering
angles.” We confirm that no change of H,
intensity near §=0° for the above three spheru-
lites can be obtained by the shift of the position
of the nucleus within 109 from its original
position, though an increase of the truncation
parameter and of the intensity at larger angles
is recognized. It is evident that the excess Hy
scattering at small angles does not principally
result from the variation of the truncation
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parameter, so that this parameter is not sufficient
to characterize this feature of the scattering
pattern. We next introduce asymmetry for a
spherulite having a rectangular shape, letting
one side first become 109 greater than the
length of the other; then the ratio of intensity
at the maximum to that at zero scattering angle
and the truncation parameter increase about 10
and 1.2, respectively. When one side becomes
twice as long as the other, the above values
increase to about 10° and 8, respectively. Kawai,
et al.,)*™ have also recognized the excess H,
intensity near §=0°, using sheaflike and eccen-
tric circular spherulites as asymmetric objects.
Thus, for an internally ordered spherulite, this
is the principal origin of the excess H, scatter-
ing at §=0°. We see the shift effect of the
nucleus position for the latter spherulite. The
original position is set at the center of the
circumscribed circle of radius R. The H, scat-
tering pattern at x=45° of a single rectangular

45°

In [14,(®)] at u

Figure 7. Effect on the logarithmic H, pattern
at u=45° of the transfer of nucleus position of a
single truncated spherulite. Broken and solid lines
represent the intensities of a square and a rectan-
gular spherulite having length ratio 2:1, respec-
tively: A, B, no shift; C, shift to the minor axis
direction by R/4; D, shift to the major axis by R/2.

374

spherulite having the length ratio 2:1 is ex-
pressed by the solid lines of Figure 7. The
broken line represents the pattern for a square
spherulite taken as a standard. The marks A,
B, C, and D represent transfers of the nucleus:
A and B, no shift; C, shift to the minor axis
direction by R/4; D, shift to the major axis by
R/2. The variance of the truncation parameter
is 0.011(A), 0.085(B), 0.233(C), and 0.245(D).
It is seen that the shift effect of the nucleus
for the H, scattering at §=0° is considerably
greater for C and D. On the other hand, such
behavior does not become so appreciable for a
symmetrical spherulite, even if a truncation
parameter exceeds unity for some of such spheru-
lites. Thus, it appears that for the case of poly-
gonal spherulites observed experimentally, for
which the truncation parameter is less than 0.13
at most,® the variance of the H, pattern caused
by the shift of nucleus positions by several
percent may not be great. It is generally noted
that the internal size distribution for a single
truncated spherulite is multi-modal, while the
distribution for the assembly of such spherulites
may be approximated as mono-modal. The
amount of the excess H, scattering is considera-
bly dependent on the shape of the spherulite,
and the excess intensity at larger scattering
angles comes mainly from the size distribution.

We deleted the interference effect here, but
the previous conclusion' was that this produces
a speckle pattern without changing the general
appearance of the intensity pattern.

EFFECT OF DISORDER

We shall now consider the effect of internal
disorder in the assembly of truncated spherulites,
including the size distribution effect. In the
previous work® it was not readily possible to
consider the combined effects of truncation and
disorder. The manner of calculation is the
same’ except for the truncation effect. The
computing time for the case of M=100, which
is the number of lattice cells along the radius
of the spherulite, is about a half hour per single
spherulite, so from the limitation of computing
time we choose only 20 spherulites in the middle
area in Figure 1 as a representative assembly
of spherulites. This size distribution is repre-
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- Figure 8. Disorder effect of the logarithmic Hy
intensity at p=45° for 20 truncated spherulites
as functions of § and ©;. Circles are reproduced
from experimental values of slowly cooled medium
density polyethylene.!”

sented by ¢,~0.3. We divide the radius into
100 lattice layers only for the spherulite having
maximum radius, keeping the layer thickness
the same size for all the other spherulites. Thus
our cell size is over 500 A. It should be noted
that the intensity pattern depends considerably
upon the values of a particular set of random
numbers, so the calculation should be made
several times at least to average out this statis-
tical variation. In Figure 8 the logarithmic H,
intensity patterns at p=45° for several values
of the disorder parameter § are plotted against
scattering angles with a return rate C;=0.01
and w=0° as defined in ref. 3. The intensities
are taken by averaging results for 5 sets of ran-
dom numbers. For comparison, circles which
represent experimental values for slowly cooled
medium density polyethylene obtained by Hashi-
moto, et al'” are included. The maximum
peak height is adjusted to the theoretical one
for 0=0.4. This choice is rather arbitrary, since
the suitable value of § varies as M~*%? so the
value of § for the case of considering the trun-
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cation effect must be different from the previous
one.® It is seen that the agreement between
the experimental and theoretical (0=0.4) patterns
is rather good. If the intensity patterns are
modified by experimental conditions, for most
cases one may explain them roughly by choosing
the appropriate values of ¢, and 6. One should
also recognize the restriction of our calculation,
that the disorders of the optic axis in the radial
and tangential directions are not actually equal,
and the effect for the disorder of twist angle
o is pending, though special cases for a single
spherulite are done and are recognized by a
small decrease of the original intensity.® How-
ever, we believe that the effect of the disorder
of twist angle should be examined for three
dimensional spherulites, which would require
prohibitive computing time. Finally, it is noted
that the relation between the surrounding aniso-
tropy arising from the amorphous parts and the
disorder parameter is ambiguous in our model.
It must be true that the disorder increases at
the cells in the boundary regions among neigh-
bor spherulites, although we treated every cell
as unique. The extension of our model for
the lattice in three dimensions would be desira-
ble if a faster computer becomes available.

CONCLUSION

From the above discussion, the conclusion is
that the H, light scattering intensity obtained
by summing individual amplitudes from an
assembly of truncated spherulites generated by
a computer simulation does not agree with that
obtained by the use of a distribution function
based upon the mean radii obtained from the
same spherulite group. However, if the distri-
bution function estimated from the above trun-
cated group is used, a rather good agreement
between both patterns can be achieved. The
scattering intensity of higher order maxima is
found to vanish for ¢,>0.2. The excess H,
intensity from the truncated spherulites near zero
scattering depends mainly upon the shape of the
spherulites and at greater scattering angles de-
pends on the size distribution, if the disorder
effect is disregarded.
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