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ABSTRACT: Shear relaxation moduli G(t, s) were measured for various strains s 

with a relaxometer of the cone-plate type for concentrated solutions of polystyrene in 
chlorinated biphenyl. The strain was varied from 0.34 to 25 shear units. The time
temperature reduction method was applicable to the shear-dependent relaxation moduli 
over the temperature range studied (20-50°C) and the shift factor ar was independent 
of s. When s was very large, log G(t, s) decreased very rapidly with increasing time 
in two regions of t (two-step relaxation) while log G(t, s) for small s dropped rapidly 
only at long times (one-step relaxation). The relative rate of decrease of G(t, s) with 
increasing s was independent of t when t was larger than a certain time, n. The 
maximum relaxation time rm was independent of s while the corresponding strength 
of relaxation Gm was proportional to ID-0 ·83 when s was large. Here ID is the first 
invariant of strain. 
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Nonlinear viscoelasticity of polymer concen
trates has recently acquired increasing interest. 
Stress components have been investigated for 
various types of flow: steady shear, start and 
cessation of steady shear, oscillatory shear of 
various amplitudes, superposition of oscillatory 
shear on steady shear, elongational flow, and so 
on. 1 In order to describe the observed stress 
components for any type of deformation, con
stitutive equations or equations of rheological 
state have been constructed by many investi
gators, and some of the equations attained con
siderable success in describing the stress com
ponents observed so far. 1 However, most of 
the equations require the deformation history 
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to be continuous as a function of time and 
they can not be applied to discontinuous defor
mation without large modifications. The ex
amples of deformation mentioned above are all 
of a continuous nature. 

On the other hand, an important type of de
formation of a discontinuous nature has been 
used in the field of linear viscoelasticity in re
lation to the stress relaxation or the measure
ment of the relaxation modulus. 2 In the meas
urement of the relaxation modulus, a certain 
amount of strain s is imposed on the sample at 
a certain time, t=O, and is kept constant there
after. The relaxation modulus G(t) is defined 
as the ratio of the stress supporting the constant 
strain to the strain in the case when s is so small 
that the ratio is independent of s. The relaxa
tion modulus is one of the simplest functions 
in linear viscoelasticity and may be very con
venient in discussions of relaxation mechanisms 
of long relaxation times. 2 

The relaxation modulus under large strain 
G(t, s) may be defined as the ratio of the stress 

91 



Y. EINAGA, K. OSAKI, M. KURATA, s. KIMURA, N. YAMADA, and M. TAMURA 

to the strain and it may depend on the amount 
of strain s. Measurements of strain-dependent 
relaxation moduli were reported by Zapas and 
Craft for elongational deformation of poly
isobutylene and plasticized poly(vinyl chloride). 3 

The results were described with a simple con
stitutive equation of an integral type. The 
elongation ratios employed were not very large 
( < 2), although they were sufficiently large to 
affect the relaxation moduli. A very large strain 
may be attained in simple shear with the use of 
torsional deformation of the sample in a cone
and-plate sample holder, in which the overall 
shape of the sample does not change even in 
the case of a very large deformation. As re
ported in previous papers, we have designed an 
apparatus for measurements of the relaxation 
modulus under large strain and have observed 
that the relaxation modulus is strongly affected 
by the amount of strain. 4 ' 5 It may be an in
teresting project to assess current constitutive 
equations on the basis of these results. However, 
we will postpone discussions concerning con
stitutive equations and try to examine the details 
of the effect of various strains on the relaxation 
modulus for polymer concentrates. 

EXPERIMENTAL 

Two solutions of polystyrene in Aroclor 1248 
were used as samples. The polystyrene was 
the standard sample 14a of molecular weight 
1.80 x 106 from Pressure Chemical Company. 
Aroclor 1248 is a mixture of partially chlorinated 
biphenyls from Monsanto Chemical Company. 
The density and the viscosity of Aroclor 1248 
and the method of preparation of solutions have 
been previously reported. 6 ' 7 The concentrations 
of the solutions were 20 and 22.5% respectively. 
The solutions may be classified as concentrated 
solutions of a polymer of high molecular weight, 
in which temporary networks of polymer chains 
due to entanglement coupling are well developed 
and are of primary importance in relaxation 
processes of linear viscoelasticity. 

An apparatus of a cone-and-plate type was 
employed for measurements of strain-dependent 
relaxation moduli. Details of the apparatus 
were described before. 4 Measurements were 
performed in the temperature region of 10-50°C 
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for shear strains of 0.341-25.6 shear units. 

RES UL TS AND DISCUSSIONS 

Temperature Dependence of Relaxation Modulus 
The effect of varying temperature is examined 

in Figure 1 for relaxation moduli G(t, s) obtained 
at various amounts of strain s for the 22.5-% 
solution of polystyrene. In this figure reduced 
relaxation moduli Gp(t, s)=G(t, s)p0 T0/pT for 
various temperatures are plotted against reduced 
time t/aT, where T is the absolute temperature, 
p is the density of the solution, and the subscript 
0 indicates the reference temperature, 33.5°C in 
this case. The shift factor aT was determined 
empirically for each temperature so that the best 
superposition of the data at the temperature on 
those of the reference temperature is attained. 
In the case of linear viscoelasticity, this method 
of reduced plot is of course well known as the 
method of reduced variables and gives a single 
composite curve for the relaxation modulus or 
other viscoelastic functions obtained at various 
temperatures for many polymeric systems. 2 The 
method was successfully applied to the creep 
compliance of polystyrene solutions in chlorinated 
bi phenyl. 7 It may be obvious in Figure 1 that 
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Figure 1. Strain-dependent relaxation moduli 
Gp(t, s) plotted against reduced time t/aT for 22.5-
% solution of polystyrene in Aroclor 1248. Refer
ence temperature is 33.5°. Various directions of 
pips represent various temperatures: pip right, 50°; 
succesive 90° rotations anticlockwise correspond 
to 40°, 33.5°, and 22.5°, respectively. Amounts 
of strain are 1.87, 3.34, 6.68, and 13.4 shear units 
from top to bottom, respectively. 
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Figure 2. Shift factor aT plotted against temper
ature T for strain-dependent relaxation modulus 
of 22.5-% polystyrene solution in Aroclor 1248. 
Various directions of pips represent amounts of 
shear strain: pip up, 1.87 shear unit; successive 
90° rotations clockwise correspond to 3.34, 6.68, 
and 13.4 shear units, respectively. 

strain-dependent relaxation moduli for various 
temperatures construct a single composite curve 
for each amount of strain. The shift factor aT 
obtained above is plotted against the temper
ature in Figure 2. It decreases very rapidly 
with increasing temperature, but it is not affected 
by the variation of the strain s. 

The results may be summarized as follows. 
The time-temperature reduction method is ap
plicable to the relaxation modulus, under large 
strain, of the polystyrene solution and the shift 
factor is the same as obtained in the case of 
small strain. It may be recalled here that the 
shift factor represents the temperature dependence 
of the segmental friction coefficient ( in the linear 
viscoelasticity of polymeric systems. 2 Then the 
result given above seems to imply that ( defined 
in linear viscoelasticity may also represent a 
frictional property connected with relaxation 
mechanisms under large strain. 

Master Curves for Relaxation Moduli 
Figure 3 shows the relaxation moduli Gp(t, s) 

reduced to 30° for the 20-% solution of poly
styrene in Aroclor 1248. The strain s was varied 
from 0.341 to 25.6 shear units. It is seen that 
Gp(t, s) is approximately independent of the s 
value when s is very small (s<0.68). Thus the 
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Figure 3. Strain-dependent relaxation moduli 
Gp(t, s) reduced to 30° for 20-% polystyrene solu
tion in Aroclor 1248. Shear strains s are 0.34 
and 0.68 for the first curve at top, then 1.09, 1.71, 
3.41, 6.83, 10.2, 13.7, 18.8, and 25.6 for the remain
ing eight curves, respectively, from top to bottom. 

relaxation modulus in this range of strain is 
approximately equal to the relaxation modulus 
of linear viscoelasticity. When s is very small, 
the shape of the curve of log Gp(t, s) as a func
tion of log t/aT is in fact similar to that of 
log G(t) reported for amorphous polymers in the 
range of plateau and terminal zones on the time 
scale. 2 

As the strain increases, Gp( t, s) decreases over 
the whole range of times investigated. However, 
the relative amount of decrease of Gp(t, s) de
pends on time t/aT; it is small in the short time 
range and increases with time. As has been 
reported, the relative decrease of GP(t, s) with 
increasing s becomes independent of time for 
times longer than a certain time, rk, so that 
log Gp(t, s) can be superimposed on log Gp(t) by 
vertical shift in the plot of log G P(t, s) vs. 
log t/aT. 5 As the result of the different rates of 
decrease of G p(t, s) with increasing strain in the 
different time ranges, the shape of the relaxation 
curves in Figure 3 varies ass increases; log Gp(t, s) 
for large s decreases very rapidly with increasing 
t/aT in two regions of time (two-step relaxation) 
as compared with that for small s which drops 
rapidly only at very long times (one-step 
relaxation). 

In order to examine the change of shape in 
more detail, we will expand the relaxation 
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modulus in terms of exponentials of time, 
namely, 

G(t, s)= I; GPe-t/,p 
p 

( 1 ) 

where GP and rp may be functions of s. In 
the case of linear viscoelasticity, GP represents 
the strength of the p-th relaxation mode of 
relaxation time Tp- In the case of large s values, 
the significance of these quantities is still to be 
clarified, although there is no mathematical 
difficulty in expanding G(t, s) in the form of 
eq 1. Following the method of linear viscoelas
ticity, one may write eq 1 in terms of a con
tinuous function H(r, s) as 

where H(r, s) reduces to the distribution func
tion of relaxation time H(r) at the limit of 
S--)0. When s is large, eq 2 is employed only 
to investigate the property of GP in eq 1. It 
might be noted that functions G(t, s) and H(r, s) 
have been employed in a simple constitutive 
equation discussed by Yamamoto.8 

Function H(r, s) 
The function H(r, s) was evaluated from the 

relaxation modulus of Figure 3 for each s value 
with the approximation method of Ferry and 
Williams. 9 Although this method is supposed 
to be applicable to the relaxation modulus of 
linear viscoelasticity, it may be employed for 
evaluation of H(r, s) of eq 2 due to the simi
larity of eq 2 to the expression of the relaxation 
modulus of linear viscoelasticity. The result is 
shown in Figure 4, where H(r, s) is plotted 
against r for a few selected values of s, as in
dicated. In this figure log H(r, s) as a function 
of log r for the smallest s value is similar to 
the relaxation spectrum for amorphous polymers: 
i.e., log H(r, s) is approximately independent of 
r in the short time range (the plateau region), 
begins to decrease gradually as r increases, and 
decreases very rapidly in the range of very long 
r (the flow region). 2 In order to describe H(r, s) 
for larges values, it may be convenient to define 
r1 and Tk and to define three regions on the 
time scale as indicated in Figure 4. In region 
l, the short time scale (r<r1), H(r, s) is not 
much affected by the variation of strain s. In 
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Figure 4. Function H(-r, s) plotted againts -r for 
20-% solution of polystyrene in Aroclor 1248. 
Shear strains s are 1.09, 6.83, 13.7, and 25.6 shear 
units from top to bottom, respectively. For n 
and n and arrowed regions, see text. 

region 3, the long time scale (r<rk), the effect 
of varying s on H(r, s) is the largest and H(r, s) 
decreases as s increases. The way H(r, s) de
creases is such that log H(r, s) shifts in parallel 
with the ordinate by a constant amount inde
pendent of r for each s over region 3 of the 
time scale. In region 2, the intermediate time 
scale (r1 < r < rk), the rate of decrease of H(r, s) 
with increasing s depends on r; H(r, s) decreases 
more rapidly at longer r. In terms of the dis
crete expression of eq 1, this result implies that 
the strengths GP for the longest few r P decrease 
by a factor independent of Tp as s increases 
while GP for very short r P are not affected by 
the variation of s. 

In describing the effect of varying strain on 
H(r, s), it may be sufficient to specify r 1, Tk, 
and the rate of decrease of H(r, s) in region 3. 
The first parameter r1 seems to be independent 
of s although the data in the short time range 
may be insufficient for a definite conclusion. 
The second parameter Tk is also approximately 
independent of s in Figure 4. This result is in 
agreement with the comment on rk given in a 
previous paper. 5 As the measure of the rate of 
decrease of H(r, s) in the long time range, we 
may take the ratio G(t)/G(t, s) as a function of 
sand recall that it is proportional to Ino.sa when 
s is very large, where ln=s2 +3 is the first in
variant of the strain tensor. 5 Here we will 
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investigate the effect of varying strain on GP for 

long r P from a different viewpoint. The results 

for s values smaller than reported are also 

included. 

The Longest Relaxation Time 
The contribution of the term with the longest 

relaxation time rm to G(t, s) in eq 1 may be 

evaluated by the method called procedure X if 

rm is much longer than the second longest re

laxation time and the corresponding strength Gm 

is not very small. 10 Then Gm exp ( - t /rm) is 

much larger than the rest of the terms of eq 1 

and G(t, s) is well approximated by this term at 

long times. Therefore the plot of log G(t, s) vs. t 

will give a straight line, with intercept log Gm 

and slope -1/2.303-rm, when t is large. An 

example of this plot is shown in Figure 5 for 

a few selected values of s for the relaxation 

modulus of Figure 3. It may be obvious that 

long fractions of straight lines are obtained for 

all the s values when t is large and that the 

straight lines are approximately parallel with 

each other. 
The values of Gm and rm as evaluated with 

procedure X for the data of Figure 3 are plotted 

against In/3 in Figure 6. The choice of the 

variable for the abscissa is only for aesthetic 

reasons. Apparently rm does not depend on the 

strain s very much. It does decrease slightly 

when s becomes very large (s> 10) and this 

decrease may not be due to the ambiguity of 

the data. The strength Gm is a monotonically 

10°01_------'---'-----'-----2-ooLo---'-----L__------'----=4:::,o"'---o--,Jo 

t!ar (sec) 

Figure 5. Examples of application of procedure 
X for data of Figure 3. Shear strains s are 0.34, 
3.41, 6.83, 13.7, and 25.6 from top to bottom, 
respectively. 
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Figure 6. Longest relaxation time -rm and cor
responding relaxation strength Gm plotted against 
1/3 of first invariant of strain In for strain-de
pendent relaxation moduli of Figure 3. Dashed 
line is drawn with slope -0.83. 

decreasing function of In. The straight line in 

the range of large In is drawn with the slope 

-0.83, which was determined from the de

pendence of log G(t)[G(t, s) on In. The data 

for Gm lie on this line when In is large. As 

the strain decreases, the dependence of Gm on 

In becomes weaker and the data points deviate 

from the straight line of slope -0.83. It seems 

possible to evaluate the Gm value at the limit 

of s--)0 or In/3--)1 in Figure 6. The Gm values 

for small strains (s~0.68) are within 10% of 

the limiting value so that they may be approxi

mately regarded as the value for linear visco

elasticity. 

Concluding Remarks 
Figure 4 indicates that the relaxation strength 

decreases with increasing strain in a limited range 

of long times. This decrease can be related to 

the decrease in number of the effective entangle

ment couplings due to the large strain. Since 

entanglement coupling is supposed to be respon

sible for the relaxation mechanisms in the whole 

range of time scale studied here, the result may 

imply that there are two types of relaxation 

mechanisms caused by entanglement coupling. 

As reported earlier, the strengths of relaxation 

mechanisms for the longest one or few relaxa

tion times are proportional to the third or 

higher power of the polymer concentration when 

S--)0 while those for the plateau region are pro

portional to the second power. 6 Region 3 of 
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Figure 4 may correspond to those relaxation 
mechanisms for which the effect of varying con
centration is larger. Studies are in progress to 
examine the effect of varying concentration and 
molecular weight on the relaxation mechanism 
of the longest relaxation time. 

Another point of interest may be the possible 
use of the relaxation moduli obtained under 
large strain to predict stresses corresponding to 
other types of strain. We will discuss this 
problem in the following paper. 
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