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ABSTRACT:

Measurements of the elasticity or viscoelasticity of various materials

by the vibrating-reed method at very low frequencies require the use of long and heavy

samples.

The effect of gravity on these samples has been considered theoretically, and

new equations for the storage and loss moduli have been derived. Vibrating-reed
measurements were carried out with several kinds of materials at frequencies ranging

from about 1 to 20 Hz.
are satisfactory in practice.
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The vibrating-reed method is one of the sim-
plest methods for measuring the elasticity or
viscoelasticity of solid materials; it has been
applied to various kinds of materials including
fibers, films, papers, and fabrics' ™. This method
is usually used in the audiofrequency range,
but in many cases measurements at very low
frequencies are desired. In making such meas-
urements very long, and hence very heavy sam-
ple reeds must be employed to obtain the re-
sonance frequencies or resonance curves from
which viscoelastic functions, such as the storage
and loss moduli, dynamic viscosity, and mecha-
nical loss tangent can be evaluated.

One of the very important assumptions upon
which the vibrating-reed method is based is that
the mass of the reed is negligibly small as com-
pared with that of the vibrator and that hence
the effect of gravity can be ignored. However,
the use of long and heavy reeds at very low
frequencies tends to conflict with this assumption.
In such cases, the effect of gravity should be
taken into considration.

The present paper is intended to offer some
experimental evidence for the existence of the
effect of gravity and to present a new theory of
the vibrating-reed method when it is employed
at very low frequencies in which the effect of
gravity is considered.

* Present address: Central Research Laboratories,
Unitika Ltd., Uji, Kyoto, Japan.

THEORETICAL

The transverse vibration of a viscoelastic beam
or reed having a transverse dimension which is
small in comparison with both its length and
the wave legth can be expressed by

I 2 3y
ox'or

6 Ty

a a2
where x is the axis of the beam in the position
of equilibrium and y the axis perpendicular to
it and parallel to the plane of symmetry.'*"
Here ¢ is time, p density, E' modulus of elasti-
city (bending modulus), 7" coefficient of visco-
sity, and £ moment of inertia of the cross
section around the neutral axis per cross-sectional

J’
a 4

+E* L +1'c =0 (1)

area. This equation was solved by Horio and
Onogi'® for the case of forced vibration to give
4zl
E=" 4] (2)
and
4
E”_L”j’ﬁ v Ay (3)
a, £
or
r_ anl 2mpl” (4)
ay’'s*
where E’ is the loss modulus or the imaginary

part of the complex modulus, v, is the resonance
frequency, 4v is the band width, / is the effec-
tive length, and
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a,=1.875, 4.694, 7.855, ... (5)

When such a viscoelastic beam is held ver-
tically and affected by gravity, eq 1 should con-
tain another term for the effect of gravity; in
that case it becomes too complex to be solved
even in an approximate manner. Therefore, we
consider an elastic beam affected by gravity.
The equation of motion for the beam is given by

P’y _

oy 9 ( 0y
! 2
Dy 0\ L,V ., 6
Eﬁax“ 6‘x(7§x>+patz (®)
where

T=pg(l—x) (7)

and g is the acceleration of gravity.
Assuming that y is presented by Ye*' in the

stationary state of motion, i being (—1)"%, we
obtain
d'y o9 d’y pg dY
_ I—x)
& ES Vi TES ax
2
OrY=0 (8)

B

This equation cannot be solved rigorously.

Therefore, we employ the following approxima-
tion:

Y _at

dx* I

which is the case where no effect of gravity

Y (9)

exists. Then, eq 8 becomes
d?y dYy . @ 'E'x’
I— —g—— — = Y=0
g(l—x) i Yix +<w ol )
(10)
When we put
z=Il—x N

and

1/2 4t 2\ 1/2
u:2<i> <(1)2 — EQ E;K >
g9 ol

eq 10 becomes
@y
du’

This equation is a Bessel’s differential equation

and its solution can be given by a Bessel func-
tion

- P (_l)m l m 2 a4E/IC2 mh_
=5 () (F- ") =0

The numerical calculation of this function gives

4 2
i<w2—"° B \~1.45 (11)
9 pl
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And hence we obtain the following equation
for the resonance frequency v,

4 2
vl E-20E 4 36(cm/sec?) (12)
4z°pl
or
2 713
E =~ 4:422 (v:21—36) (13)
0

Equation 12 is valid only when [ is large.

When [/ is smaller, we obtain
2 713

4r ol v, /l—50

i (471=50)

El

IR

(14)

EXPERIMENTAL

By means of a vibrating-reed apparatus, re-

Table I. The thickness d and density p of alumi-
nium foils, Al-1 and Al-2, and nichrome
wire, Ni-Cr
Sample dx102, cm o> glcm?
Al-1 0.215 2.69
Al-2 0.976 2.69
Ni-Cr 1.732 8.40

& d, radius.

Table II. The thickness d and density p of
poly(vinyl chloride) (PVC) and poly-
ethylene (PE-1 and PE-2) films

Sample dx10?, cm o> glcm?
PVC 1.96 1.26
PE-1 0.526 0.899
PE-2 0.740 0.915

Table III. The thickness d and apparent density
o of fabric samples

. Blending ratio, dx102 ,
Sample Acrylicgwt% cm g/gm3
Si 0 3.95 0.621
Sz 25 3.85 0.567
Ss 50 3.91 0.555
Sy 75 3.93 0.541
Ss 100 4.04 0.520
A, 0 2.95 0.575
A; 50 3.50 0.515
As 100 3.57 0.498

= The S series are blends of wool and acrylic
fibers, and the A series are blends of polyester
and acrylic fibers.
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sonance curves for various materials were meas-
ured in a frequency range between about 1.0 and
20Hz. The measuring temperature and humidity
were kept constant at 25°C and 659 RH.

In Tables I to III are listed the thicknesses
and densities of the samples used in this study.

RESULTS AND DISCUSSION

When the band width in eq 2 is negligibly
small and the modulus E is constant in-
dependent of frequency in the frequency range
covered, the resonance frequency v, plotted
against 1/I* should give a straight line passing

20 I
25°C
15— 6 5°%R.H. +— 55 —
»
a 10
o
N * S
> 5 o Sy | |
[ 55
0
0 0.5 1.0 1.5 2.0 2.5
(179x 10, ¢ m?
Figure 1. u: vs. 1/ for the fabric samples S, Ss,
and Ss.
20 I [
25°C, 65%R.H.
(1]
[o R
0
A
>
7
0 0.5 1.0 1.5 2.0
(1712)x10, cm?
Figure 2. u; vs. 1/I2 for the fabric samples A;, As,
and As;.
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through the origin. This type of plot is usually
made in order to determine the modulus from
slope m of the straight line by the following
equation™:

for the fundamental oscil-
lation, where a,=1.875

’ mzp
(0.162d)*

(15)

where d is the thickness of a beam having
rectangular cross section.

In the usual measurements in the audiofre-
quency range, v, vs. 1/I* curves for various

Vy, (cps)

2.0

0 0.5 1.0 1.5

(1/12)x10 ,cm'2

Figure 3. y; vs. 1/I2 for the poly(vinyl chloride) film.
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w
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(1/12)x102, cm™2
Figure 4. y; vs. 1/2 for the aluminium foil Al-1.
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materials including fibers, papers, fabrics, films,
and sheets are linear. But eq 2 is no longer
15— Al-2 ] valid at frequencies as low as 1 to 20 Hz, and
q
25°C v, plotted against 1//* cannot give a straight line
= I passing through the origin, as is shown in
a 10 Figures 1 to 5 for the various kinds of materials
(8]
';.
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(1713 x 102, cm? e
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Figure 5. y vs. 1/I2 for the aluminium foil Al-2. o 3
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i, em Figure 8. 1.2/ vs. 1/ for the fabric samples Ai, A,
Figure 6. u.!/2 ys. 1/I for the nichrome wire. and As.
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Figure 7. % ys. 1/ for the fabric samples S;, So,
S3, Sy, and Ss. Figure 9. u:2/ vs. 1/B for the aluminum foil Al-2.

64 Polymer J., Vol. 4, No. 1, 1973



Measurements of Viscoelasticity by the Vibrating-Reed Method at Very Low Frequencies

25

'Cm
N
o

-2

-
(3]

(x 10'2, sec

2
r
N
o

Vv

°
w
o u

o ‘

0 1 2 3
1/ 13))( 104, cm3

Figure 10. .2/ vs. 1/ for the nichrome wire.
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Figure 11. .2/ vs. 1/3 for the fabric sample S,.

mentioned above. The v."* vs. 1/l curve for
the nichrome wire shown in Figure 6 seems to
be a straight line passing through the origin.
However, this is only apparent, as is noted
below.

On the other hand when eq 13, including the
effect of gravity, is valid v,/ plotted against
1/I* should give a straight line having the con-
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Figure 12. v:% vs. 1/ for the poly(vinyl chloride)
film.
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Figure 13. .2 vs. 1/I3 for various samples.

stant intercept of 36 independent of the nature
of the material. Figure 7 shows an example
of such a plot for the S series of fabrics. As
is evident from this figure, the plot is almost
linear but not completely, so, indicating that eq
13 holds only approximately. Nevertheless, the
plot has the intercept of 36 as is required
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by eq 13. Furthermore, the extraporation of a
linear portion of the plot at higher 1/I° or
smaller / values gives the intercept of about 50,
which shows a.good agreement with the 50 in
eq 14. o

Similar results for the other samples are shown
in Figures 8 to 12. Some results in these figures
were obtained by experiments in vacuo which
gave resonance frequencies somewhat higher
than those obtained in air, because of the ab-
sence of the frictional resistance of air. Fur-
thermore, one notices that some curves in these
figures are almost linear. It is noteworthy that
the intercepts of all the curves including that
for the nichrome wire mentioned above are 36,
which is consistent with eq 13. This is clearer
in Figure 13, where the v,’l vs. 1/I° curves for
five different materials are plotted together. It
is also evident from this figure that the slope
of the curves is different from material to ma-
terial, because the moduli of elasticity for these
materials are quite different. From the slopes
m’ of these curves, the moduli E’ can be evalu-
ated using

2
4z [ (16)

4 2
a,’x

E=

An example of E’ thus determined for the sample
S; is shown by the open circle in Figure 14.
As is clear from this figure, E’ is almost con-
stant independent of the sample length / or the
measuring frequency. But E' evaluated from

o — o
5 " 2sc
e 65 % R.H.
>
o
. 1.0
o]
1
o
x
w 0.5
0' 1 1
0 5 10 15 20

L, cm
Figure 14. E’ of S; determined from eq 2 (half
closed circles) and eq 13 (open circles).
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Figure 15. E”” of S; determined from eq 3 (half
closed circles) and eq 17 (open circles).

the slope m of the v, vs. 1/ plot using eq 15
increases very rapidly with increasing sample
length, as is shown by half closed circles in
the same figure. The modulus determined by
eq 13 seems to be more reasonable, because the
rapid increase of the modulus in a narraw
frequency range is impossible.

Next, the determination of the loss modulus
E'' may be discussed. When we employ eq 3
to determine E'’, the evaluated value of E’’ in-
creases very unreasonably with increasing sam-
ple length, as can be seen from the typical ex-
ample for the sample S, shown in Figure 15.
This indicates that the effect of the gravity
should be considered here again.

The only difference between eq 2 and eq 13
for E' was that 2 in eq 2 was replaced with
(vi—36/l) in eq 13, neglecting 4v in eq 2. There-
fore, when we replace v, in eq 3 with (v,"—
36/1)"/%, we obtain

7’ 477.'21014 2 1/2
E'="F (v, —36/)" 4y (17)
a,'r
Using this equation, E'’ for the sample S,
was evaluated and compared with that from
eq 3 in Figure 15. As is evident from this
figure, E'' from eq 17 increases only slightly
with increasing / or decreasing frequency, indi-
cating that eq 17 is more reasonable than eq 3.

Summarizing all these results, it can be con-
cluded that eq 13 and 17 rather than eq 2 and
3 should be employed to evaluated E' and E'’
from v, and 4y measured at very low frequencies,

Polymer J., Vol. 4, No. 1, 1973
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though eq 13 and 17 are not completely rigorous.
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