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ABSTRACT: Monte Carlo Studies are made to examine the validity of the de-Gennes' 
theory of the stochastic motion of a polymer chain in the presence of fixed obstacles. 
The two-dimensional cases are treated. The topological requirement that the chain cannot 
intersect any of the obstacles is imposed on the stochastic motion. Observations are made 
on the diffusion coefficient of the center of mass, the relaxation time of the end-to-end 
vector and the mean-square displacement of a monomer, by varying the chain length and 
the concentration of the obstacles. The results are compared with those of de-Gennes' 
theory and Rouse's. It is found that de-Gennes' theory provides a reasonable explanation 
for the slow relaxation phenomena· under topological restrictions. Some minor revisions 
are made to obtain better agreement. It is found that, for the fast relaxation phenomena, 
the agreement is not good even if the concentration of the obstacles is sufficiently large. 
The condition for the applicability of the de-Gennes' theory is also discussed. The tran
sition from the Rouse-type motion to the de-Gennes-type motion is observed and found 
to be rather diffuse. 
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Although the importance of the entanglement 
effect has been well appreciated in concentrated 
polymer solutions and in polymer melts, the 
theoretical understanding of the effect has re
mained rather inadequate untill recently. 1 The 
theoretical difficulty lies in the problem of how 

. to describe the entanglement effect. Bueche, 2 

Grasseley, 3 and Chikahisa4 have treated the un
diluted polymer solution case based upon the 
hypothesis that spheres of the macromolecules 
moving in the solvent exert some frictional 
forces on each other. Chompff, Duiser5 and 
Prins,6 Hayashi,7 and Yamamoto8 considered the 
polymer chain in the undiluted solution as a 
Rouse chain having low-mobility points. Further 
Yamamoto 9 proposed a constitutive equation of 
concentrated polymer solutions based upon the 
temporary cross-linkage model. Although some 
of the authors have succeeded in explaining 
the experimental results, these models cannot 
be expected to give a fundamental under
standing of the entanglement effect, since they 
do not take into account the topological nature 
of the entanglement effect. An exact mathemat-
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ical method to describe the permanent topological 
constraints was proposed by Edwards. 10 How
ever the results are so complicated that such an 
approach hardly seems applicable to the dynami
cal problems. 

Recently, however, an illuminating theory was 
proposed by de-Gennes11 who showed a con
venient way of handling the topological restric
tions. The problem he considered is a rather 
simple one compared to that of the real con
centrated polymer solutions. He considered a 
stochastic motion of a polymer chain in fixed 
three-dimensional networks. Although such a 
system is far from the real concentrated polymer 
chain system, the topological requirement that 
the chains cannot interest each other is taken 

· into account exactly. The essential point in his 
theory is that the motion of the polymer chain 
in networks can be understood as a "reptation 
process" in some virtual tube. The virtual tube 
represents _the topological restriction imposed on 
the chain. In short time scale, the polymer is 
confined in some virtual tube, but in sufficiently 
long time scale, the polymer diffuses from one 
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virtual tube to another by the reptation process. 
Let us call this model as "reptation model" in 
comparison to the "bead-spring model" which 
describe the stochastic motion in free space. 

By taking the above view point, de-Gennes 
showed that many important dynamic properties 
are different in the presence of the fixed obstacles · 
compared to those in free space. The main dif
ferences are as follows. 

(I) The diffusion coefficient of the center of 
mass is proportional to N-1 in the bead-spring 
model, but is proportional to N-2 in the repta
tion model, where N is the degree of polymeri- ' 
zation. 

(2) The longest relaxation time of the correla
tion function of the end-to-end vector is propor
tional to N 2 in the bead-spring model, whereas 
it is proportional to N 3 in the reptation model. 

(3) The mean-square displacement of a 
monomer in time t is proportional to t 112 and 
t114 in the bead-spring model and in the repta
tion model, respectively. 

The characteristic differences in these models 
are so clear that it is interesting to confirm these 
results. Since we consider that de-Gennes' theory 
proposes an important idea for the investigatio!l 
of concentrated polymer solutions, we suppose 
it is worthwhile studying the validity of his 
theory. In this paper we carried out a Monte 
Carlo study of the stochastic motion of a chain 
in the presence of fixed obstacles. 

Our interest lies in the following points. Since 
the concept of the virtual tube has meaning only 
when the interval of the network is short enough 
compared to the length of the polymer chain, 
the reptation model should be applicable only 
for sufficiently dense networks or for sufficiently 
long polymer chains. On the other hand for 
sufficiently low concentrations or sufficiently 
short chains, the bead-spring model will be a 
good approximation. A question then arises; in 
what circumstance the reptation model or bead
spring model is applied and further what will be 
the dynamical behaviour of the chain in the 
case of the intermediate concentration and chain 
length. The latter point is of interest since it is 
well known that, in real concentrated polymer 
solutions, the molecular-weight dependency of 
the viscosity shows an abrupt change as the 
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molecular-weight increases. To investigate these 
points, the stochastic motion of the polymer 
chain was studied by changing the chain length 
and the concentration of the obstacles. 

Our computer simulation is a very simple one. 
We consider a motion of a polymer chain in 
the two-dimensional plane. Instead of the three
dimensional networks, we set up piles perpen
dicularly to the plane as obstacles and impose 
the topological requirement on the stochastic 
motion that the chain cannot intersect the piles. 
The algolism of the stochastic motion is so 
chosen as the motion is coincident with that of 
the bead-spring model in the absence of the 
piles. Observations are made on the following 
quantities; the position of the center of mass; 

( I ) 

where Rn is the position vector of the n-th 
monomer and N is the number of the monomers, 
the end-to-end vector; 

( 2) 

and the position of the (N/2)-th monomer, which 
we shall call the center monomer; 

( 3) 

Time correlation functions of these quantities 
are calculated as the mean-square displacement 
of the center of mass and the center monomer; 

<(Rc(t)-Rc(0))2) 

and the time correlation function of the end-to
end vector; 

<P(t)-P(O))> 

These correlation functions are obtained by 
varying the density of the piles and the length 
of the chain, and compared with the theories. 
In the following section the theoretical results 
are summarized. 

THEORIES 

First, consider the bead-spring model. As is 
well known the mean-square displacement of 
the center of mass is given by 

<(Ro(t)-Ru(0))2)=4D0 t ( 4) 

( 5) 
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where D is the diffusion coefficient of a monomer 
(D=kB TJr,,; r,, is the friction coefficient of a 

The correlation function of the end-to-end 
vector is given as follows for sufficiently long 

monomer). In eq 4, the factor 4 is necessary since time. 
we are considering two-dimensional motion. The <P(t) ·P(O))= 8";_a_\-t/rn (14) 
time correlation function of the end-to-end vec- 77: 

tor is given by where 

( 6) 

( 7) 

where a is the bond length. For sufficiently 
large t, eq 6 is approximated as 

(P(t)·P(O))=SN_,a\-tfrR ( 8) 
77: 

( 9) 

The mean-square displacement of a monomer, 
for which we have chosen the center monomer, 
was calculated by de-Gennes12 for the three
dimensional case. The similar calculation for 
the two-dimensional case leads to the result 

(10) 

Next, let us summarize the results of de
Gennes' theory. The diffusion of the center of 
mass is predicted as 

(11) 

(12) 

where LI is the diffusion coefficient of the "de
fect" and p is the "equilibrium density of defect" 
and b is the "stored length of the defect" in 
de-Gennes' terminology. At this point, it should 
be mentioned that there is an error in eq III 7 
of de-Gennes' paper. Since (P/)=Na2/3 in the 
equation, it should be corrected as 

_µpb2 
µtot- 3-Na2 ( 13) 

In our case the factor 1/2 should be chosen 
instead of 1/3 because of the two-dimensional 
motion, and thus we obtain eq 12. 
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(15) 

Finally the mean-square displacement of a 
monomer is given as 

with 

Tct= (Nar 
Lin: 

where Da is given by eq 12. 

(17) 

Although eq 14 and 16 are proposed for the. 
three-dimensional motion, they can be applied 
for the two-dimensional case without any modi
fication. This is easily verified by examining 
the logical construction of de-Gennes' theory. 

MODEL 

The model taken in our. computer simulation 
is illustrated in Figure 1. The polymer chain 
is replaced on the two-dimensional square lat
tice. Piles are set up regularly in the center of 
the lattice points. The stochastic motion of the 
chain is caused by the random transition of the 
position of the monomers. The transition in 
which the chain intersects the piles is inhibited. 

Figure 1. Model taken in the computer simu
lation. The circles denote the piles set up verti
cally to the plane. 
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The procedure causing transition of a monomer 
is as follows. 

(I) A monomer is selected randomly. Let 
us denote its position by R,.. 

(2) This monomer is replaced to a new posi
tion Rn' by the following rule. 

a) If the monomer is not at the chain ends, 
that is, if n =I= I or N, it is put to 

(18) 

unless the chain does not intersects the piles. 
If it does, the transition is not made. 

b) If the monomer is at the chain end, that 
is, if n=I or N, a new direction of the bond 
vector a is selected randomly and the monomer 
is put to 

or 

RN'=RN-1+a 

irrespectively of the piles. 

(19) 

(20) 

We call this process "bead cycles" and fur
ther we call N bead cycles "cycle." As wtll 
be shown below it is the cycle which plays a 
role of the time scale in the real world. In our 
computer simulation, time t means t cycles, in 
which tN selections of monomers are made. 

The algolism given above is the same as used 
by Verdier and Stockmayer13 in case where there 
are no piles. It is exactly proved14 that, in that 
case, the stochastic motion shows the same be
haviour predicted by the Rouse theory or the 
bead-spring model. We can easily determine 
the parameters appearing in that theory. In our 
calculation the lattice constant is chosen as the 
unit of length. Therefore the bond length is 
equal to unity. 

(21) 

To determine the diffusion constant of the 
monomer, let us calculate the translational dif
fusion constant of the center of mass. From 
eq 4 

Da=J__<(Ra(t)-Ra(0))2) (22) 
4t 

where < · · ·) denotes the average with respect to 
the random process of the transition and the 
initial configuration of the polymer chain. By 
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RDR, I , ___ Rn-1 
I Rn----~Rn 
L---- Rn.1 

R_n-1...-_R_n__.,_Rn.1 

R~ Rn.1 

Figure 2. Three types of the elementaly transition. 

setting t=I/N (=one bead cycle), we obtain 

D = N ((R I -R )2)= N /_I (R / -R )2) 
G 4 G G 4 \ N2 n n 

= 4~ <(Rn' -Rn)2) (23) 

where Rn and Rn' are the initial and final posi
tions of the monomer which makes the transition 
during this time. The length [Rn-Rn'[ can take 
the values -v2, 2 or 0, corresponding to the 
three types of the local conformation of the 
chain shown in Figure 2. The statistical weight 
of these conformations are 1/2, 1/4 and 1/4 re
spectively. Therefore we obtain 

Da=-1-(_!_x (-v2Y+ _!_x22) 
4N 2 4 

I 
2N 

(24) 

Then the diffusion coefficient of a monomer is 
given 

D=_!_ 
2 

(25) 

Note that if we take the "bead cycle" as the 
unit of the time scale, the diffusion coefficient 
of a monomer depends on the molecular-weight 
N. This is the reason why we take "cycle" as 
the unit of the time scale. 

Let us rewrite the theoretical results of the 
bead-spring model by using the above parametri
zation. By putting a=I, and D=l/2, we obtain 

((Ra(t)-Ra(0))2)=4Da t (26) 

I 
Da=--

2N 

(P( t)-P(O))= 8"; e-t/rR 
7C 

N2 
TR=-2 

7C 

(27) 

(28) 

(29) 

(30) 
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Such complete parametrization cannot be made 
for de-Gennes' theory since there appear un
determined parameters such asp, band L/. There
fore we focus our attention on the following 
characteristic points of the results 

<(RG(t)-RG(0))2)=4DG t (31) 

DGrx.N-2 (32) 

<P(O)-P(t))=1:lf: e-tf,R (33) 
7r 

However there exists an important relation which 
can be checked in the computer simulation. Sub
stituting eq 12 into eq 15, we obtain 

Na N 
DG·rn=- 2-=--2 

2n 2n 
(36) 

These theoretical results of eq 26-36 can be 
checked by the computer experiments. 

METHOD OF THE COMPUTER SIMULATION 

In our computer experiments, the interval be
tween the piles are chosen as 2, 3 and infinity, 
therefore the concentration of the piles respec
tively becomes, c=l/22=0.25, c=l/32=0.ll and 
c=0.0. The· length of the polymer chain is 
chosen, N=8, 12, 16, 20, 24, 32 and 40. 

Calculation of the correlation function is car
ried out by the following procedure. First the 
initial configuration of the polymer chain is given 
by sequentially selecting the direction of the bond 
vectors randomly. The stochastic motion is then 
caused in the way explained in the foregoing sec
tion. At intervals of 1-10 cycles the vectors 
RG, P and Re are calculated and recorded. The 
stochastic motion is continued for 400,R-2000,R 
cycles, where 'R is given by eq 29. After that, 
the time correlation function is calculated as 
follows 

1 Ns-t 

= Ns-f ld1 (RG(t+J)-RG(J))2 (37) 

1 N 8 -t 

<P(t)·P(0))=-- I; P(t+J)·P(J) 
N 8 -t i=l 

(38) 
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<(Rc(t)-Rc(0))2) 
' 1 Ns-t 

=-- I; (Rc(t+ j)-Rc(j)) 2 (39) 
Ns-t i=l 

where Ns is the number of the samples recorded. 
We call this procedure as one "experiment." 
The experiments are repeated three ( or two for 
N = 32 and 40) times for each concentration of 
piles and molecular weight of the chain by al
ternating the initial configuration of the chain 
and the initial value of the pseudo random 
number. 

Our choice of the computation time of one 
experiment is based upon the following consid
eration. We may assume 'R is the time in which 
the effect of the initial conformation of the chain 
vanishes. Therefore the samples obtained from 
the sequential stochastic motion in T cycles are 
equivalent to those obtained by the T/rwinde
pendent simulations. The statistical error of the 
latter is of the order (T/rR)-112. To keep this 
error within 5%, we should put T=400rR- The 
above consideration is based upon the case C= 
0.0. For larger concentration, the computation 
time must be put longer than this, since the re
laxation time becomes longer. The computation 
time was chosen as T= 1000,R (the case of C= 
0.11) and T=2000rR (the case of c=0.25). 

The computer program is written in FORTRAN 
and FASP. The computation is carried out by 
using FACOM 270/20 and FACOM 270/30. The 
program is made out so as to show the motion 
of the chain in the graphic display whenever it 
is demanded. In Figure 3, several aspects of 
the stochastic motion of the chain are shown. 

RESULTS 

The Mean-Square Displacement of Center of Mass 
In Figure 4, a typical result of the mean-square 

displacement of center of mass is shown. It is 
observed that, for the case of c=0.25, <(RG(t)
RG(0))2) is not proportional to t. Instead the 
curve is well fitted by ,the following equation 

<(RG(t)-.llG(0))2)=A+Bt (40) 

For the case c=O.O, A is equal to zero, but in 
general A does not vanish, which can also be 
clearly observed in other data. This fact was 
not predicted in de-Gennes' paper. However 
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Figure 3. Typical behaviour of the stochastic motion of the chain. 
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Figure 3 (continued). Typical behaviour of the stochastic motion of the chain. 
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C=0.25 

200 300 
t 

Figure 4. Mean-square displacement of the center 
of mass is plotted against time, for the case of 
c=0.0, N=32 and c=0.25, N=32. 

it is not a defect of the reptation model, but, 
it may be a consequence of the mathematical 
approximation adopted in his paper. In fact a 
more careful treatment of the reptation model 
gives rise the nonvanishing value of A, as dis
cussed in Appendix I. 

The diffusion coefficient of center of mass is 
given by the slope of the graph: 

1 
DG=~B 

4 
-G;t-1) 

In Figure 5 the molecular-weight dependency of 
the diffusion coefficient is shown, where N 2 DG 
is plotted against N for convenience of compari
son with eq 27 and 32. 

It is clearly seen that the curve for c=0.0 is 
a straight line the slope of which is 0.5. This 
exactly agrees with eq 27. However it is a neces
sary consequence because we have defined DG by 
eq 24 or 27. Then it should be said that the 

15 

10 C=O.O 

Figure 5. Diffusion coefficient multiplied by N 2 is 
plotted against the molecular weight N. 
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agreement confirms the validity of our computer 
simulation. 

On the other hand, it is observed that the 
curve for c=0.25 becomes a horizontal straight 
line for N?:,20. This provides clear evidence of 
the validity of the de-Gennes' result of eq 32. 
Further the curve c=0.11 lies between those two 
curves and the slope decreases as' N increases. 
For sufficiently large values of N, the slope seems 
to reach zero. This means that the reptation 
model becomes applicable for a sufficiently long 
chain even if the density of the network is very 
small. This is an expected result. Further it is 
concluded that the limiting value of N 2 DG for 
large N depends on the concentration of the 
piles. This means that the parameter appearing 
in the reptation model such as /5, b and ,:J are 
the function of the concentration of the network. 
This is a reasonable result though at this stage 
we cannot predict the concentration dependency 
of the parameters. 

The Correlation Function of the End-To-End Vector 
In Figure 6, a result of the time correlation 

function of the end-to-end vector is shown in 
semilogarithmic scale. It is observed at first that 
the mean-square end-to-end distance is independ
ent of the concentration of the piles and equals to 

(42) 

This fact can be observed generally in other 
data. This is a consequence of the fact that 
the existence of the piles does not change the 
equilibrium distribution function of the confor
mation of the polymer chain. This is a charac-

D 

• . 0 

1.0 •• 
100 200 JOO 400 

t 
Figure 6. Time correlation functions of the end
to-end vector is plotted against time for the case 
of c=0.0, N=32 and c=0.25, N=32. 
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teristic feature of the entanglement effect; the 
entanglement effect is important only for the 
dynamic properties, and does not affect the static 
properties. 

The time correlation function is well fitted by 
the following equation 

<P(t)-P(0))=se-tf, (43) 

except for the short time scale (more precisely 
excepting the time t-$1:/9 as is seen from eq 6). 
On the other hand it is observed that the ex
perimental result deviates in the long time scale 
in the graph of c=0.0. This arises from the fact 
that, for large values of t, the true value of 
<P(t) ·P(0)) becomes so small that the statistical 
deviation becomes of importance. Therefore we 
must fit the curve with eq 43 in some appro
priate time region. By this fitting process we 
obtain the longest relaxation time r and the 
corresponding relaxation strength s. 

Let us first consider the relaxation strength. 
Both the Rouse theory and de-Gennes' predict 
thats has constant value equal to 8N/1r2. How
ever as can be seen in Figure 6, s is smaller 
than this value for c=0.25. In Figure 7, s is 
plotted against N. It is seen that s becomes 
smaller as the molecular weight increases and 
tends to some definite value for c=0.25 and 
0.11. For the case c=0.25, this limiting value 
is 0.8 times of the theoretical value. However 
this discrepancy is not a crucial one for the 
reptation model. In fact it is shown that the 
discrepancy originates from the approximation 
adopted in the. de-Gennes' calculation. In his 
calculation it is assumed that the tube length 
L=Na(l-pb), which is the length of the part of 
the virtual tube enveloping the chain, does not 

1.0~-------------

0.6 

10 30 40 

Figure 7. Relaxation strength of the longest re
laxation time is plotted against the molecular 
weight N. 
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fluctuate and is equal to 

L=Na (44) 

We consider that this approximation is not good 
in our case. In fact, if the fluctuation of the 
tube length is taken into account, consistent 
results can be recovered. If we consider the 
fluctuation of the tube length, eq 8 and 9 are 
corrected as 

8Na2 

s=~2-(l-pb) 
71: 

(Na)3 _ 2 

rn= 71:2 pb2 il (1-pb) 

(45) 

(46) 

Equation 46 is immediately obtained by substi
tuting Na(l-pb) instead of Na in eq V 12 of 
de-Gennes' paper. Equation 45 is obtained from 
the following consideration. The decay of the 
time correlation of the end-to-end vector occurs 
mainly by a diffusion process along the tube, 
but it also arises from fluctuation of the tube 
length. The relaxation time of the latter process 
is of the order of Td, which is much shorter 
compared to rn, and its relaxation strength is 
pb~times of the total relaxation strength. There
fore, for the vector correlation function GnmU)= 

<an(t)-am(O)), which describes only the diffusion 
process in de-Gennes' paper, we must impose 
the following initial condition 

(47) 

This correction leads to eq 45. Comaring eq 45 
with the observed value of s, we can say pb is 
equal to 0.2 for the case N?,20, c=0.25. Later 
we shall show that this value is a reasonable one. 

300 

200 

µ. 
;:;---
z 100 

10 

C=0.0 

20 
N 

0 

0 

0 

30 40 

Figure 8. Molecular-weight dependency of the re
laxation time , of the end-to-end vector, where 
N 3/, is plotted against N. 
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Let us now turn to the relaxation time. In 
Figure 8, N 3/, is plotted against N for con
venience of comparison with eq 29 and 34. 
For the case c=0.0, the curve is a straight line 
the slope of which is 9.8, which is in good 
agreement with the theoretical value ir2 ~9.86. 
This also provides a cross-check of the validity 
of our computer simulation as discussed in con
nection with DG. The curve for c=0.25 is a 
horizontal straight line for N?:,20. This result 
also provides further clear evidence of de-Gennes' 
theory. Note that the value of N, at which the 
slope of the curve becomes zero, is consistent 
for both cases of N 2DG, and N 3/,. The curve 
for c=0.11 in Figure 8 is also similar to that 
shown in Figure 5, except that the slope seems 
slightly larger in Figure 8 than in Figure 5. In 
conclusion, the data for the relaxation times 
confirm the conclusion drawn from the data for 
the diffusion coefficient. 

Let us now verify eq 30. In. Table I, the 
value DGr/N is tabulated for various values of N. 
Both the Rouse theory and de-Gennes' predict 
that this value is equal to 1/2ir2 ~5.06x 10-2 • 

The agreement is good for c=0.0 but not so 
good for c=0.11 and c=0.25. However if we 
use eq 40, the theoretical value is corrected as 

DG, - (l-pb)2 

N- 2ir2 
(48) 

For the case c=0.25 and N?:,20, pb has been 
obtained from the data of the relaxation strength 
as pb=0.2. Using this value, we obtain 

P~'-~3.3x10-2 (c=0.25, N?:,20) (49) 

then the agreement between the theory and ex
periment becomes very good. 

Mean-Square Displacement of the Center Monomer 
In Figure 9 the mean square displacement of 

the center monomer in time t is shown against 
t, where ln <(Rc(t)-Rc(0))2) is plotted against 
ln t. The curve for c=0.0 agrees completely 
with the theoretical prediction of eq 30. The 
curve for c=0.25 is qualitatively in agreement 
with eq 35. However the slope of the curve 
for the short time is not equal to one-fourth 
but larger than this. To investigate this point, 
we define a by the slope of the curve for t~ Tct, 
that is, we assume 

(50) 

At this stage we cannot give any theoretical 
basis for our assumption of eq 50. However 
the quantity a is determined fairly accurately 
from the experimental data. In Figure 10, the 
molecular weight dependency of a is shown. 
It is immediately seen that the value a is much 
larger than the theoretical value even for large 
molecular-weights and large concentrations. As 
the molecular-weight increases, the value a tends 

...!'- 3.0 

1 
I C=O.O 

V 
E 2.0 

3.0 4.0 5.0 6.0 
Int 

Figure 9. Mean square displacement of the center 
monomer is plotted against time ro·r the case of 
c=0.0, N=32 and c=0.25, N=32. 

Table I. Values of DG, -r, and -rDG/N 
-·-------- ---

c=0.0 c=0.11 c=0.25 
N 

DG, X 102 1/-r, X 10 -rDG/N, x 10 DG, X 102 1/-r, X 10 -rDG/N, X 102 DG, X 102 1/-r, xlO -rDG/N, X 102 

-----· ·-----·--

8 6.00 14 .6 5.1 4.87 13.7 4.4 3.63 12.9 3.5 
12 3.85 6.1 5.2 2.68 5.9 3.8 1.69 3.7 3.8 
16 3.13 3.8 5 .1 1.83 2.7 4.3 1.10 2.0 3.4 
20 2.43 2.4 5.1 1.28 1.8 3.6 0.75 1.2 3.2 
24 2.04 1.8 4.8 1.08 0.94 4.8 0.57 0.57 4.2 
32 0.61 0.52 3.7 0.32 0.31 3.2 
40 0.45 0.32 3.5 0.21 0.15 3.5 

----
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0.3 

10 20 30 40 
N 

Figure 10. The quantity a is plotted against the 
molecular weight N. 

to some definite value which depends on the con
centration. Then we can hardly expect that, for 
sufficiently large molecular weight, a tends to 
0.25. We consider that this discrepancy is the 
consequence of the weakness of the reptation 
model. In the reptation model, the Brownian 
motion of each monomer is described rather 
crudely. For example, the motion perpendicular 
to the tube is completely neglected. Therefore 
the discrepancy is an approval one. This point 
will be discussed further in the following section. 

DISCUSSION 

In the present work the stochastic motion of 
a chain in fixed obstacles are investigated by 
changing the chain length and the concentration 
of the obstacles. 

Let us first consider the region where the 
reptation model is supposed to be a good one. 
In our computer experiment, this corresponds to 
the region or' N?:,20 and c=0.25. It is found 
that the correlation functions <(RG(t)-RG(0))2) 

and <P(t)·P(0)) agree well with those predicted 
by the de-Gennes' theory if some minor revisions 
are made. The agreement is fairly good not 
only for the molecular weight dependency but 
also for the absolute numerical values, which can 
be checked by eq 48. Some important points 
observed by the experiments are as follows. 

(1) The mean square displacement of the cen
ter of mass is not proportional to t but is writ
ten as A +4DG t, where the constant term A does 
not vanish in general for c*0.0. 

(2) The fluctuation of the tube length cannot 
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be neglected in. calculating the correlation func
tion of the end-to-end vector. 

(3) The parameters p, b and L1 depend on 
the concentration of the obstacles, therefore the 
quantities DGN 2 and -r/N 3 are the function of 
the concentration of the obstacles. 

Although these points were not referred in 
de-Gennes' papers, they can be predicted based 
upon the reptation model as was discussed in 
the foregoing section. 

However a serious discrepancy arises in the 
correlation function <Rc(t)-Rc(0))2), especially 
in its short time behaviour. It is found that 
<(Rc(t)-Rc(0))2) is not proportional to t114 but 
to t" (1/4~a~l/2). This discrepancy is, we 
suppose, a consequence of the weakness included 
in the reptation model. In the reptation model 
the chain is assumed to move only along the 
virtual tube. However such a description is 
good only for_ a long time scale, since only in 
such a time scale, can the deviation of the 
monomer from the virtual tube be neglected 
compared to the displacement along the tube. 
In the short time scale the deviation of the 
monomer from the tube cannot be neglected. 
The reptation model is too crude to describe 
such a motion, and another model is needed to 
discuss the motion of the monomer in the short 
time scale (t;:;, Td). We suppose that the monomer 
can move quite freely in such a time scale of 
observation. 

In conclusion, for a sufficiently long chain or 
for sufficiently dense obstacles, the reptation 
model is fairly good for the "slow relaxation 
phenomena" but not so good for the "rapid 
relaxation phenomena." The slow relaxation 
phenomena are those whose characteristic time 
increases as the molecular weight increases. For 
such phenomena the global conformation of the 
chain is important and therefore the results are 
independent of the mechanism of the reptation. 
In fact it can be shown that the results of the 
de-Gennes' theory can be completely derived 
based upon the bead-spring model moving only 
along the virtual tube. 

Next let us consider the case of intermediate 
concentration of the obstacles. The important 
question to be discussed is what is the condition 
that the reptation model can be applied. Our 
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Figure 11. Local conformation of the chain. The 
mean number of the monomer contained in the 
"unit cell" of the piles is equal to n d2 j b2• 

consideration for this question is as follows. 
Let d be the mean interval between the piles. 
It is related to the density of the piles as d=c- 112 • 

Consider a polymer chain penetrating the unit 
cell of the piles ( see Figure 11). Let n be the 
mean number of monomers contained in the 
unit cell. Then the condition that the chain is 
regarded as confined in the virtual tube can be 
written as 

(51) 

On the other hand n can be related to d by the 
following relation 

d 2 ~(mean square distance of the subchain 

consisting of n monomers) 

=na2 

Then from eq 51 and 52, we obtain 

Na2c» 1 

(52) 

(53) 

Let us now return to the experimental. results. 
From Figures 5, 7 and 8 it is seen that the 
reptation model can be applied for N'?:,20 in the 
case c=0.25. Therefore the above criterion can 
be written as 

Nc'?:,20x0.25=5 (54) 

From this it is concluded that for case c=0.11, 
the molecular weight is not large enough for the 
reptation model to be applied even when N=40. 
This conclusion is qualitatively in consistence 

, with the behaviour of the curve of c=0.11 in 
Figures 5, 7 and 8. Firm experimental evidence 
of this criterion, however, is not obtained be
cause of the reason that the simulation for the 
long polymer chain rapidly becomes difficult. 
This point will be investigated further in a future 
report. 

Finally let us consider the motion of the chain 
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for the case of intermediate concentrations. It 
seems at this stage that the theoretical investi
gation of the motion for this case is most difficult 
since we must take into account the topological 
restriction in a more appropriate way. How
ever the results of such an investigation may 
not be very interesting, since they are between 
those two of the Rouse theory and de-Gennes'. 
The computer experiments shows that the tran
sition occurs rather smoothly from the Rouse
type motion to the de-Gennes-type motion. No 
abrupt change appears, Therefore we presume 
that, based upon the reptation model, we will 
not be able to explain the abrupt change of the 
molecular weight dependency of the viscosity 
observed in the real undiluted polymer solusions. 
The change will be the consequence of some 
collective motion of the polymer chains. 

Acknowledgement. The author wishes to thank 
Dr. Akira Ito for his helpful advices on the 
computer programs. He also expresses to his 
thanks to Prof. Koji Okano and Prof. Yasaku 
Wada for their valuable suggestions, and to Prof. 
Shigeo Iwayanagi and Dr. Yasuaki Kawamura 
for kindly permitting the author to make use of 
the computer system of the Institute of Physical 
and Chemical Research. 

APPENDIX I 

In this section we will show that eq 34 can be 
derived from the reptation model. The calcu
lation is a small extension of the de-Gennes' 
theory and similar notations are used. Consider 
a weak uniform time-dependent force F(t) applied 
to the polymer chain in the networks. The 
velocity of the center of mass is given by 

• l N • 

RG(t)= N l~i R,.(t) I 

I N 

= N "~1 b(s,.(t))·s,.(t) (55) 

where b(s) is a vector of magnitude b, tangential 
to the virtual tube and s,. is the curvelinear 
length along the tube between the first and the 
n-th monomer. As is shown in de-Gennes' paper 
s,.(t) is given by 

N \t 1 
s,.(t)= £1 j_

00 
dt Pnm(t-t')F(t')·b(sm(t'))/N (56) 

299 



M. Doi 

a2 N2 
Tp=-2~2 

11: L1 p 
(58) 

The above calculation is concerned with a 
polymer chain reptating in a given fixed tube, 
To obtain the mean velocity, we must take the 
average with respect to the conformation of the 
tube, that is, with respect to h(s). Substituting 
eq 56 into eq 55, we must calculate the average 

<h(sn(t))b(sm( t'))) 

Here we adopt the following approximation, 
which is verified from the result. 

(59) 

where I is the unit tensor. Substituting eq 56 
and 57 into eq 55 and using eq 59, we obtain 

RG(t)= 3~2- t,,1 [ 00 
dt' Pnm(t-t1 )F(t1

) 

= dt' B(t---'---t1 )F(t') (60) 

According to the Kubo formula 

<RG(t)-R.G(0))=3kBTB(t) (61) 

Therefore 

<(RG(t)-RG(0))2) 

=2 t dt1 r dt2(RG(t)-R.G(O)) 

2 ~t ~t1 N =J\/2 dt1 dt2 I; PnmU2) 
o, o n,m=l 

Substituting eq 57 into eq 62 we obtain 
some calculation 
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(62) 

after 

For t~-r1 eq 63 is approximated as 

<(RG(t)-RG(0))2)=A+6DGt 

- pb2L1 - 1 - 2 A-2-2- I; 1:p--pb a 
Na P 3 

-b2 L1 DG=_p __ 
3N2a 

(64) 

(65) 

(66) 

The above calculation is for the three-dimen
sional stochastic motion. For the case of the 
two-dimensional motion, the result is 

<(RG(t)-RG(0))2)=A+4DG t (67) 

A=J___pb2a (68) 
3 

(69) 

Note that A is independent of N, this fact is 
observed in our computer experiments. 
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