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ABSTRACT: The Rayleigh scattering of light from solutions of polypeptide molecules 
which are in the helix-coil transition region is discussed in terms of the particle scatter
ing function P(fJ) expanded in powers of k 2 = (16ir2/ .l'2) sin2 (fJ/2), where .l' is the wave
length of the light in the scattering medium. Approximate expressions are derived, 
under the conditions that N » 1, Va~ 1, and N,/a > 3, for the coefficients in the 
series up to the third one and for the fourth moment (R4) of the end-to-end distance of 
the chain. Here N refers to the degree of polymerization and a to the helix-initiation 
parameter. It can be shown that a polypeptide chain tends to obey Gaussian statistics 
at the limit of infinite N unless the helical content is unity. Examination of numeriqtl 
results indicates that the behavior of a finite chain significantly differs from the Gaussian 
limit even at an N as large as 4000. Features of P (e)-1/ 2 as a function of sin2 (fJ/2) 
are examined in relation to the determination of the mean-square radii of gyration of 
polypeptide samples from light-scattering measurements. 
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The particle scattering function P(8) of a 
homopolymer (degree of polymerization is N) 
in a single solvent may be expanded in ascend
ing powers of k2 = [(l6ir2/i2) sin2 (8/2)] in the 
form: 

P(O) = 1 - (k2/3N1") I; <r;/) + (k4/60N2 ) I; <r;/) 
i<j i<j 

- (k6/2520N2) I; <r;/) + · · · ( 1 ) 
i<j 

where ;,_' is the wavelength of the light in the 
scattering medium, () is the scattering angle, r;j 

is the distance between residues i and j (i, j = 
l, 2, ... , N), and < ... ) denotes the average 
taken over all conformations of the polymer 
molecule. Strictly speaking, Eq. 1 is not appli
cable to a polypeptide molecule at intermediate 
stages of a helix-coil transition. This is because 
the helical and randomly coiled sections of such 
a molecule may have different refractive index 
increments in a given solvent. In Part VIl1 of 
this series we have shown, however, that this 
copolymer nature of a polypeptide molecule has 
little effect on the apparent mean-square radius 
of gyration <S2)app as determined from the 
initial slope of P(0)- 1 vs. sin2 (0/2). In other 
words, the experimentally measured <S")app may 

be taken to an excellent approximation as equal 
to the true mean-square radius of gyration <S2) 

of the molecule. This result implies that even 
if a polymer assumes a conformation of an 
interrupted helix, Eq. 1 is applied quite correctly 
at least up to the second term of the series. 

In the present paper, we anticipate that the 
above-mentioned copolymer nature of a poly
peptide molecule has a negligible effect also on 
the higher terms in the k2-expansion of P(O) and 
we investigate how its P(O) varies with k 2 by 
evaluating the third and fourth terms in Eq. 1 
subject to the same conditions as have been 

imposed in Part VII, i.e., N » 1, ,./a « 1, and 

N,./a > 3. Here a is the helix-initiation para
meter and is known to have values of the order 
of 10-4 for typical polypeptides. 2 ' 3 The essential 
problem here is to obtain expressions for 
I: <r;/), I: <r;/), etc., under the imposed con-
i<i i<j 

ditions of N and a. In carrying out the calcu
lations, we assume that no excluded-volume 
effect is present between any pair of monomeric 
residues and we follow Nagai's4 formalism for 
the statistical mechanics of homopolypeptides 
valid under this restriction. 
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CALCULATION OF <ri/), <R4), AND I; <ri/) 
i<j 

Statistical Model Used and Expression for <ri/> 
As before, 1 we take the following simplified 

model of Nagai4 for a real polypeptide chain. 
Here a helical section consisting of n1 monomeric 
residues is replaced by a straight rod of n1b1 in 
length; a randomly coiled section consisting of 
n0 residues is approximated by a random flight 
chain of n0 steps each of which has a length 
b0 ; and these two sections are connected alter
nately at their ends by a universal joint. It is 
assumed that there is no excluded-volume effect 
between any pair of monomeric residues. Let 
N residues be numbered 1, 2, ... , N, from one 
end of the chain to the other and ri (i = 1, 2, 
... , N) be the displacement vector of residue i. 
We first consider the average fourth moment of 
rij, the distance between residues i and j, in 
some detail. It can be shown that 

rt= ( I: rm 2)( I: r1.2) 
i<m:5:.j i<n5'.j 

+4( I: rm·rn)( I; r,-r1) (2) 
i<m<n::;;j i<s<t5'.j 

where r = I r 1- The first two sums on the right
hand side of this equation can be rewritten 

(i<~:;/m2)( J~,,;/n2) =);;:,;/m 4 + 2[i<~<n;J,2r/] 
( 3) 

and 

+ I: r,rm2rt 
i<s<m<ts".j 

(4) 

where a bar attached to the product of r;'s in
dicates that the residues specified by it belong 
to the same helical section. The last sum in 
Eq. 2 can conveniently be divided into the 
following three groups of sum according to the 
relative magnitudes of the running indices m, n, 
s, and t. Thus for m = s and n = t the sum 
can be recast in the form: 

I; (rm2)*(rn2 )COS2 cp+ I; rm2rn2 (5) 
i<m<n:5:.i i<m<n::;;j 

where the symbol * implies that the residues or 
sections appearing on both sides of it (residues 
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m and n in the present case) do not belong to 
the same helical section and where cp is the 
angle between the corresponding displacement 
vectors. When two of the four indices are 
equal and the rest are different, the sum in 
question can be put in the form: 

6[ I; rm2 r,rn] 
i<m<s<n:5:.j 

Finally when all the four indices are different 
from each other, the sum is expressed by 

6[ I; rmr,rtrn] 
i<m<s<t<n:5:.j 

+ 2[ I: (rmr,)*(rtr,.)(1 + 2 cos2 cp)] ( 7) 
i<m<s<t<n;S;i 

The required ri/ is the sum of all these terms. 
Substituting Eqs. 3 through 7 into Eq. 2 and 
averaging over all conformations of the molecule 
gives 

<rt)= i<"f,;Pm4
) + (32/3)L<m~n,;/rm2r,.2)] 

+(68/3)L<mE<t,;/rm2r8rt)] 

+(10/3)[. I; _<rm2r,.2)] 
i<m<n:5:.J 

+(40/3)[ I; <rmrs rtrn>] 
i<m<s<t<n..S:.j 

+(32/3)[ I; <rmr,rtrn>] 
i<m<s<t<n:5:.j 

( 8) 

In deriving this equation, the symbol * has been 
eliminated by utilizing such a relation as 

<(rm2 )*(r,rn)) = <rm2r8rn) - <rm2r,r,.) 

together with 

<cos2 cp) = 1/3 and <rm3r,.) = <rm2rn2 ) 

Go, Saito, and Ochiai6 attempted deriving 
another form of <ri/) on the basis of the Lifson
Roig theory,7 but their equation as well as 
numerical results deduced therefrom were erro
neous as pointed out recently by Saito himself8 
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and by Birshtein.9 These latter authors have 
given the correct form of <r;/), which proves 
to be recast in the form of Eq. 8. 

Expression for <R4) 

Substitution of i = 1 and j = N into Eq. 2 
gives an expression for the fourth moment <R4) 

of the end-to-end distance of a polypeptide chain. 
Its explicit form as a function of the molecular 
parameters considered can be derived by utiliz
ing the theory of Nagai quoted above. 4 The 
resulting equation, however, becomes too com
plex to be amenable to a straightforward nu
merical computation. In order to obtain a 
relevant approximate expression for <R4), we 
again follow the approximation used previously1· 5 

for calculating <S2), <R2), and other quantities. 
This treatment has recourse to series expan
sions of the eigenvalues A; (i = 1, 2, 3, and 4) 
for the statistical weight matrix4 in powers of 
,./a. Jt has been shown1 ' 5 that averages of 
various quantities can be expressed to a good 
approximation by the sums of terms involving 
,./a, N-1, (N,./a)-1 = r1, exp(- p,./(1 - f)!f), 
etc., and their higher powers, where f refers to 
the helical content for infinite N. Since we are 
interested in a relatively large N, we confine 
ourselves to the case where N » 1, ,./a« 1, and 
N,./a > 3. Thus in the development which 
follows, terms of the order of N-1 and of ,./a 
are neglected as compared with unity, but terms 
multiplied by (N,./a)- 1 and by its higher powers 
are retained. Then it is shown that the first 
three terms in Eq. 8 with i = 1 and j = N can 
be dropped out of the equation, giving an ex
pression of the form: 

<R4) = (10/3)( J1 + 4J2 + 4J3 + 156J 4 ) ( 9) 

where 
J1 = I; <r/r/) (10) 

O<i<j-:;;,N 

J2 = I; <r/rjrs) (11) 
O<i<J.<s<N 

J 3 = I; <r;rj Y8Yt) (12) 
l<i<j<s<t<N 

and 

J 4 = I; <r;rjrsrt) (13) 
I<i<j<s<t<N 

Let µ; be the probability that residue i is in the 
helical state. We follow Nagai4 who assumed 
that A= µN = 0. Then Eq. 10 can be put in 
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the form: 

Jl = .z:; {<µ;µj)b1 4 

O<i<j~N 

+ [<µ;) + <µ;)- 2<µ;µj)]b/b/ 

+ [1 - <µ;) - <µj) + <µ;µj)]b/) (14) 

J2 may be divided into two groups depending 
on whether j = s + 1 or j > s + 1, leading to 

J2 = I; <r/ r;rH1) + I; <r/r,r;) 
O<i<J.<N-l O<i<s<j-I<N-1 

(15) 

An approximate calculation shows that the first 
sum in Eq. 15 is of the order of ,./a in com
parison with the second one and hence may be 
neglected to our present approximation. Thus 
we have for J2 

J2 = I; [<µiµsµs+I · · · µj)b/ 
O<i<s<:i<N 

+(<µsµs+I · · · µj) - <µ;µsµs+I · · · µj))bo 2b/] 
(16) 

Similarly we obtain for J 3 and J 4 

J3 = bl 4 I; <µiµi+l · · · µsµtµt+l ' ' · µj) 
l<i<s<t<j<N 

and 
(17) 

(18) 

Expressions for the· averages of the products 
of µ;'s appearing in these equations can be de
rived from the theory of Nagai. 4 In fact, all 
of them but one that appears in Eq. 17 have 
been calculated by Nagai4 and also by Teramoto 
et al. 1 Thus the only average to be evaluated 
here is the following: 

<µ;µi+I · • · µsµtµt+l · · · µj) 

=Z N-l(<JU)-luj-i-t+s-4 I; c(Ap)C(Aq)C(Aw)Ap i+I A/-s+2 
p,q,w 

(19) 

where ZN is the partion function of the mole
cule and the summation extends over the four 
eigenvalues A; (i = 1, 2, 3, and 4). The expres
sions for ZN and c(.<) are given in the article 
by Nagai. 4 

Substitution of .<;'s, c(.<), ZN, etc., expressed 
in terms of <J, f, and N into such expressions 
as Eq. 19 and replacement of the summations 
over i, j, s, and t by integrals, subject to the 

conditions that N » 1, ,./a « 1, N,./a > 3, and 
0 :S:: / < 1, eventually leads to 

343 



T. NoRISUYE and A. TERAMOTO 

<R4) = (5/3)(Nb/)2(1 - /)2 

X {K1 + (4/,va)(bifb0)2[f/(l - f)]312K2 

+ (4/a)(bifb0)4[J/(l - j)]3K3} (20) 

where 

K1 = 1 + (6//3)/3/2(1 - /)-1;2 

+ (6/{32)/2(2/ - 1)/(1 - /) (21) 

K 2 = 1 - (6/(3)/ 112(1 - /)112 + (12/{32)/(1 - /) 
(22) 

and 

K3 = 1 + (6//3)/-112(1 - /f112[(l - /)2 - 2/5] 

+ (2/{32)[(1 - /)(6/ - 5) + 4(/ - 2/5) 

+ (15/ - 12)/5(1 - /)] 

+ P(/3, f) exp ( - f3 J1 / f) (23) 

with P(/3, f) defined by 

P(/3,f) 

= (4/5/3) + c2;13)r112c1 - 1r112 

X [/- 2 + (1 + /)(1 -/)3//3 

+ 8(2/- 1)/5/3] + (2/(32)[(/- 4)/(1 - /) 

+ 4(2 + /)/5/(1 - /) + 3(1 -/)//2 

+ 8(1 - 2/)(1 - /)/5/3 

- (15/ - 7)(1 - /)3 /5/ 4] (24) 

For the compactness of the results we have 
expressed all equations in terms of / by using 
the relation: 1'5 

(lnu)/,va = (2/-1)[/(1 -/)]-112 + 0(,./a) 

At the limit of infinite N, K1, K 2 , and K3 
tend to unity, and Eq. 20 reduces to 

<R4) = (5/3)(Nb/)2(1 - /)2 

X {1 + (2/,va)(bifb0)2[f/(l - /)]312}2 (25) 

Since to the same approximation the mean-square 
end-to-end distance <R2) for infinite N is given 
byl 

<R2) = (Nb0
2)(l - /) 

X {l + (2/,va)(bifb0) 2[//(1 - /)]312} (26) 

unless f = 1, it follows that 

<R4) = (5/3) <R2)2 (27) 

This relation is known to hold for a Gaussian 
coil. Although we have omitted the first sum 
in Eq. 15 to derive Eq. 25, we can show that 
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Eq. 27 is strictly valid unless f = 1. Birshtein9 

has reached the same conclusion from a dif
ferent approach. The value of <R4) relative to 
(5/3)<R2)2 varies from unity for a Gaussian coil 
to 3/5 for a rigid rod. 

Expression for I: <r;/) 
i<j 

Summation of Eq. 8 over i and j along with 
the substitution of explicit expressions for the 
various averages involved should give an ex
pression for I: <r;/). Although this operation 

i<j 

can be carried through in principle under the 
same approximations as above, the resulting 
equation involves too many terms to be of 
practical interest. Therefore we are content here 
with obtaining the desired expression by impos

ing an additional condition that /3,v(l - /)// > 5. 
This allows us to ignore terms associated with 

the factor exp(-/3,v(l - /)//) in comparison 
with unity. The result reads 

(1/5N2) I; <r;/) = (Nb//6)2(1 - /)2 
i<j 

X {Ki* + (4/,va)(bifho/U/(l - f)]3 12K/ 

+ (4/(J)(bifb0)4[fj(l - /)]3K3 *} (28) 

where 

K1* = 1 + (4//3)/312(1 - /)-112 + 12(//{3)2 

- (24/ {33)/512(3 - 5/)(1 - n-1/ 2 

+ (120/(34)/3(1 - 2/) (29) 

K2* = 1- (4//3)(2-/)[//(1 -/)]1!2 

and 

+ (12/(32)/(2 - / 2)/(1 - /) - (24/(33) 

X [//(1 -/)]312[2 - / 2 + (1 - / )2(5/ - 2)] 

+ (24//34)[//(1 - /)]2 
X [2 - / 2 + 3/(1 - /)2 - (1 - /)3(7 - 10/)] 

(30) 

K/ = 1 + (4//3)[/(1 -/W112[(l -/)2 - 2/ + 4/5] 

+ (12/(32)[/2 + 2/ - 6 + 3/5(1 - /)] 

+ (24/f33)/112c1 _ n-312[(1 - t/(5/ - 1) 

+ (1 - /)2(2/ + 17/5) + 4(6/5 - /)] 

- (24/ {3 4){10/2(1 - /)(2 - /) + /(5/ - 8) 

X [(l - /)3 - 1]/(1 - /)2 + 26/2/5} (31) 

For infinitely large N, Ki*, K/, and K/ be
come unity, and hence Eq. 28 is simplified to 
give 
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(l/5N2) I: <r;/) = (Nb//6)2(1 - /)2 

i<j 

X {l + (2/,,/a)(bifb0 )2[fj(l - /)]312}2 (32) 

The right-hand side of this equation stands in 
agreement with the square of our previously 
derived expression1 for <S2). Thus unless/= 
1, I: <r;/) of the polypeptide chain with infinite 

i<j 

N is found to obey the relation expected for a 
Gaussian chain. 

It does not seem tractable to derive simple 
analytical expressions for the averages of higher 
even moments <r;/P)(p > 2) when N is finite. 
However, the asymptotic expression for <rj/) 
valid at the limit of infinite N can be obtained 
without difficulty. It reads 

<r;/) = (70/3){ I: <rm2r/rn2) 
i<m<s<n-:;;.j 

+ 12[ I: <rm2YsYt rhrn)] 
i<m<s<t<h<nS:,.i 

+ s[ I; <rmrs YtYh Ykrn>]} 
i<m<s<t<h<k<ns:,_j 

(33) 

which, upon applying a procedure similar to 
that used for the derivation of Eq. 28, eventu
ally gives 

(34) 
and 

I: <ri/) = 42N2<S2)3 (35) 
i<:i 

provided that f < 1. These relations are known 
to hold for a Gaussian coil. This and other 
arguments so far presented suffice to infer that 
a polypeptide chain with infinite N should be
have as a Gaussian coil unless/= 1. In fact, 
the validity of this inference can be concluded 
without recourse to a particular molecular model 
from the general consideration of Nagai10 on 
the conformation of stereoregular polymer mole
cules. Evidently, substitution of Eqs. 32 and 
35 into Eq. 1 results in P(()) which agrees with 
that for a Gaussian coil up to the term of k6 • 

Our principal interest here is the extent to 
which the behavior of a polypeptide chain with 
finite N deviates from that of a Gaussian coil. 
This problem is discussed with numerical results 
in the following section. 
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NUMERICAL RESULTS AND DISCUSSION 

The nature of the approximation on which 
the present calculations are based has been fully 
discussed in our previous publications, 1 •5 and 
will not be repeated here. In order to demon
strate the degree of our approximation, we have 
calculated values of <R2) from the approximate 
expression which was derived previously1 under 
the same conditions as used for the present 
derivation of <R4). In Figure I, the results for 

20,---------~ 

exact 
15 

WO 
.a 
z 
): 
0:: 

I.O 

Figure 1. Comparison of exact and approximate 
values of the mean-square end-to-end distance (R2) 

for the parameters: a, 2 x I0-4; bo, 22.4A; b1, 1.5 A. 
Exact values (solid lines) taken from the paper by 
Nagai;4 approximate values (dotted lines) calculated 
according to Eq. 20 of ref. 1. 

0.5 

f 
I.O 

Figure 2. Fourth moments of the end-to-end dis
tance (R4) relative to (5/3)<R2) 2 for various N. 
The parameters chosen are: a, I0-4; bo, 15A; b1, 
1.5 A. The value of the moment at f = l (rigid 
rod) is 3/5. 
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different values of N are plotted against / and 
compared with the exact values taken from the 
paper by Nagai; 4 the parameters chosen here are 
a= 2 X 10-•, h0 = 22.4 A, and h1 = 1.5 A. It 

is seen that the agreement between the exact 
and approximate values is satisfactory over the 
range of f examined. Similar agreement was 
demonstrated also for <S2). 1 

Figure 2 illustrates how the ratio <R4)/(5/3) 
-(R2)2 for a given N varies with/ for the case 
where a= 10-4 , h0 = 15 A, and h1 = 1.5 A. As 
has been noted in the preceding section, this 
ratio should vary from unity for a Gaussian 
coil (/ = 0) to 3/5 for a rigid rod (/ = 1). 
Figure 2 shows that the ratio stays almost con
stant near unity for f < 1/2 and decreases 
gradually toward 3/5 as f approaches unity. 
The deviation from Gaussian behavior becomes 
less pronounced as N increases. The curve for 
N = 2000 appears to display a slight maximum 
at a point near f = 0.6. Whether this trend is 
real or simply due to an error arising from the 
present approximate treatment remains unan
swered until exact calculations become available. 
It must be remarked that detailed features of 
the curve also depend on the ratio hifh0 • At 
any rate, the curves depicted in Figure 2 show 
distinctly different behavior from those reported 
by Go et al. 6 

Values of I: (r;/) for fixed values of a, N, h1, 
i<j 

and b0 calculated from Eq. 28, together with 
those of (S2) obtained for the same parameters 
from our previous expression, 1 have been used 
to compute a quantity G defined by 

G = I: (rj/)/5N2(S2)2 (36) 
i<i 

This quantity becomes unity for a Gaussian 
coil and 24/25 for a rigid rod, and appears to 
be very insensitive to the geometry of the mol
ecule. In Figure 3 are presented the curves of 
G against / for various N and a = 10-4 , h0 = 
15 A, and h1 = 1.5 A. We have restricted the 
calculations of G to f smaller than 0.9 in order 
to ensure the condition that ,B,v'(l - /)/J > 5, 
on which Eq. 28 for I: (r;/) was derived. It 

i<j 

is of interest that G increases toward a broad 
maximum before decreasing to the value for a 
rod and that the Gaussian behavior character
istic of infinite chains is not approached even 
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~I.I 
;;;v 
z 
lO 

1.0 f---""""==-----------
"V" 
W:;? 

RIGID ROD-

0.5 1.0 

f 
Figure 3. Plots of G vs. f as a function of N. 
The same parameter as those used in Figure 2 is 
chosen. The value of G at f = 1 (rigid rod) in
dicated by a circle is 24/25. 

at an N as large as 4000. This latter feature is 
associated with the fact, evident from Eqs. 20 

and 28, that it is the parameter ,B=N,v'a, not 
N itself, that primarily governs the extent to 
which the behavior for finite N deviates from 
the Gaussian limit. 

In terms of Eq. 36, we can recast Eq. 1 in 
the form: 

P(0)-112 = 1 + (l/6)k2<S2) + (1/24)(1 - G)K4(S2)2 
(37) 

with the omission of terms higher than k6 • The 
argument11 that a plot of P(0)- 112, rather than 
of P(0)-1, vs. k2<S2) for a Gaussian coil follows 
a straight line over a relatively wide range of 
k2(S2) is attributed to the third term on the 
right-hand side of Eq. 37 which vanishes for 
this type of chain. The coefficient for this term 
is as small as 1/600 for a rigid rod. Indeed, 
numerical calculations indicate that Eq. 37 gives 
a good approximation to the exact P(0)-112 for 
both coils and rods provided that k2<s2> < 3. 
We therefore discuss P(0) for a polypeptide 
melecule in terms of this equation. 

The solid lines in Figure 4 present values of 
P(0)-112 at fixed f as a function of sin2 (0/2) for 
typical values of the parameters: N = 2000, 
a= 10-4, h0 = 15 A, h1 = 1.5A and J.' = 3113A; 
the lines at/= 0 and 1 have been calculated 
from the exact light scattering functions relevant 
for each. 12 The dotted lines in the figure rep
resent the initial tangents to the solid lines. 
It is seen that P(0)-112 versus sin2 (0/2) follows 
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1.8 

1.6 

'§ 
a. 

1.4 

1.2 

1.00 

INITIAL SLOP 
,-------.J , 

RIGID ROD 

0.5 

s in2 ce12J 

/ 
/ 

/ f=0.9 

1.0 

Figure 4. P(0)-1/ 2 at fixed fas functions of sin2 (0/2) 
for the parameters: N, 2000; a, 10-4 ; ho, 15 A; b1, 
1.5 A; ).1 ( = J.o/n), 3113 A. The solid lines for inter
mediate f represent the values calculated according 
to Eq. 37, and the dotted lines indicate the initial 
tangents to the solid lines. The solid lines at 
f = 0 and 1 denote the values calculated from the 
exact light scattering functions. 

the initial tangent over an extended range pro
vided that/ is not too close to unity, implying 
that this type of plot allows <S2) of a polypep
tide molecule to be determined from light 
scattering data even when the molecule is in 
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the state of interrupted helix. 
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