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Control of interfacial instabilities using
flow geometry
Talal T. Al-Housseiny1, Peichun A. Tsai2 and Howard A. Stone2*
The displacement of one fluid by another is one of the
most common processes involving interfacial instabilities.
It is universally accepted that, in a uniform medium, flow
displacement is unstable when a low-viscosity fluid invades
a fluid of higher viscosity: the classical viscous fingering
instability1–4. Consequently, once fluid properties are specified,
opportunities for control become very limited. However, real
systems where displacement instabilities occur, such as porous
structures5,6, lung airways7,8 and printing devices9–11, are rarely
uniform. We find that the simplest heterogeneity—a gradient
in the flow passage12–15—can lead to fundamentally different
displacement behaviours. We use this finding to either inhibit
or trigger an instability and, hence, to devise a strategy to
manipulate instabilities in fluid–fluid systems. The control
setting we identify has a wide spectrum of applications ranging
from small-scale technologies such as microfluidics to large-
scale operations such as enhanced oil recovery.

Interfacial instabilities impact, to give a few examples, the
dendritic shape of snow flakes16, early failure in zinc alkaline
batteries17, breath sounds caused by surfactant deficiency in lungs7
and the protection of the stomach from its own gastric acids18.
Morphological patterns and periodic structures are often the form
in which interfacial instabilities are manifested. For instance,
patterns are detected on the surface of metal casts due to shrinkage
on solidification of the metal19,20, and the wavy interface of
lubrication oil confined in journal bearings and between printing
rollers is a signature of the so-called printer’s instability9–11. In
most cases, interfacial instabilities hinder the operation of processes
and limit their efficiency. Moreover, instabilities at the interface
of two distinct fluids remain a major challenge for enhanced oil
recovery processes such as water flooding21. On the other hand,
these instabilities can be beneficial to chromatographic separation
and can improve mixing in non-turbulent systems and small-scale
devices22. The fact that depending on the application either a stable
or an unstable interface is desirable makes the ability to control
interfacial instabilities23,24 essential in design and technology.

In the early twentieth century, petroleum and mining engineers
noticed that water does not displace oil uniformly25. Rather, water
penetrates through oil, a phenomenon now known as fingering
owing to the finger-like interfacial patterns. The stability of the
interface between the invading and the displaced fluids was first
analysed in the 1950s (refs 1,5,26). Most notably, Saffman and
Taylor found1 that when a fluid of low viscosity invades a fluid
of higher viscosity in the narrow space confined between two
parallel plates (a Hele–Shaw cell), the interface is always unstable.
The instability, which occurs at any flow speed, takes the form
of propagating narrow fingers of the low-viscosity fluid, leaving
behind themore viscous fluid. Conversely, in a uniformHele–Shaw
cell, a high-viscosity fluid displacing a less viscous fluid leads to a flat
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stable interface that propagates uniformly. Fingering instabilities in
porous media flows have since been studied extensively1–6 owing to
their importance in enhanced oil recovery21,27,28 and the increasing
interest in carbon sequestration29.

The classical two-dimensional Hele–Shaw configuration consti-
tutes a convenient framework2 to study interfacial instabilities in
narrow passages. Nevertheless, whether these passages consist of
small clearances in journal bearings, lung airways or channels in
microfluidic chips, they are rarely homogeneous or uniform. Is
it possible to take advantage of a given channel shape to control
instabilities or, even better, to design a system such that a less viscous
fluid can stably displace a more viscous fluid? Motivated by the
importance of controlling interfacial instabilities, and to mimic a
degree of heterogeneity of a real system, we investigate a variant of
the classical viscous fingering problem by introducing a small depth
gradient in the Hele–Shaw cell (see Fig. 1a). In our experiments, the
two, nearly horizontal, plates are at a small anglewith respect to each
other12,30; the depth of the cell varies linearly along the direction of
fluid displacement, so the flow is either converging or diverging.

As expected, when air displaces mineral oil (viscosityµ1=25 cP,
surface tension γ =29mNm−1) in a horizontalHele–Shaw cell with
a constant gap, the interface is unstable and takes the shape of a fin-
ger that occupies half the width of the cell; Fig. 1b shows our experi-
ment of this well-known fingering instability.However, we have dis-
covered that if the same kind of experiment, air propagating into oil,
is conducted in a converging cell (negative gradient, α < 0), that is,
the cell becomes shallower in the direction of flow, the interface can
become stable. For example, a snapshot of our experiment of a sta-
ble flat interface propagating in a converging cell is shown in Fig. 1c.

A series of systematic experiments was performed (Fig. 2) to
examine the effect of the gradient on the air–oil interface. The
air-flow rate, characterized by an average inlet velocity U (see
Fig. 1a), was controlled by applying a constant pressure drop across
the cell (see Supplementary Information for details). In this way, we
varied the characteristic capillary number Ca= 12µ1U/γ , which is
the ratio of viscous forces to surface tension forces. The interface of
this system is classically unstable1,2,5 because air is much less viscous
than mineral oil. Nevertheless, in the presence of a negative depth
gradient, fingering is inhibited and the interface becomes stable
(Fig. 2b) below a critical capillary number Cac; see Fig. 2d. Above
the Cac (Fig. 2c), and in contrast with classical experiments, the
gradient here resulted in wider air fingers12 that occupy more than
half of the cell width (see Supplementary Information).

To understand the transition in interfacial behaviour observed
in the experiments and to explain the critical capillary number, we
analyse the onset of the instability in the presence of the gradient.
The Hele–Shaw cell is characterized by its depth h(x)= h0+ αx
and width W ; the characteristic aspect ratio is a = h0/W (see
Fig. 1a). The cell is either slowly converging or diverging, which
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Figure 1 |A variant of classical viscous fingering. a, A schematic of the
experimental set-up of a non-uniform Hele–Shaw cell with a constant
depth gradient. The depth of the cell h(x), with h(x)�W and h(x)� L,
varies linearly in the direction of fluid motion; dh/dx=α. b, Top view of a
viscous fingering experiment where air displaces mineral oil (viscosity
µ1= 25 cP) in a horizontal, plexiglass Hele–Shaw cell with a uniform gap of
0.5 mm. The arrows indicate the direction of fluid displacement. The air
finger occupies half the width of the cell. c, A stabilized air–oil interface in
an experiment conducted in a converging Hele–Shaw cell, α=−2.7× 10−3.

sets the sign of the gradient α. Fluid 1 with density ρ1 and viscosity
µ1 is displaced by fluid 2 with density ρ2 and viscosity µ2. The
fluids are immiscible. As the experiments are conducted in a nearly
horizontal Hele–Shaw cell, the effect of gravity is neglected. As
h(x)�W and h(x)� L, the governing equations of the system are
the depth-averaged Darcy law, and, the mass conservation equation
modified to account for the depth gradient:

uj =−
h2

12µj
∇pj and ∇·

(
huj

)
= 0 (1)

where pj and uj are, respectively, the depth-averaged pressure
and velocity of phase j.

The linear stability of the system in time t , described by
equation (1), is examined by perturbing a uniform interface (see
Fig. 1) advancing at a velocityU with a small-amplitudemode in the
transverse direction y ∝ ei(k/W )y+σ t , where σ and k, respectively, are
the growth rate and the dimensionless wavenumber. The kinematic
boundary condition ensures that both fluids move at the same ve-
locity at the interface. In addition, the Young–Laplace equation de-
scribes the pressure drop at the interface due to surface tension γ . In
the limit of a small gradient, |α|�1, the dispersion relationσ (k) is

(1+λ)
W
U
σ =

(
1−λ+

2αcosθc
Ca

)
k−

a2

Ca
k3 (2)

Here, λ=µ2/µ1 represents the viscosity contrast of the fluids (see
Supplementary Information for a more detailed derivation). The

Air Mineral oil

 = ¬2.7 x 10¬3

10 s

17.5 s

25 s

52 s

101 s

121 s

146 s

Stable Unstable

Ca
10¬2 10¬110¬3

0 s

2.5 s

5 s

1 cm

a

b

c

d

α

Cac = 5.4 x 10¬3

0 s

1 cm

Figure 2 | Inhibiting fingering. a, A schematic side view of the
experimental set-up where non-wetting air displaces wetting mineral oil
(µ1= 25 cP, γ = 29 mN m−1) in a converging Hele–Shaw cell (h0= 1.4 mm,
α=−2.7× 10−3). The arrows indicate the direction of fluid displacement.
b, Top view of the evolution of an experiment where viscous fingering is
inhibited at a low capillary number Ca=6× 10−3. c, Top view of the
evolution of an experiment where the interface is unstable at a higher
capillary number Ca= 1.6× 10−2. d, A stability diagram showing that the
interface transitions from unstable (open circle) to stable (filled circle) at a
critical capillary number Cac, which is found experimentally
(half-filled circle) and predicted theoretically (red dashes) using the
stability criterion in equation (3). In contrast, for this fluid combination, the
interface is always unstable in the absence of the gradient. See
Supplementary Information for movies of Fig. 2b,c.

contact angle at the interface θc is measured between the plate and
the curved meniscus; θc= 0 and θc=π correspond, respectively, to
the cases where the displaced fluid is perfectly wetting (Fig. 2a) and
perfectly non-wetting (Fig. 3a).

The contribution of the gradient in cell depth to the dispersion
relation in equation (2) appears only in the quantity 2αcosθc/Ca.
In the absence of the gradient, that is, α= 0, the dispersion relation
in equation (2) reduces to well-known results1,2,5. In contrast, the
gradient now affects the behaviour of the interface, which is stable,
that is, σ < 0 for all k> 0, if

1−λ+
2αcosθc

Ca
≤ 0 (3)

By setting the left-hand side of the stability criterion in equation (3)
to zero, we can estimate a critical capillary number Cac =
(2αcosθc)/(λ−1), at which the interface undergoes a change in
stability. For a given λ, Cac is of the order of α. Thus, we have
established a critical speed, dependent on α, for the transition
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Figure 3 | Triggering fingering. a, A schematic side view of the
experimental set-up where wetting silicon oil (µ2=4.6 cP) displaces
non-wetting water (µ1= 1 cP, γ =40.5 mN m−1) in a converging
Hele–Shaw cell (h0= 1.8 mm, α=−2.7× 10−3). The arrows indicate the
direction of fluid displacement. b, Top view of the evolution of an
experiment where fingering is triggered at a low capillary number
Ca=4× 10−4. c, Top view of the evolution of an experiment conducted at a
higher capillary number Ca= 1.6× 10−3. The system is stable because
disturbances decay in time. d, A stability diagram showing that the
interface transitions from stable (filled circle) to unstable (open circle) at a
critical capillary number Cac, which is found experimentally
(half-filled circle) and predicted theoretically (red dashes) using the
stability criterion in equation (3). In contrast, for this fluid combination, the
interface is always stable in the classical, uniform Hele–Shaw cell.

between stable and unstable displacements. Our prediction agrees
with the air–oil experiments (Fig. 2) that reveal that the interface
is stable below a threshold (Fig. 2d). We note that our analysis
assumes a static contact angle and also does not account for
the effect of the thin wetting film trailing behind the displaced
fluid31. We believe that these effects are responsible for the modest
discrepancies between the theoretical and experimental thresholds.

By examining equation (3), it is also evident that we can use the
effect of the gradient in dictating the stability of the interface in a
narrow passage. To confirm this idea, and as we have previously
inhibited fingering (Fig. 2), we seek to trigger fingering instabilities
in a classically stable system. Figure 3 shows experiments where
wetting silicon oil is displacing non-wetting water in a converging
Hele–Shaw cell. For this choice of liquids, the interface would be
stable in a uniform Hele–Shaw cell because the viscosity ratio of
the fluids λ= 4.6> 1 (refs 1,2,5). However, in the presence of a
negative depth gradient, the interface transitions from stable at high
capillary numbers (Fig. 3c) to unstable at low capillary numbers
(Fig. 3b). With the invading fluid now being the wetting fluid,
the side walls of the Hele–Shaw cell are wetted and this effect
acts as an interfacial perturbation, which at low Ca develops into
a fingering instability along the cell boundaries (Fig. 3b), that is,
where the interfacial perturbations are introduced. Nevertheless, at

higher Ca, the interface is stable and a nearly uniform propagating
front is observed (Fig. 3c). Again, the stability criterion predicts
well the critical capillary number Cac (Fig. 3d) that characterizes the
transition from the stable to the unstable regime.

The control of interfacial instabilities is similarly applicable in
expanding narrow passages. For instance, our results suggest that
when a less viscous fluid displaces a more viscous fluid (λ< 1) in
a cell with a positive gradient, fingering is inhibited provided that
the invading fluid is wetting and that the system is operating below
a critical flow rate, which corresponds to a critical capillary number.

We have demonstrated that in a narrow passage of slowly varying
depth, the stability of the interface between two fluids is governed
not only by the viscosity contrast of the fluids, but also by a
single critical parameter comprising fluid properties, flow speed
and the shape of the flow passage (equation (3)). Therefore, a
contracting/expanding geometry offers the opportunity to control
the behaviour of interfaces in multiphase systems, which are widely
present in nature and technology. For example, we understand the
break-up of a droplet flowing past an obstacle15. In addition, if fluid
displacements occur in passages with flexible walls, the behaviour
of the interface is significantly affected owing to the geometrical
gradients that result fromwall deformations24.

More importantly, our results can be used to adjust a system
or a design to control interfacial instabilities. For instance, when
air or a low-viscosity solvent is used to flush liquids out of a
sensor to prepare for reuse, the channel of the sensor may remain
contaminated owing to instabilities that cause liquids to be left
behind. However, if the channel is tapered and the flow rate is
controlled according to equation (3), the sweep efficiency would
be greatly enhanced. Finally, knowing the grain-size distribution
and other subsurface properties of petroleum reservoirs can benefit
secondary and tertiary oil recovery processes. For example, our
results suggest that to increase oil recovery in oil-wet reservoirs,
injection and production wells can be positioned such that the
sweep flow is driven in the direction of decreasing permeability or
decreasing grain size (consistent with amodel of ref. 32).

Methods
The fluid-displacement experiments are conducted between two closely spaced,
nearly horizontal and smooth plexiglass plates. The plates are 3/4-inch thick to
avoid any bending and to ensure a good control over the depth of the Hele–Shaw
cell, which is 5.1 cm in width. The depth gradient is set using level screws distributed
along both sides of the cell; the depth of the cell is controlled within ≈0.1mm.
From the outlet of the cell, the displaced fluid (fluid 1) is first injected to fill the cell.
The invading fluid (fluid 2) is injected from the inlet at constant pressure, which
is controlled by adjusting the air supply pressure or by maintaining a constant
hydrostatic level at the inlet. To examine interfacial stabilities, all experiments
are started with an interface that is as flat as possible. We use backlighting with
a paper diffuser so that the Hele–Shaw cell is uniformly illuminated and the
interface is clearly identified. The evolution of the interface is captured using
a digital video camera. The images are analysed in ImageJ and MATLAB to
track the position of the interface and extract its behaviour. The average inlet
velocity U is determined by calculating the rate of change of the area occupied
by the displaced fluid.
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