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Spatial entanglement of bosons in optical lattices
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Entanglement is a fundamental resource for quantum information processing, occurring

naturally in many-body systems at low temperatures. The presence of entanglement and, in

particular, its scaling with the size of system partitions underlies the complexity of quantum

many-body states. The quantitative estimation of entanglement in many-body systems

represents a major challenge, as it requires either full-state tomography, scaling exponentially

in the system size, or the assumption of unverified system characteristics such as its

Hamiltonian or temperature. Here we adopt recently developed approaches for the deter-

mination of rigorous lower entanglement bounds from readily accessible measurements and

apply them in an experiment of ultracold interacting bosons in optical lattices of B105 sites.

We then study the behaviour of spatial entanglement between the sites when crossing

the superfluid-Mott insulator transition and when varying temperature. This constitutes the

first rigorous experimental large-scale entanglement quantification in a scalable quantum

simulator.

DOI: 10.1038/ncomms3161

1 Institut für Theoretische Physik, Albert-Einstein Allee 11, Universität Ulm, Ulm D-89069, Germany. 2 Center for Integrated Quantum Science and Technology,
Albert-Einstein Allee 11, Universität Ulm, Ulm D-89069, Germany. 3 LENS, Dipartimento di Fisica e Astronomia, Università di Firenze and INO-CNR, via Nello
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E
ntanglement has a crucial role in most of the recent
developments of quantum information processing and
communication1–4. Indeed, apart from the intrinsic

interest in obtaining a deeper understanding of several counter-
intuitive and surprising consequences of the quantum description
of nature, it represents also a fundamental resource for various
applications in quantum information science and metrology.
From the practical point of view, once we manage to create such
resource states, it is crucial to quantify the actual amount of
entanglement contained in the created state to assess its degree of
usefulness for quantum information-processing protocols. This
already challenging task becomes even more daunting
in situations in which entanglement is shared between many
different parties with the aim of implementing, for instance,
multiparty quantum communication networks and distributed
quantum computation.

In this respect, the last few years have seen experiments
towards the verification of the presence of entanglement in a
variety of physical realizations of many-body systems. Multi-
particle spin entanglement of distinguishable particles has been
created and studied experimentally for up to 14 sites in ion
traps5–7 and up to 8 sites in photonic setups8 by means of
entanglement witnesses that determine the presence of
entanglement. In ultracold neutral atomic gases, entanglement
between indistinguishable particles with two internal degrees of
freedom was generated by squeezing of the total (pseudo) spin
and its presence verified by spin-squeezing inequalities9–12. For
ultracold bosons with two internal degrees of freedom in optical
lattices, entanglement between lattice sites was created by
controlled collisions and qualitative evidence for its presence
was found13. Experimental evidence for the entanglement
between the spins in magnetic materials was given by
comparison of the neutron-scattering structure factor to a
classical description14.

A key challenge that remains to be addressed however concerns
the quantitative determination of the amount of entanglement.
Even if the full state is known, the computation of its
entanglement is a daunting task—analytically and even numeri-
cally. If measurements are informationally incomplete, this is
even impossible. Hence, one needs to rely on the determination of

upper and lower bounds on the entanglement that is present in
the system without resorting to assumptions concerning unver-
ified system characteristics such as its Hamiltonian or its
temperature.

We achieve this by adopting a simple but powerful principle15–19

in combination with methods from optimization theory: given
a set of observables, we consider all density matrices that are
compatible with experimentally measured expectation values of
these observables. Among these density matrices, we find the one
with the least amount of entanglement as quantified by a suitable
entanglement measure2,3. In this way, we determine a lower bound
on the entanglement that must have been present in the state that
gave rise to the observed expectation values. These bounds do not
require any other assumptions on the system. We observe and
quantify multi-partite entanglement in a periodic optical potential
(optical lattice) that hosts bosonic atoms (Fig. 1) and study its
behaviour when crossing a quantum phase transition and when
varying the temperature.

Results
Entanglement quantification. The entanglement that we quan-
tify in our experiment is the entanglement of massive bosonic
particles at different lattice sites. Hence, the non-local correlations
are unavoidably intertwined with the superselection rules that
prohibit the formation of coherent superpositions with different
particle numbers. As a consequence, before we can provide a
rigorous theoretical and experimental quantification of the
entanglement in the system, we need to clarify its nature. We
achieve this from the viewpoint of entanglement as a resource20.

Physical constraints, fundamental or practical, impose limita-
tions on accessible physical operations20,21. For example, the
locality constraint that expresses the inability to exchange
quantum particles between distant laboratories A and B
prevents the execution of quantum gates between A and B.
Such constraints in turn imply the existence of resources—here
entangled states—that, when consumed, allow for the realization
of operations that are impossible under the given physical
constraints22. The use of entanglement in teleportation for
example allows for the realization of general quantum gates
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Figure 1 | Schematic illustration of the presence of entanglement. We investigate entanglement in an optical lattice filled by ultracold bosons.

At large lattice height, the ground state is a pure product state and no quantum correlations exist between any subset of sites (A, B, C,...). Such a state can

be created by only performing physical local operations (those that respect the mass superselection rule locally, supLO operations) and allowing the

parties associated with the subsets to communicate classically (CC). Decreasing the lattice depth, the resulting state may not be created by such

operations anymore—the state becomes a resource of value E with which the parties may overcome their locality restrictions, that is, entanglement is

created.
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between A and B23,24. This aspect captures the multi-partite
nature and non-local correlations in the system.

For massive bosonic particles, an even more fundamental
constraint concerns superselection rules for massive indistin-
guishable particles: Physical operations cannot create coherent
superpositions of different particle numbers. In connection with
the locality constraint, this requires that all physically allowed
local operations must commute with the local particle number
operator.

The fact that both constraints, locality and superselection rules,
need to be considered simultaneously for massive bosonic
particles leads to a refined picture of non-local resources and
thus entanglement25–28. In a multi-partite system, as in Fig. 1, in
which two or more parties aim to exchange quantum
information, but are restricted (i) to only act locally on their
respective quantum system and communicate classically (LOCC),
and (ii) to perform only operations preserving the local particle
number operator, they may (in the two-partite case) only prepare
states R̂ of the form

R̂¼
X
n

pnR̂
ðnÞ
A � R̂ðnÞB ; ð1Þ

where R̂ðnÞA (R̂ðnÞB ) are density operators of subsystem A (B), {pn} is
a probability distribution and the local states must commute
with the local particle number operators N̂A and N̂B, respectively,
that is, ½R̂ðnÞA ; N̂A� ¼ ½R̂ðnÞB ; N̂B� ¼ 0. All such states are here collected
in the set S. All other states, so states not in S, become a resource,
to be used to overcome the constraint imposed by locality and/or
superselection rules.

Before defining our entanglement quantifier, we illustrate the
resource character of states that are not in S, by means of an
example taken from Verstraete and Cirac26. Suppose a single
classical bit is encoded in the relative phase of the two states

�j i¼ 1ffiffiffi
2

p 0j iA 1j iB � 1j iA 0j iB
� �

: ð2Þ

Remarkably, if Alice and Bob are constrained by LOCC and
local particle number conservation, they are unable to distinguish
these two states—the bit ± is hidden from them. They may learn
the bit, however, in one of two different ways: (i) if they share
entanglement in the form

cj i ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1

p
XN
n¼ 0

nj iA N � nj iB; ð3Þ

which has a total number of particles ch jðN̂A þ N̂BÞ cj i
¼ ch jN̂ cj i ¼N , and trB½|cS/c|� and trA½|cS/c|� commute
with the respective local number operators, but it may not
be written as in equation (1). Or (ii) if they share the state
(z¼ |a|eif)

R̂ /
Z2p
0

df zj iA zh j � zj iB zh j; zj i /
X1
n¼ 0

znffiffiffiffiffiffi
n !

p nj i; ð4Þ

which is of the form in equation (1), commutes with the total
number operator and has N̂

� �
¼ tr½N̂R̂� ¼ 2 aj j2 but does not

satisfy zj iA zh j; N̂A
� �

¼ 0. Now, the success probability of learning
the phase of |±S increases with N̂

� �
(approaching unity as

N̂
� �

! 1), or, in other words, the value of these resource states
increases as their mean total number of particles with N̂

� �
increases.

Let us finally consider an example from the context under
experimental consideration. Bosons in optical lattices are well
described by the Bose–Hubbard model, which is exactly solvable
in two extreme cases: (i) on-site interactions U dominate over
tunnelling J and (ii) the opposite case in which J�U . The

ground state of this model in case (i) is simply a Fock state and
thus a product state without any entanglement between sites. In
the second case (ii), the model is equivalent to coupled harmonic
oscillators and may be diagonalized by a symplectic transforma-
tion. Labelling sites by i¼ 1,y, L, the ground state for fixed
particle number N readsP

i b̂
y
i

	 
N
ffiffiffiffiffiffiffiffiffiffiffiffi
LNN !

p vacj i ¼
XN

n1; ... ;nL ¼ 0P
i

ni ¼N

cn1; ... ;nL n1 � � � nLj i; ð5Þ

which may also serve as a resource to uncover the hidden bit in
equation (2): In the bi-partite setting of two sites, L¼ 2, following
the protocol of Verstraete and Cirac26, it may be shown that the
success probability p is given by

p¼ 1
4

XN
n¼ 1

cn;N � n þ cn� 1;N � nþ 1

�� ��2; ð6Þ

which, as for the examples above, increases with N, tending to
unity. This gives an example for the operational significance of
the entanglement generated in optical lattices.

While for the above examples we considered a bi-partite
setting, they readily carry over to a multi-partite setting26, which
we will consider in the following.

The key point is now that we turn the above qualitative
appreciation of the value of these states into a mathematically and
physically well-defined quantifier that may then be determined
experimentally. It is a crucial requirement that the value of this
quantifier does not increase on average under LOCC operations
that respect local superselection rules (supLOCC in short). Such a
quantifier is then denoted a supLOCC monotone.

We start by defining the set S for an arbitrary partition. Let
L1[ � � � LP ¼L be a P-partite partition of the lattice sites L. A
separable (with respect to this partition) state is then of the form

R̂¼
X
n

pnR̂
ðnÞ
L1

� � � � � R̂ðnÞLP
; ð7Þ

where R̂ðnÞLp
is the density operator corresponding to party

(subsystem) p and {pn} a probability distribution. The set S
collects all states that are as in equation (7) and in addition

commute with the local particle number, ½R̂ðnÞLp
;�i2Lp n̂i� ¼ 0. We

now formulate the entanglement monotone for such arbitrary
partitions and later, for the experiment, restrict our attention to
the partition in which every lattice site constitutes a party. To this
end, we define W as the set of entanglement witnesses Ŵ (ref. 4)
satisfying (i) tr ŴR̂

� �
� 0 for all R̂ 2 S and (ii) the operator

inequality Ŵ þ N̂ � 0. Then

EðR̂Þ¼ max 0; � inf
Ŵ2W

tr½ŴR̂�
� 

ð8Þ

is a supLOCC monotone for any state R̂ (see Methods for a proof
and note the similarity to entanglement monotones expressed as
optimization over witnesses for spin systems in Brandão29). Note
that, for any state R̂, its entanglement EðR̂Þ is upper bounded by
the mean total number of particles N̂

� �
¼ tr N̂R̂

� �
, providing a

figure of merit for the lower bounds that we will present below.
We now set out to quantify the entanglement under

superselection rules contained in states of bosons in optical
lattices when each lattice site constitutes a party, that is, labelling
the sites of the three-dimensional lattice by i¼ (i1, i2, i3), states in
S are of the form

P
n pn � i R̂

ðnÞ
i with ½R̂ðnÞi ; n̂i� ¼ 0, where n̂i is

the number operator for the lattice site i. This corresponds
to L¼[i2Lfig in the above definition. In this way, we quantify
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the entanglement shared between sites of the lattice (as opposed
to between particles).

Needless to say, equation (8) is exceedingly hard to compute
analytically or even numerically, especially in the many-particle
system (where each constituent is in addition being described in
an infinite-dimensional Hilbert space) that we consider here.
However, rather than aiming for the exact values, we will follow
(refs 15–19) to derive lower bounds to equation (8) which, after
the introduction of essential aspects of the experimental setup, we
will demonstrate to be obtained from readily accessible
measurements.

Experiment. In the experiment, we quantify the entanglement of a
system of ultracold interacting bosons in a three-dimensional
lattice potential. An almost pure Bose–Einstein condensate of
E3.5	 105 atoms of 87Rb is prepared by evaporating a sample of
atoms in the |F¼ 1, MF¼ � 1S state in a hybrid trap composed
of a focused red detuned laser beam (optical dipole trap, ODT)
propagating in the horizontal plane plus a quadrupole magnetic
field. (The estimated temperature of the condensate iso50 nK
corresponding to a condensate fraction bigger than 80%.) As first
demonstrated in Lin et al.30, when the focused laser beam is
slightly offset vertically from the centre of the quadrupole
magnetic field, the atoms experience a harmonic potential with
cylindrical symmetry. In our system, the resulting frequencies are
E50Hz andE8Hz in the radial and axial directions, respectively.
An optical lattice (OL) potential with lattice constant a¼ l/2,
generated by three counter-propagating red-detuned beams (with
wavelength l¼ 830.3 nm and waists wE180mm) is slowly
superimposed to the sample by performing an exponential ramp
in tramp¼ 140ms. The final amplitude of the lattices VOL¼ sER
(where ER¼ h2/(2ml2) is the recoil energy associated to the
absorption of a lattice photon by an atom with mass m) has been
calibrated with an accuracy of ±10% through lattice amplitude
modulation spectroscopy31 and can be varied from s¼ 0 to s¼ 30.
In this way, we realize a many-body state of bosons in a three-
dimensional cubic lattice (subject to the harmonic trapping
potential), the entanglement of which we are interested in
quantifying. The system’s Hamiltonian is well approximated by
the Bose–Hubbard Hamiltonian32 (note that this information/
approximation will not enter into our quantification of the
entanglement). At sufficiently low temperatures, when the lattice
depth is s¼ 15, the ratio between the interaction energy U of two
atoms in the same lattice site and the tunnel energy J between two
adjacent lattice sites is large enough to obtain a Mott insulator as
first demonstrated in Greiner et al.33 Owing to the overall
harmonic confinement, an inhomogeneous Mott insulator is
obtained with regions with different filling. At s¼ 27, we estimate
B70% of the atoms (in the outer region of the sample) to be in a
Mott shell with 1 atom per site and B30% (in the central region)
to be in a Mott shell with 2 atoms per site.

We now describe the experimental procedure—time-of-flight
measurements—which will give access to an observable allowing
us to lower bound the entanglement of the bosons in the optical
lattice. After a holding time, thold¼ 5ms, we simultaneously
switch off both the trap and the optical lattice. The cloud then
expands freely for a time ttof¼ 21ms before we measure the
column density through absorption imaging on a CCD camera.
In practice, we measure the optical density m(x, y) of the atomic
sample integrated along the direction of the imaging laser beam,
and we extract the real atomic (column) density

nðx; yÞ¼ a ðmðx; yÞ�m0Þ ð9Þ
with a being a prefactor related to the imaging calibration and the
effective size of the CCD square pixel, as discussed in
the Methods section, and m0 is the background noise level of

the image, that is mainly due to residual fluctuations in the laser
intensity of the imaging beam. In the experiment, each value
of the entanglement monotone is extracted from a set of about
40 atomic density profiles. The uncertainty associated to the
monotone is estimated by adding systematic and statistical error
in quadrature. The statistical contribution is given by the shot-to-
shot fluctuation of the number of atoms recorded by each pixel of
the CCD camera. Systematic contributions come from (a) the
calibration of the absorption imaging efficiency and (b) the
estimation of the Wannier functions of the optical lattice.

Experimental entanglement quantification. From the column
density n(x, y), we can extract a lower bound to the entanglement
E as follows. The column density at position (x, y)¼ r¼:tk/m
(where k¼ (kx, ky) is the quasi-momentum in the lattice) after a
time-of-flight t is given by Pedri et al.34 and Gerbier et al.35

n̂ðkÞ¼ f ðkÞ
X
i;j

iz ¼ jz

b̂yi b̂je
aik�ði� jÞei

ma2
2�ht ðj

2 � i2Þ; ð10Þ

where b̂yi (b̂i) is the creation (annihilation) operator of a particle
at the lattice site i and f(k)40 may be obtained from a numerical
band-structure calculation (see Methods for details).

It is straightforward to show15 that for the partition
L¼[i2Lfig the observable ŴðkÞ :¼ n̂ðkÞ=f ðkÞ� N̂ 2 W,
where N̂ is the total particle number operator, is a witness as
required in equation 8 (see Cramer et al.15 and Krammer et al.36

for similar witnesses in the context of spin systems). (In fact, it is
also a lower bound for other partitions of the lattice L: for
any partition L¼[P

p¼ 1Lp with tr½ � pR̂
ðnÞ
Lp
b̂yi b̂j� ¼ tr½ � pR̂

ðnÞ
Lp
b̂yi �

tr½ � pR̂
ðnÞ
Lp
b̂j� for ix a jx or iy a jy, it constitutes a lower bound.

Hence, for example, it is also a lower bound for the entanglement
between two-dimensional layers of the lattice, that is, for
the partition L¼[ixfðix; iy; izÞg. Another example being
L¼[ix ;iyfðix; iy; izÞg, that is, entanglement between chains
arranged parallel to the z axis.) Then, for any state R̂, we have a
lower bound to its entanglement content in terms of hN̂i¼ tr½R̂N̂�
and hn̂ðkÞi¼ tr½R̂n̂ðkÞ�:

EðR̂Þ � max

�
0; hN̂i� hn̂ðkÞi

f ðkÞ


¼: EðkÞ; ð11Þ

which holds for all k. Note that there are no assumptions: the
entanglement of any state is bounded from below by
equation (11). The Hamiltonian governing the system, the
temperature, details of external potentials or even the system
being in equilibrium, need not to be assumed.

As E(k) is a lower bound to the entanglement EðR̂Þ for all k,
averages over an area A,

R
Adk E(k)/|A|, also provide lower

bounds. We use this fact to account for the finite resolution of the
camera and to incorporate symmetries (see Methods for details).
For ease of notation, we denote this lower bound also by E(k).

To provide some examples of analytical calculations of E(k)
and to make the connection to the resource character in the data-
hiding protocol above, let us evaluate the lower bound E(k) for
the class of states defined in the illustrative example above.
In particular, suppose that the lattice consists of the two sites
a¼ (1 0 0) and b¼ (0 1 0)t, which we associate with Alice and
Bob, respectively. For the states in equations (3)–(5), we find

E

�
k¼ p=a

0

� ��
¼

2
N þ 1

PN � 1

n¼ 0

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p ffiffiffiffiffiffiffiffiffiffiffiffi
N � n

p
;

2 j a j2 ¼ tr½N̂R̂�;
N;

8>><
>>: ð12Þ
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respectively. Hence, for all these states, we have a lower bound to
the entanglement that is increasing in hN̂i (thus capturing the
value of these states for uncovering the hidden bit in the above
data-hiding protocol) and for the last two states the bound is in
fact exact as EðR̂Þ 
 tr½N̂ R̂� for all states R̂, showing the tightness
of our bound.

Now we determine the minimal entanglement E(k) for
different optical lattice depths across the superfluid to Mott
insulator transition. Before presenting our experimental results,
let us consider the two extreme cases analytically. For ultra-deep
lattices (s - N) and at zero temperature, the system will be in a
Fock state |n1n2yS, for which E ¼EðkÞ¼ 0 by definition. For
very shallow lattices, when tunnelling dominates over the on-site
repulsion and one neglects the latter, the ground state with
N particles of the translationally invariant Bose–Hubbard
Hamiltonian is proportional to ð

P
i b̂

y
i Þ

N vacj i and one finds

E(k)EN at k¼ k̂ :¼ ðp=a; p=aÞ. We thus expect the entangle-
ment to decrease when increasing the lattice depth.

In Fig. 2, we show E(k) in the first Brillouin zone for s¼ 9, 12,
15, 18, 21. For each value of s, we collected E40 absorption
images to reduce the statistical error on the determination of the

entanglement. Relative shot-to-shot spread of the atom number is
lower than 10%. The lower bound of the entanglement decreases
as the system crosses the transition from the superfluid (lower s
values) to the Mott insulator phase (s415). This behaviour can
be seen better in Fig. 3, reporting the value of E(kx, ky) averaged
over a box of 5	 5 pixels around k̂, where we expect15 and found
the bound to be largest. Details of our imaging system are
explained in the Methods section, where we also describe the
error analysis.

As the entanglement of the system is expected to decrease
with increasing temperature15, we also perform measurements
fixing the optical lattice depth s and varying the temperature
of the atomic sample. The determination of the temperature
inside the lattice is still challenging37,38, while its measurement
in a harmonic potential, that is, before raising the lattice, is
routinely done. Here, we refer to the temperature T before the
loading of the optical lattice. In practice, to realize samples
of different temperatures, we perform optical evaporation in
the ODT to different values of the power PODT and then we
increase the power of the optical dipole potential up to a fixed
value P1. This procedure allowed us to obtain temperatures
from 40 nK up to 100 nK in the same final harmonic potential
before loading the lattices (see Methods for details). In Fig. 4,
we show the behaviour of the minimal entanglement for
different temperatures and for three different values of the
lattice depth corresponding to a superfluid ground state (s¼ 6),
a Mott insulator phase (s¼ 18) and the crossover region
(s¼ 12). As expected15, with increasing the temperature, the
minimal entanglement consistent with the measurements
decreases.

Discussion
We have quantified experimentally the multi-partite entangle-
ment of a system of interacting bosons in an optical lattice
through routinely done measurement of the atomic density
profile after expansion. As the Hamiltonian and the ensuing
dynamics of such a system can be controlled, it constitutes a
bosonic quantum simulator, naturally supplying the resource
entanglement at low temperatures. Our estimation of the
entanglement is rigorous and without unspoken assumptions
and provides a quantitative insight into the structure of the many-
body state. In essence, we have answered the question, ‘Which is
the least amount of entanglement that is consistent with given
measurements?’16. The strategy we implemented for this
estimation is sufficiently general to allow for its adaption and
application in a wide variety of experimental settings that arise
naturally in quantum science. Indeed, this principle may also be
generalized to other quantities. One may for example ask what is
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the maximal entropy consistent with given measurement results
and by answering this question place rigorous, assumption-free,
upper bounds on the entropy of a quantum many-body systems.
Of course, our approach is not restricted to bosonic systems but
may also be applied to fermionic and spin systems or mixtures of
bosonic and fermionic atoms, thus providing quantitative
information about complex states of matter. It is the subject of
ongoing research to directly relate notions of entanglement to the
complexity of classical simulations. While in one-dimensional
spin systems the connection between bi-partite entanglement and
matrix product descriptions may be regarded as established39,40,
we hope that our work (in which we took the viewpoint of
entanglement as a resource for quantum information tasks)
inspires work towards this goal in the massive-particle multi-
partite setting also.

Methods
A monotone under SSR-LOCC operations. Here we show that

EðR̂Þ¼maxf0; � inf
Ŵ2W

tr½ŴR̂�g ð13Þ

is a monotone under LOCC operations commuting with the local particle number
operators. Let the Hilbert space H be a direct product of G parties, H¼ �G

s¼ 1 Hs .
LOCC operations with respect to this partition are operations taking density
matrices R̂ to �k pkR̂k , where R̂k ¼ ÂkR̂Â

y
k=pk , pk ¼ tr½ÂkR̂Â

y
k� and the Âk are of the

form Âk ¼ �G
s¼ 1 Â

k
s and fulfil �k Â

y
kÂk 
 1 and ½Âk

s ; n̂s� ¼ 0. EðR̂Þ is an
entanglement monotone if

X
k

pkEðR̂kÞ 
 EðR̂Þ: ð14Þ

For all Ŵ 2 W, we have tr½ŴR̂k� � � tr½N̂ R̂k�4 �1. Hence, the infimum
exists and we denote it by Ek. Now let E40. Then Ekþ E is not an infimum and
therefore there is an Ŵk;E 2 W such that tr½Ŵk;ER̂k�o Ek þ E, that is,P

k

pkEðR̂kÞ ¼ �
P
k

Ek o 0

pkEk o
P
k

Ek o 0

pkðE� tr½Ŵk;ER̂k�Þ


 E� tr

�� P
k: Ek o 0

Ây
kŴk;EÂk

�
R̂
�
;

ð15Þ

which is upper bounded byX
k

pkEðR̂kÞ 
 E� inf
Ŵ2W

tr½ŴR̂�; ð16Þ

as the operator in brackets in equation (15) is a member ofW: for all k and all E, we
have Ŵk;E þ N̂ � 0, that is,

0 

P
k

Ek o 0

Ây
kðŴk;E þ N̂ÞÂk 


P
k

Ek o 0

Ây
kŴk;EÂk þ N̂

ð17Þ

as ½Âk; N̂� ¼ 0 for all k. Now let ŝ 2 S. Then

tr

" X
k

Ek o 0

Ây
kŴk;EÂk

!
ŝ

#
¼
X
k

Ek o 0

tr½Ŵk;EÂkŝÂ
y
k�; ð18Þ

where, up to normalization, ÂkŝÂ
y
k 2 S, that is, the above is lower bounded by zero

(as Ŵk;E 2 W) and we hence have that for all E40P
k
pkEðR̂kÞo � inf

Ŵ2W
tr½ŴR̂� 
 Eþ EðR̂Þ; ð19Þ

which implies that e is an entanglement monotone.

Density after time-of-flight. We set out to derive an expression of the atomic
column density after free evolution, that is, after evolution under the
Hamiltonian

Ĥ¼
Z

drĈyðrÞ � �h2

2m
r2

� �
ĈðrÞ: ð20Þ

To connect the atomic column density to observables in the lattice, that is,
before the free expansion, we expand the field operators in Wannier functions of
the lattice

ĈðrÞ¼
X
i

wiðrÞb̂i: ð21Þ

Here i is a multi-index containing the lattice site and the band index. The
density operator after evolution under Ĥ for a time t reads

n̂ðr; tÞ :¼ eitĤ=�hĈyðrÞĈðrÞe� itĤ=�h

¼
P
i;j
w�
i ðrÞwjðrÞeitĤ=�hb̂yi b̂je

� itĤ=�h: ð22Þ

Now, due to the lattice geometry, the Wannier functions factorize and are
the same for each spatial direction, wi(r)¼wix(x)wiy(y)wiz(z). Owing to ortho-
normality, we hence find for the column-density operator n̂ðx; y; tÞ :¼

R
dz n̂ðr; tÞ

after time-of-flight t

n̂ðx; y; tÞ¼
X
i;j

iz ¼ jz

w�
ix
ðxÞwjx ðxÞw�

iy
ðyÞwjy ðyÞb̂iðtÞb̂jðtÞ:

To compute the time-evolution b̂iðtÞ¼ eitĤ=�hb̂ie� itĤ=�h of the bosonic annihi-
lation operators, we expand in orthonormal and complete plane waves
o(r)¼ e2pip � r/L/L3/2,

ĈðrÞ¼
X
p

opðrÞâp: ð23Þ

Owing to orthonormality, the bosonic annihilation operators are related as

b̂i ¼
P
p

wi;op
� �

âp; âp ¼
P
i

op;wi
� �

b̂i; ð24Þ

where we denoted /f, gS¼
R
dr f*(r)g(r). The Hamiltonian is diagonal in the basis

of the âp ,

Ĥ¼ 2p2�h2

L2m

X
p

p2âypâp; ð25Þ

which implies

eitĤ=�hâpe
� itĤ=�h ¼ e� it 2p

2�h
L2m

p2 âp; ð26Þ
that is, using equation (24),

b̂iðtÞ¼
X
p

X
j

wi;op
� �

op;wj
� �

e� it2p
2�h

L2m
p2 b̂j:

Hence,

n̂ðx; y; tÞ¼
X
p;q;i;j
iz ¼ jz

w�
ix
ðxÞwjxðxÞw�

iy
ðyÞwjy ðyÞ op;wi

� �
wj;oq
� �

eit
2p2�h
L2m

ðp2 � q2Þâypâq; ð27Þ

where completeness and orthonormality imply
P

iz
opz ;wiz

� �
wiz ;oqz

� �
¼ dpz ;qz

and
P

j wjðxÞ wj;oq
� �

¼oqðxÞ, that is,

n̂ðx; y; tÞ¼
X
p;q

pz ¼ qz

o�
px ðxÞoqx ðxÞo�

py ðyÞoqy ðyÞeit
2p2�h
L2m

ðp2 � q2Þâypâq: ð28Þ
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Figure 4 | Role of temperature in the entanglement behaviour. Lower

bound Eðk̂Þ as a function of temperature for three different values of the

lattice depth (s¼6 (filled boxes), s¼ 12 (filled circles), s¼ 18 (filled

triangles)) following the caption of Fig. 3. Corresponding non-filled symbols

in grey show the mean total number of bosons. Horizontal error bars

indicate the uncertainty due to the calibration of the imaging system,

vertical error bars as in Fig. 3 (error bars on mean total number of atoms

not shown for clarity, relative error was E8%).
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Now, again using equation (24), we arrive at an expression for the column
density in terms of the b̂i

n̂ðx; y; tÞ ¼
P
i;j

iz ¼ jz

g�i ðr; tÞgjðr; tÞb̂
y
i b̂j; ð29Þ

where gi(r,t)¼ gix(x, t)giy(y, t), with

giðx; tÞ ¼
P
q
oqðxÞhoq;wiie� it2p

2�h
L2m

q2

¼ 1ffiffi
L

p
P
q
e2piqx=Lhoq;wiie� it2p

2�h
L2m

q2 ;
ð30Þ

and we used completeness and orthonormality to arrive at
P

pz
wiz ;opz

� �
opz ;wjz

� �
¼ diz ;jz . Finally, considering the properties of the Wannier functions, and after
some algebra, we let L - N to obtain

giðx; tÞffiffiffiffiffi
2p

p ¼ ei
p2
t ðx=a� iÞ2

Z1
�1

dfe� itf2

�wnðfþ p
atx� p

t iÞ¼ : ei
p2
t ðx=a� iÞ2 fiðxÞffiffiffiffiffi

2p
p ;

where t¼ t 2p
2�h

ma2 and

�wnðfÞ¼
1ffiffiffiffiffi
2p

p
Z1
�1

dr w0;nðarÞe� 2pifr ð31Þ

is the Fourier transform of the Wannier function of the n’th band centred at zero.
Equation (29) with gi as above is the exact expression for the column density at
(x, y). All the involved functions may be obtained by a numerical calculation of the
Wannier functions.

In the experiment, only the lowest band is occupied and we omit the band index
from now on. In the stationary phase approximation, which is valid for 1 � t
(E1.8	 103 in our experiment), one has

fiðxÞ  ð1� iÞ pffiffiffi
t

p �wð patx� p
tiÞ: ð32Þ

Finally, approximating �wð patx� p
tiÞ  �wð patxÞ (ref. 35), yields

n̂ r¼ �ht
m
k; t

� �
¼ f ðkÞ

X
i;j

iz ¼ jz

ei½ak�ði-jÞþ p2ð j2 � i2Þ=t� b̂yi b̂j;

for the column density at r¼ (x, y)¼ �ht(kx, ky)/m¼ �htk/m¼ ta2k/(2p2) after a
time-of-flight t. Here,

f ðkÞ¼ m2a4

�h2t2
w

a
2p

kx
	 
��� ���2 w

a
2p

ky
	 
��� ���2;

w
a
2p

k
	 


¼ 1ffiffiffiffiffi
2p

p
Z1
�1

dr w0ðarÞe� ikar ;

and w0 is the Wannier function of the lowest band centred at zero.

Image and error analysis. We intend now to analyse the measurement of

Eðx; yÞ¼ hN̂i� hn̂ðx; yÞi
f ðx; yÞ ; ð34Þ

where we now work in real-space coordinates, that is, hn̂ðx; yÞi¼
R
dzhn̂ðx; y; zÞi,

where hn̂ðx; y; zÞi is the expectation value of the density distribution of the atom
cloud at r¼ (x, y, z) after time-of-flight and

f ðx; yÞ¼ m2a4

�h2t2
w

am
2p�ht

x
	 
��� ���2 w

am
2p�ht

y
	 
��� ���2 ð35Þ

as in equation (33).
Owing to the spatial discretization of the CCD sensor used in the experiment,

we define the discrete function

E
0

i;j :¼
1

D2

Z
Di

dx
Z
Dj

dyEðx; yÞ¼ hN̂i� 1

D2

Z
Di

dx
Z
Dj

dy
hn̂ðx; yÞi
f ðx; yÞ ð36Þ

where (i,j) denotes the index of each pixel, centred on (xi,yj), and Di,j¼ [xi,j � D/2,
xi,jþD/2]. D¼ 2.78 mm is the effective pixel size, which takes into account the
physical pixel size and the magnification of the imaging system. The total number
of atoms is given by N ¼

P
i;j ni;j. Note that the quantity E

0
i;j is still a lower bound

for all (i,j).
For each acquired image, we incorporate the symmetry of the observable

n̂ðkÞ=f ðkÞ by averaging over pixels corresponding to (kx, ky), (kx±2p/a, ky±2p/a),
and the symmetry of the experimental setup by averaging also over the four points
(±kx,±ky). For Figs 3 and 4, we additionally consider the average of E

0
i;j on a

subset of 5	 5 pixels (corresponding to twice the width of the point-spread
function of the imaging system) centred around kA[� 2p/a, 2p/a]	2, where a is

the lattice spacing. If we define a set of pixels A over which we perform the average,
the quantity

E
0

A : ¼ 1
j A j

X
ði;jÞ2A

E
0

i;j; ð37Þ

is also a lower bound to the entanglement.
Actually, we do not have access to the quantity n(x, y)/f(x, y) to be integrated in

equation (36). Approximating (and taking the error into account below) the
continuous function f by f(x, y) E f(xi,yj) for each (x, y)A(Di, Dj), we introduce the
simplified quantities EA and Ei,j

E
0

A  EA: ¼
1

j A j
X
ði;jÞ2A

hN̂i� 1

D2 gi;jhn̂i;ji
� �

¼ :
1

j A j
X
ði;jÞ2A

Ei;j; ð38Þ

where gi,j¼ 1/f(xi, yj) and hn̂i;ji is the expected number of atoms recorded by
pixel (i,j).

In the experiment, we use a running average of about 40 density profiles for
each value of lattice depth s and temperature T. The empirical average of EA over a
set of M images is also the best estimation of the entanglement bound E

0
A

�EA ¼
1
M

XM
n¼ 1

EðnÞ
A ¼ 1

j A j
X
ði;jÞ2A

�Ei;j; ð39Þ

n¼ 1,y, M being the image index. We proceed by analysing the sources of
uncertainty when estimating E

0
A, that is, the systematic uncertainty related to ni,j

and gi,j, and the statistical contribution associated with shot-to-shot variations
of ni,j.

The statistical uncertainty can be estimated as

ðsstat�EA
Þ2 ¼ 1

MðM� 1Þ
XM
n¼ 1

EðnÞ
A � �EA

	 
2
: ð40Þ

The approximation gðx; yÞ ’ gi;j used in equation (38) for xADi, yADj

introduces a systematic error. We find

j E0

i;j �Ei;j j 

Z
Di

dx
Z
Dj

dy
hn̂ðx; yÞi

D2 gðx; yÞ� gi;j
�� ��: ð41Þ

From the mean value theorem, we have that

gi;j � gðx; yÞ¼ ð@xgÞða; bÞðxi � xÞþ ð@ygÞða; bÞðyi � yÞ;
where (a, b)¼ (1 � c)(x, y)þ c(xi, yi) for some c between 0 and 1. Hence, for xADi,
yADj, we find

j gi;j � gðx; yÞ j 
 Dffiffi
2

p max
a2Di ;b2Dj

j rgða; bÞ j ¼ : Dffiffi
2

p Ei;j;

and with this result equation (41) becomes

E
0

i;j � Ei;j
��� ��� 
 1ffiffiffi

2
p

D
Ei;jhn̂i;ji: ð42Þ

Thus, assuming a flat error distribution, the resulting s.e. is given by

si;j ¼
1ffiffiffi
6

p
D
Ei;jhn̂i;ji: ð43Þ

Now we analyse in more detail the other systematic contributions. In the
following, we write i¼ (i, j). The gi are obtained from the Wannier function of the
optical lattice and thus the error depends on the uncertainty ss¼ 0.1s we have in
the estimation of the lattice depth s, that is,

s2gi ¼s2s ð@sgiÞ
2: ð44Þ

Now we discuss the systematic error on nðnÞi . In the experiment, we measure the
optical density distribution by absorption imaging. More specifically, we record on
a CCD camera the intensity profile of a resonant probe laser beam interacting with
the sample. The absorbed light intensity Ia, integrated along the z direction (the
direction of propagation of the probe beam), as given by the Beer–Lambert law, is
Ia ¼ I0 1� exp½ � s

R
n̂ðrÞdz�

� �
, with I0 being the incident intensity and s the

resonant absorption cross-section given by s¼ 3l20=ð2pÞ, where l0 is the
wavelength of the resonant transition. For circularly polarized light on the
transition, we used for 87Rb, we have s¼ 2.907	 10� 13m2 (ref. 41). Hence,
one has

ni ¼ � 1
s

It � Id
I0 � Id

� �
; ð45Þ

where It¼ I0� Ia is the transmitted light intensity, and Id is the intensity of the
background light recorded on the CCD camera without the imaging beam.
Polarization effects and the atomic manifold level-structure of the optical transition
used in the imaging process can bring the absorption cross-section to be smaller
than its theoretical value given above. This would lead to underestimate the
number of atoms. Thus, we performed an accurate calibration of the absorption
imaging efficiency42. For the pixel i centred at (xi,yi) as denoted above, the atomic
density is given by

nðnÞi ¼ aðmðnÞi �mðnÞ0 Þ; ð46Þ

(33)

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms3161 ARTICLE

NATURE COMMUNICATIONS | 4:2161 | DOI: 10.1038/ncomms3161 | www.nature.com/naturecommunications 7

& 2013 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications


where the prefactor a and its uncertainty sa are given by

a¼ 0:112; sa ¼ 0:009; ð47Þ
and mðnÞ0 is an offset that may vary from image to image (hence the index n). We
estimate mðnÞ0 as follows. For pixels i far away from the centre of the image, we do
not expect any atoms. We consider quadratic frames centred on the image of
thickness one pixel and increasing size. We then calculate the average of mðnÞi for
each frame and take mðnÞ0 as the minimum over all such frames and (F denotes the
set of pixels corresponding to the frame)

s2mðnÞ ¼
1

j F j
X
i2F

ðmðnÞi � mðnÞ0 Þ2: ð48Þ

To summarize, the best estimation of the entanglement bound over a set of M
images is given by

�EA ¼
a
M

XM
n¼ 1

X
i

ðmðnÞi �mðnÞ0 Þ 1� gi
D2 j A j di2A

� �
;

and our best estimation of the systematic uncertainty is

ðssys�EA
Þ2 ¼ s2að@a�EAÞ

2 þ
XM
n¼ 1

s2
mðnÞ0

ð@mðnÞ0

�EAÞ2 þ
X
i2A

s2gi ð@gi �EAÞ
2; ð49Þ

which evaluates to

ðssys�EA
Þ2 ¼ s2a�E

2
A

a2
þ a2

M2

X
i2A

gi
D2 j A j �

X
i

1

 !2XM
n¼ 1

s2
mðnÞ0

þ 1

D4 j A j 2
X
i2A

s2gi �n
2
i :

The global uncertainty can be found adding systematic and statistical errors in
quadrature,

s2
E
0
A
¼ðssys�EA

Þ2 þðsstat�EA
Þ2 þ 1

j A j 2
X
ði;jÞ

s2i;j; ð50Þ

which corresponds to the error bars indicated in the main text. Analysing the
different contributions, we have found that the main error sources are related to the
estimation of a and mðnÞ0 , hence the error bars actually do not decrease when
considering a larger number of images, that is statistical errors are negligible. In
other words, our entanglement estimation does not require a large set of absorption
images to get small errors on the lower bound.

Production of samples with different temperatures. In Fig. 5, we show the
experimental sequence adopted to obtain samples with different temperature T (the
temperature before ramping up the lattice) in the same harmonic potential. As the
temperature is varied through a final evaporation performed lowering the power
PODT of the optical dipole trap to a final value P0, in general samples with different
temperatures are obtained in different harmonic potentials. For this reason, before
ramping up the lattices we adiabatically increase in 500ms the ODT to a fixed
power P1. In this way, all the samples with different temperatures are prepared in
the same harmonic potential with cylindrical symmetry characterized by a radial
frequency of 50Hz and an axial frequency of 8Hz. The atom number in the

samples with different temperatures is kept constant by varying the loading time of
the magnetic trap to realize samples with similar atom number.
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phase transition from a superfluid to a Mott insulator in a gas of ultracold
atoms. Nature 415, 39–44 (2002).

tramp

PODT

Time (ms)

Time (ms)

s

P0

P1

0 140 145 166

POL

0

0

thold ttof

Figure 5 | Varying the temperature of the sample. Experimental sequence

to obtain samples with different temperatures in the same final potential

before ramping the lattices: ramps of the optical dipole trap (ODT) and the

optical lattice (OL). The value of P0 corresponds to the power of the ODTat

the end of the evaporation. It is tuned to realize samples of different

temperatures.

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms3161

8 NATURE COMMUNICATIONS | 4:2161 | DOI: 10.1038/ncomms3161 | www.nature.com/naturecommunications

& 2013 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications


34. Pedri, P. et al. Expansion of a coherent array of Bose-Einstein condensates.
Phys. Rev. Lett. 87, 220401 (2001).

35. Gerbier, F. et al. Expansion of a quantum gas released from an optical lattice.
Phys. Rev. Lett. 101, 155303 (2008).

36. Krammer, P. et al. Multipartite entanglement detection via structure factors.
Phys. Rev. Lett. 103, 100502 (2009).

37. Gemelke, N., Zhang, X., Hung, C. -L. & Chin, C. In situ observation of
incompressible Mott-insulating domains in ultracold atomic gases. Nature 460,
995–999 (2009).

38. Weld, D. M. et al. Spin gradient thermometry for ultracold atoms in optical
lattices. Phys. Rev. Lett. 103, 245301 (2009).

39. Schuch, N., Wolf, M. M., Verstraete, F. & Cirac, J. I. Entropy scaling and
simulability by Matrix Product States. Phys. Rev. Lett. 100, 030504 (2008).

40. Eisert, J., Cramer, M. & Plenio, M. B. Colloquium: Area laws for the
entanglement entropy. Rev. Mod. Phys. 82, 277–306 (2010).

41. Steck, D. Rubidium 87 D line data (http://steck.us/alkalidata).
42. Reinaudi, G., Lahaye, T., Wang, Z. & Guéry-Odelin, D. Strong saturation
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