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Theory of quantum oscillations in the vortex-liquid
state of high-Tc superconductors
Sumilan Banerjee1, Shizhong Zhang1,2 & Mohit Randeria1

The observation of quantum oscillations in underdoped cuprates has generated intense

debate about the nature of the field-induced resistive state and its implications for the

‘normal state’ of high-Tc superconductors. Quantum oscillations suggest an underlying Fermi

liquid at high magnetic fields H and low temperatures, in contrast with the pseudogap seen in

zero-field, high-temperature spectroscopic experiments. Recent specific heat measurements

show quantum oscillations in addition to a large field-dependent suppression of the electronic

density of states. Here we present a theoretical analysis that reconciles these seemingly

contradictory observations. We model the resistive state as a vortex liquid with short-range

d-wave pairing correlations. We show that this state exhibits quantum oscillations, with a

period determined by a Fermi surface reconstructed by a competing order parameter, in

addition to a large suppression of the density of states that goes like
ffiffiffiffi
H

p
at low fields.
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T
he ‘normal state’ of the high-Tc superconducting cuprates
remains an enigma. In the underdoped regime, close to the
Mott insulator, a large pseudogap (’ 50meV) is

observed in the electronic excitations by a variety of spectroscopic
and thermodynamic probes for T4Tc (refs 1–4) in the absence
of a magnetic field H. It thus came as a great surprise when
quantum oscillations were observed5,6 in the low-T regime, once
superconductivity is destroyed by H4Hirr, the irreversibility field.
Such oscillations, periodic in 1/H, are most easily understood in
terms of a Fermi liquid state. This raises the questions: How can
one reconcile the high-T, zero-field pseudogap state with the
low-T, high-field quantum oscillations? How does a 50-T field
have such a dramatic impact on a state with a large 50meV
pseudogap? What is the role of the strong correlation Mott
physics in the quantum oscillations?

A very important recent development is the electronic specific
heat measurements7 in high magnetic fields. These data show
quantum oscillations riding on top of a strongly suppressed
specific heat with a

ffiffiffiffi
H

p
singularity at low fields. This unusual H

dependence points to the importance of the nodal structure of the
d-wave superconducting gap8 even in the resistive state. This
raises the further question of reconciling the Fermi surface (FS)
probed by quantum oscillations with the nodes of the d-wave gap.

The specific heat g ’ 5mJmol� 1 K� 2 measured at H¼ 50 T
(ref. 7) is greatly suppressed relative to the normal state
g ’ 18mJmol� 1 K� 2 from H¼ 0 experiments9 and band
structure estimates g\20mJmol� 1 K� 2 (ref. 10). This large
suppression suggests that the normal state is not recovered at
accessible fields in the quantum oscillation experiments, and one
should model the system as a vortex liquid with phase
fluctuations arising from mobile vortices. The importance of
phase fluctuations has also been emphasized in the analysis of
nonlinear diamagnetism11 and Nernst effect12 in the high-
temperature normal state, but this interpretation of Nernst data
has been recently challenged13. We should note, however, that
there is considerable evidence in underdoped cuprates that
superconducting order is destroyed by phase-disordering14–17

rather than a gap collapse, with Tc controlled by the superfluid
density. This is exactly what one expects in a lightly doped Mott
insulator18.

In this paper, we address the puzzles described above by
investigating the electronic excitations in a vortex liquid. This is a
state with a non-zero local d-wave pairing amplitude in which
mobile vortices lead to phase fluctuations that make super-
conducting correlations short ranged in both space and time.
Our analysis generalizes earlier studies of the mixed state of
s-wave superconductors19–21 in two ways—d-wave pairing and
dynamical phase fluctuations—both of which are very important
for quantum oscillations in cuprates.

We demonstrate that our theoretical approach permits us to
reconcile the various seemingly contradictory aspects of the
spectroscopy, quantum oscillations and specific heat data.
Specifically, we show that the effect of phase fluctuations on the
electronic self-energy leads to 1/H periodic quantum oscillations
riding on top of a strongly suppressed density of states (DOS)
that goes like

ffiffiffiffi
H

p
at small magnetic fields H. However, we need

more than just phase fluctuations to understand the quantum
oscillation experiments. Their observed frequency in underdoped
cuprates (unlike that in overdoped samples22) is known to be too
small to be consistent with a Luttinger FS, and corresponds to an
electron-like FS with area of only about 2% of the Brillouin zone
(BZ)5,6. It is widely believed10,23–26 that these observations imply
that the FS has been reconstructed by a (possibly field-induced)
density-wave order, for which there is now independent
experimental evidence27–29. Thus, to get a complete description
of the underdoped cuprate experiments, we incorporate both

phase fluctuations and a competing order parameter in our
formalism. This gives rise to an oscillation frequency that agrees
with experiment and a singular

ffiffiffiffi
H

p
suppression of the DOS in

the low-field limit, as seen in Riggs7.

Results
Phase fluctuations. We characterize the vortex-liquid state with a
simple ansatz for the gauge-invariant correlation function
Dmnðr; tÞ � Cmðr; tÞC�

nð0; 0Þ expði 2e�hc
R r
0 A � dlÞ

� �
: The complex

field Cmn(r, t) describes singlet pairs on the bond ðr; rþ am̂Þ with
a being the Cu–Cu lattice spacing of the CuO2 square lattice with
sites r; m¼ � x̂; � ŷ and A is the vector potential for the mag-
netic field H¼Hẑ: The retarded correlation function

DðRÞ
mn ðr; tÞ¼ smnD

2 expð� r2=2‘2Þ expð�GtÞYðtÞ ð1Þ

is assumed to be short ranged in space and time; Y(t) is the
Heaviside step function. D is the local d-wave pairing amplitude
that persists above Hirr, as expected for a superconductor where
the resistive transition is governed by phase fluctuations. The
d-wave nature is described by Smv¼ 1 for m¼±v and � 1
otherwise. The spatial decay in equation (1) is on the magnetic
length scale ‘¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�hc=eH

p
; set by the average inter-vortex

separation in the extreme type-II limit. Such a form for the spatial
part is natural for a vortex state and can be motivated by con-
sidering a disordered vortex assembly or by using Ginzburg–
Landau theory, as discussed in Maki19, Stephen20 and Maniv21

for the s-wave case. We work in a regime where the cyclotron
radius Rc � ‘ � x0\k� 1

F ; where x0 is the vortex core radius
and k� 1

F is the interparticle spacing.
The temporal decay in equation (1) is governed by an energy

scale :G that characterizes vortex motion. On general grounds,
we expect 0oGrvF/c. The upper limit arises from ballistic
motion of vortices with the Fermi velocity vF. For simplicity,
we write G¼ avF/c with 0oar1 in the dynamic case
where vortices are mobile. The separable form (equation (1))
simplifies the algebra, but a more elaborate non-separable
correlator with G¼Dq2, where D is the vortex diffusion
coefficient, is not expected to change our conclusions
qualitatively30,31. We will also find it useful to compare our
results for dynamic phase fluctuations (Ga0) with the static case
Dmnðr; tÞ¼ smnD

2 expð� r2=2‘2Þ with time-independent phase
fluctuations19–21.

We use the simplest approximation for self-energy S (inset of
Fig. 1a) to find the effect of phase fluctuations on electronic
excitations in the vortex-liquid state. Our approach generalizes
the static, s-wave analysis of Maki19 and Stephen20. A similar
self-energy has also been used for the pseudogap phase of
cuprates30–32, but no calculations have been presented for
quantum oscillations.

The central quantity of interest to understand quantum
oscillations is the single-particle DOS at the chemical potential
N(0) at T¼ 0 as a function of the external field H. We use the
self-energy S to compute the electronic Green’s function
G¼ðG� 1

0 ��Þ� 1; where G0 is the free Green’s function. The
imaginary part of G then gives us the DOS N(o). We note that
there is no anomalous part of the Green’s function, because
/Cm(r, t)S¼ 0 in the absence of long-range phase coherence. We
will focus first on the simple case of parabolic dispersion, where
we can do the calculation in two different ways: in Landau level
(LL) basis and in momentum (k) space. We then use the k-space
approach to shed light on the crucial role of the dynamics of
phase fluctuations. Finally, we examine quantum oscillations for
arbitrary dispersion using semiclassical quantization of k-space
results.
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LL analysis. Consider electrons with a dispersion Ek¼ :2k2/2m*
and chemical potential m in a magnetic field H. m* is the effective
mass of the electron. In the LL basis, G0(n, iol)¼ (iol� xn)� 1,
where ol¼ (2lþ 1)pT is the fermionic Matsubara frequency and
the spectrum xn¼ (nþ 1/2):oc�m, with cyclotron frequency
oc¼ (eH/m*c) and LL index n. Using this G0 and the fluctuation
propagator Dmn, we obtain the self-energy (see Methods) making
the approximation of retaining only diagonal terms in the LL
self-energy matrix S(n,n0; iol). We then calculate the DOS
NðoÞ¼ � ð1=p‘2Þ

P
n ImGðn; iol ! oþ i0þ Þ with o mea-

sured from m. Within the perturbative self-energy approximation
(Fig. 1a inset), the LL basis serves as a natural choice because in a
magnetic field, electrons form LLs in the absence of pairing
(D¼ 0), and the bare propagator G0 is diagonal in the LL basis for
such a ‘normal’ state. All results shown here are for T¼ 0.

We show in Fig. 1a,b the DOS NH(0) in a field H, normalized
to the H¼ 0 normal state N0(0). Both curves in Fig. 1a exhibit
quantum oscillations periodic in (1/H) with the usual Onsager
frequency given by the FS area. The index along x axis directly
counts the number of filled LL nFBm/:oc. There is, however, a
striking difference between the damping of the static (black
curve) and dynamic (red curve) results in Fig. 1a. In the static
case, the oscillations decay rapidly as exp (� p/toc) from the
large intrinsic damping, 1/tB|ImS(nF,0)|a0, arising from scat-
tering of electrons from static-phase fluctuations. (We note that
the static d-wave oscillations, though strongly damped, still are
much less than the static s-wave results19,20 due to the averaging
over the sign changes in the local-order parameter.) In contrast,
there is no intrinsic damping in the dynamic case, for which
ImS(nF,0)¼ 0. The damping in Fig. 1a arises from a small
impurity broadening 1/t0Bg0 put in by hand in G0, and
inevitably present in real materials. Below, we will gain insight
into why the intrinsic damping due to dynamic phase fluctuations
vanishes. This has direct implication for quantum oscillations in
cuprates, where no perceptible damping, in addition to that
expected from impurity scattering, has been observed.

In Fig. 1b, we plot NH(0)/N0(0) as a function of H (rather than
1/H) for low fields with nF of order hundred. Quantum
oscillations are seen only for Ga0 and completely suppressed
for the static case. We also see a large, H-dependent DOS
suppression relative to the zero-field normal state, with, as we
show below, a

ffiffiffiffi
H

p
singularity at small H. Quantitatively, the

suppression depends on G, becoming larger with decreasing G
and most pronounced in the static case. The DOS suppression
also depends on the pairing strength D, which we take to be H
independent, as is reasonable for low fields above Hirr, where the

transition to non-superconducting state is due to phase-
disordering.

Momentum space analysis. To gain insight into the LL results,
we turn to a k-space analysis. The self-energy S(k, iol) is cal-
culated using the fluctuation propagator equation (1) with
G0(k, iol)¼ (iol� Ekþm)� 1 (see Methods for details). We first
look at Ek¼:2k2/2m* and then generalize to arbitrary dispersion
later.

It is helpful to look at the one-electron spectral function
A(k, o)¼ � (1/p)ImG(R)(k, o). We show that dynamical phase
fluctuations restore a zero-energy quasiparticle30,31 at the
antinodal kF. We may think of this as quantum motional
narrowing, with the effect of pairing on the spectral function
washed out on the longest time scales, as we now describe in detail.

We plot in Fig. 2a–c the spectral functions for static case with
time-independent phase fluctuations, that should be contrasted
with the corresponding results in Fig. 2d–f for the dynamic case
with Ga0. In the static case, we see in Fig. 2a–c that phase
fluctuations broaden the nodes of the d-wave superconductor
into ‘Fermi arcs’, a region of gapless excitations where the
spatial fluctuation-induced line width vF=‘ overwhelms the gap
Dk¼D[cos (kxa)� cos (kya)]/2. There is a pseudogap in the
antinodal region where j Dk j 4 vF=‘ as seen in both panels. We
note that the static case is not the (highly singular) limit G-0 at
T¼ 0, but more closely related to the high-temperature regime
where T4G; see Methods. In the high-T regime, the phase
fluctuations are classical32,33 and we can ignore their time
dependence. Thus, the physics of the static results is relevant for
high-T experiments like angle-resolved photoemission
spectroscopy. On the other hand, the quantum oscillation
experiments are in the very different low-T limit, where the
dynamics of phase fluctuations cannot be ignored.

The results with Ga0 dynamics are qualitatively different from
the static case. We see from Fig. 2d that one recovers the full FS,
albeit with a highly anisotropic self-energy, as illustrated by the
A(k, o) dispersion plots in Fig. 2e,f, along two representative
momentum cuts perpendicular to the FS, one near the antinode
(AN) in the superconducting state and the other near the node
(NN). We can understand the appearance of the zero-energy
quasiparticle at the AN by looking at the self-energy. In contrast to
the static case, which has a large antinodal |ImS(kF, o)| at low
energies, dynamical phase fluctuations lead to |ImS(kF, o)|Bo2

for |o|ooG, the quantum motional narrowing mentioned above.
The corresponding ImS(kF, o) then leads to a quasiparticle pole at
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Figure 1 | Quantum oscillations in density of states. DOS at the chemical potential NH(0) normalized by the zero-field normal state N0(0). The magnetic

field H, measured in units of chemical potential m, is :oc /m with the cyclotron frequency oc¼ eH/m*c. We use D ’ 0:3 (see equation (1)), and an impurity

broadening g0¼0.01 in units of m¼ 1. (a) NH(0) versus 1/H for the static and dynamic cases (Ga0) analysed in the LL basis, for the high-field regime

nFBm/:oct30. The DOS for LLs with D¼0 is also shown. Note the (1/H) periodicity of the oscillations and the difference in the damping between the

static and dynamic cases. The inset shows the self-energy approximation (see text). (b) H-dependent suppression of DOS computed in the LL basis in the

low-field regime where nFt50. We show that NHð0Þ /
ffiffiffiffi
H

p
for small H. (c) DOS obtained from the k-space and semiclassical quantization schemes for

G¼0:1vF=‘; ‘ is the magnetic length.

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms2667 ARTICLE

NATURE COMMUNICATIONS | 4:1700 |DOI: 10.1038/ncomms2667 | www.nature.com/naturecommunications 3

& 2013 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications


the chemical potential, even though the self-energy effects are
strongly k dependent as seen from Fig. 2e,f.

The existence of sharp quasiparticles all around the full FS
immediately leads to the quantum oscillations with the Onsager
frequency. We define a renormalized dispersion eEk ¼ Ek þ�ðk; 0Þ
for low-energy quasiparticles, which has a non-trivial H
dependence from the self-energy. We then use a semiclassical
prescription34 to quantize the orbits (see Methods). The resulting
DOS from this k-space analysis is shown in Fig. 1c, with a small
impurity scattering g0 that damps the quantum oscillations.

The most non-trivial aspect of this result is that the quantum
oscillations ride on top of a large, field-dependent suppression of
the DOS NH(0), just as we saw in the LL analysis (Fig. 1b). We can
analyse this suppression by looking at the ‘average’ DOS (without
any semiclassical quantization), shown as the dashed curve in
Fig. 1c. We can show analytically in the static case that the H-
dependent self-energy S(k, 0) leads to NHð0Þ /

ffiffiffiffi
H

p
þ constant as

H-0 (see Methods), where the residual value arises from impurity
scattering g0. This reproduces the celebrated Volovik result8 from
quite a different route, and generalizes it to include impurities.
Even though the same value of g0 is used in the LL calculation of
Fig. 1b, the residual value is not recovered in this calculation,
presumably due to the additional ‘diagonal approximation’ (see
Methods), which neglects the off-diagonal elements of S that
become larger with decreasing field.

FS reconstruction by a competing order. The analysis presented
above shows that although phase fluctuations are able to reconcile
quantum oscillations with a large suppression of the DOS
that goes like

ffiffiffiffi
H

p
, they do not affect the oscillation frequency.

Thus, to get a complete description of the underdoped cuprate

experiments, we need to incorporate both phase fluctuations and
a competing order. We can incorporate any one of the proposed
broken symmetries10,23–26 within our k-space formulation. Only
experiments will decide which competing order is most relevant
for a particular material. Once superconducting long-range order
is destroyed by the field, it is natural that the ground state of
a lightly doped Mott insulator exhibits a new density-wave
instability that reconstructs the FS. However, we are firmly of the
opinion that the large (’ 50meV) AN pseudogap cannot arise
from a small (or subtle) symmetry breaking, and it is not
reasonable to use a large symmetry breaking potential to
reconstruct the FS.

To understand the interplay of FS reconstruction and phase
fluctuations, we analyse, as an illustrative example, the density-
wave order proposed in Yao et al.10 with Q¼ðp=2; 0Þ consistent
with recent high-field nuclear magnetic resonance data27

Following Yao et al.10, we start with Ek¼ � 2t[(1þfN) cos kxaþ
(1�fN) cos kya]� 4t0 cos kxa cos kya, where t (t0) is the nearest
(next-nearest) neighbour hopping and fN the nematicity. Phase
fluctuations renormalize this dispersion to eEk ¼ Ek þ�ðk; 0Þ; with
the self-energy discussed above. To find the FS reconstruction, we
diagonalize the Hamiltonian

Hk ¼

eEk V V 0 V
V eEkþQ V V 0

V 0 V eEkþ 2Q V
V V 0 V eEkþ 3Q

0
BB@

1
CCA;

where V and V0 are the density-wave potentials.
We semiclassically quantize the resulting energy dispersion.

The results are shown in Fig. 3. The chemical potential is fixed for
xE0.12. As shown in Fig. 3a, there are small electron-like FS
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pockets and open FS sheets. The pockets have an area around 2%
of the original BZ and there is only one pocket in the new BZ.
Although the open FS sheets do not contribute to oscillations of
DOS, they give rise to large contribution to DOS in the absence of
pairing. In a vortex liquid, these DOS from the open orbits are
largely suppressed as shown in Fig. 3b. Hence, in this case the
frequency as well as the suppression of DOS are both in good
agreement with experiments5–7.

Discussion
In conclusion, we emphasize aspects of our results that point to
interesting new research directions. We pointed out the
dichotomy between classical thermal fluctuations, leading to a
pseudogap and the dynamics of phase fluctuations restoring the
zero-energy quasiparticles via quantum motional narrowing at
low temperatures. This is difficult to probe using current
experimental tools because angle-resolved photoemission spec-
troscopy cannot be done in an external magnetic field. However,
as other spectroscopic tools, such as c-axis optical conductivity
and scanning tunnelling microscopy become possible in
large H fields, one should be able to directly probe the near-
antinodal DOS. We hope that, in the future, high-field scanning
tunnelling microscopy studies will be directly able to probe both
the field-induced competing order and its impact on the low-
energy quasiparticle excitations that give rise to quantum
oscillations.

Methods
Electronic Green’s function in a d-wave vortex liquid. The d-wave pairing field
Cmðrþ am̂=2; tÞ is defined on the link ðr; rþ am̂Þ at imaginary time t with
0rtrb�1/T. We set :¼ 1 here. The diagonal and off-diagonal Green’s functions
G and F satisfy the Gor’kov equations:

Gð1; 10Þ ¼G0ð1; 10Þ �
1
16

X
m;n

Z
2;20

G0ð1; 2ÞCm
�

ð2ÞG0ð20 þ n̂; 2þ m̂ÞC�
nð20ÞGð20; 10Þ

�
;

ð2aÞ

Fð1; 10Þ ¼ 1
4

X
m

Z
2

G0ð1; 2ÞCmð2ÞGð10; 2þ m̂Þ; ð2bÞ

where we use the short-hand notation G(1;10)�G(r1,t1;r10 ,t10), Cmð2Þ �
Cmðr2 þ am̂=2; t2Þ, 2þ m̂ � ðr2 þ am̂; t2Þ and

R
2,20�

R
dr2dr20

R
0
bdt2dt20 . The

indices m and n run over bond directions � x̂; � ŷ. The factors 1/16 and 1/4 are
related to the normalization of C.

Generalizing the s-wave approach of Stephen20, we first average equation (2a)
and (2b) over the configurations {Cm(r, t)} and then make the decoupling
approximation

hCmð2ÞC�
nð20ÞGð20; 10Þi � hCmð2ÞC�

nð20ÞihGð20; 10Þi;

hCmð2ÞGð10; 2Þi � hCmð2ÞihGð10; 2Þi:
By definition /Cm(r2,t2)S¼ 0 in a vortex liquid, which implies that
/F(r1,t1;r01,t01)S¼ 0.

For notational simplicity, we omit /yS from now on. We can write the
averaged equation (2a) as

Gð1; 10; lÞ¼G0ð1; 10; lÞ�
T
16

X
m;m;n

Z
2;20

½e� iAmnG0ð1; 2; lÞ

Dmnð20 � 2;mÞG0ð20 þ n̂; 2þ m̂; � lþmÞGð20; 10; lÞ
�
:

ð3Þ

Here G(1,10 ;l)�G(r1,r10 ; iol), Dmnð20 � 2;mÞ � Dmnðr02 � r2 þ aðn̂� m̂Þ=2; iOmÞ,
2þ m̂ � r2 þ am̂ and (� lþm) �� iolþ iOm where ol¼ (2lþ 1)pT and
Om¼ 2mpT are Fermi and Bose Matsubara frequencies,

R
2,20�

R
dr2dr20 and

Amn ¼Ymn þð2e=cÞ
R r02 þ an̂=2
r2 þ am̂=2 A � dl. The separable form of equation (1) leads to

Dmnðr; iOmÞ¼DmnðrÞFðiOmÞ; ð4Þ
where DmnðrÞ¼ smnD

2 exp � r2=2‘2ð Þ and FðiOmÞ¼ 1=ð j Om j þGÞ is the
Matsubara representation of the dissipative form ImFðRÞðOÞ¼O=ðO2 þG2Þ:

The integral
R
0
rA � dl in expð� iAmnÞ is taken along the straight line from 0 to r,

as explained in Stephen20 for the s-wave case. The d-wave case also has the phase
factor Ymn ¼ða=2‘Þ2ðnx þ mxÞðny �myÞ arising from the pair field on the bonds of
the lattice.

LL analysis. We choose the Landau gauge A¼Hxŷ. For a parabolic dispersion the
Green’s functions in the LL basis is Gðnq; n0q0; iolÞ¼

R
drdr0f�

nqðrÞfn0q0 ðr0ÞGðr; r0;
iolÞ. Here fnq(r) is the LL wave function with n the LL index and q goes over the
degenerate states in each LL. We rewrite equation (3) in the LL basis in the form
G¼G0þG0SG. The bare G0(nq,n0q0 ;iol)�(iol� xn)� 1dnn0dqq0 The self-energy

�ðnq; n0q0; lÞ¼ TD2

16

X
m;m;n;n1

Imnðnq; n0q0; n1ÞFðiOmÞ
iol � iOm þ xn1

;

Imnðnq; n0q0; n1Þ¼
X
q1

Z
2;20

½expð� iAmnÞDmnð20 � 2Þ

f�
nqð2Þfn1q1 ð2

0 þ n̂Þf�
n1q1

ð2þ m̂Þfn0q0 ð20Þ	:

ð5Þ

In the dynamic case, the Matsubara sum can be done using FðiOmÞ given
below equation (4). For the static case, Dmn(r,t) is independent of t, so that
FðiOmÞ¼ dm;0=T and the Matsubara sum is trivial. We discuss below how the
static case is recovered in the high-temperature, classical limit of the dynamic case.

We can express Imn in terms of special functions. (We omit the details of this
lengthy algebra here.) The self-energy S then turns out to be diagonal in q-space
and also independent of q in the translationally invariant vortex liquid. Unlike the
s-wave case20, S is a matrix in the LL index due to the d-wave symmetry. It can be
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Figure 3 | FS reconstruction. (a) Open and closed FS segments shown in the original BZ (BZ) for density-wave order scenario of Yao et al.10 We choose

parameters t0/t¼ �0.4, fN¼0.143, V¼0.11t and V0 ¼0.09t (enhanced Vs to make the reconstruction visible) with m¼ � 1.05t. (b) DOS quantum

oscillations obtained from semiclassical quantization of the reconstructed FS in a vortex-liquid state. Here t0/t¼ �0.4, fN¼0.143, V¼0.02t, V0 ¼0.01t

with m¼ � 1.05t, so that the hole doping xE0.12 and the closed orbit area ’ 2% of the BZ. The DOS also includes the contributions of open orbits. The

H-dependent suppression of the DOS arises from phase fluctuations with D ’ 0:3t and G¼0:1vF=‘. Here g0¼0.01t.
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shown that the matrix elements S(n,n0 ;iol) decay rapidly away from the diagonal
n¼ n0 like 
 exp½ � ðn� n0Þ2=4n	. In the spirit of our non-self-consistent
calculation (Fig. 1a (inset)), given that G0 is diagonal in the LL index, we only retain
the dominant diagonal terms in S(n,n; iol)�S(n, iol). The k-space analysis
described below serves to validate this approximation.

ImS with iol-oþ i0þ is given by

Im�ðn;oÞ¼ D2

4

Z
dO
2p

Nðo;OÞImFðRÞðOÞ
X
n1

Knn1 ImG0ðn1;O�oÞ: ð6Þ

Here Nðo;OÞ¼ cothðO=2TÞ� tanhððO�oÞ=2TÞ; Knn1 ¼ Inn1 ½1þ exp
ð� a2=2‘2ÞLnþ n1 ða2=‘2Þ� 2 expð� a2=4‘2ÞLnþ n1 ða2=2‘2Þ	, Ln(x) is a Laguerre
polynomial and Inn1 ¼ nþ n1ð Þ ! =n ! n1 ! 2ðnþ n1 þ 1Þ . ReS can be obtained using the
Kramers–Kronig relation. For large values of the LL index n, we derive a useful
approximation

Im�ðn;oÞ ’ � D2

4
1þ J0 2

ffiffiffiffiffi
2n

p a
‘

� �
� 2J0 2

ffiffiffi
n

p a
‘

� �h i
� 1

4
ffiffiffiffiffiffi
np

p
oc

Z
dONðo;OÞ O

O2 þG2 e
� ðo�Oþ xn Þ2

4no2c

	 

;

ð7Þ

where J0(x) denotes a Bessel function. We have benchmarked this form by
comparing it with results obtained directly from equation (6) and found that the
approximation is accurate for nF¼ (m/oc)\10. We have used equation (7) for
computing the results reported in the paper. We have also found expressions
analogous to equations (6) and (7) for the static case, for example, at large n.

�ðn;oÞ¼ D2

4

P
n1

Inn1
oþ xn1 þ i0þ 1þ J0 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ n1

p a
‘

� �
� 2J0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ n1Þ

p
a
‘

� �� �
: ð8Þ

k-space analysis. The k-space calculation of self-energy is used together with a
semiclassical approach to quantum oscillations for m4D44oc. One can make a
gauge transformation and represent G(r,r0 ;iol) as

Gðr; r0; iolÞ¼ eGðr0 � r; iolÞ exp½ � i
e
c

Zr0
r

A:dl	; ð9Þ

where eG depends only on the separation r’� r. We rewrite equation (3) in terms ofeGðr; iolÞ or its Fourier transform G(k,iol) (we omit the tilde to simplify notation)
and obtain the corresponding self-energy

�ðk; iolÞ¼ �T
Z

d2q

ð2pÞ2
X
m

DðqÞD2
k� q=2 FðiOmÞG0ðk� q; � iol þ iOmÞ:

ð10Þ
Here Dk¼ (D/2)( cos kxa � cos kya) and DðqÞ¼ expð� q2‘2=2Þ.

In the semiclassical regime where m44oc or the cyclotron radius Rc44‘, we
neglect the effects of quantization of electronic orbits while evaluating S(k, iol) and
approximate G0(k, iol) by (iol� xk)� 1. Further, in the field regime of interest,
‘44x0 and DðqÞ are sharply peaked around q¼ 0 with a width 
 1=‘. We
thus expand cosðkxa� qxa=2Þ ’ cosðkxaÞ and xk� q ’ xk � vk :q, where vk¼
(qxk/qk). Proceeding in a manner similar to the LL discussion above

Im�ðk;oÞ¼ � D2
k‘

2
ffiffiffiffiffi
2p

p
vk

Z
dO

ONðo;OÞ
O2 þG2 e

� ðo�Oþ xk Þ2

2ðvk=‘Þ
2 : ð11Þ

Here vk¼ |vk| and we take the T¼ 0 limit at the end. The corresponding S(k,o) in
the static case is

�ðk;oÞ¼ D2
k ‘
vk

ffiffiffi
2

p
FDðeokÞ� i

ffiffip
2

p
expð� eo2

kÞ
h i

; ð12Þ

where eok ¼ðoþ xkÞ‘=
ffiffiffi
2

p
vk and FDðxÞ¼ � i

ffiffiffi
p

p
erfðixÞ=2 is the Dawson function.

Semiclassical quantization. We use the semiclassical prescription for quantizing
electron orbits with the renormalized dispersion eEk ¼ Ek þ�ðk; 0Þ. For a given field
H, we generate a set of energy levels feEng as the solutions of SðeEnÞ ’ ð2pn=‘2Þ,
where SðeEÞ is the k-space area enclosed by a closed orbit at energy eE and n is a
positive integer. We then use eEns to compute the DOS.

ffiffiffiffi
H

p
behaviour. At asymptotically low fields, we use the static self-energy (equation

12) that reduces to the standard d-wave form �ðk; iolÞ¼D2
k=ðiol þ xkÞ as ‘ ! 1.

For small H, we expand S(k, o¼ 0) in p¼ k� kN around one of the four nodes
at kN, with pk ¼ p:v̂D and p? ¼ p:v̂F. We get Re�ðk; 0Þ � ðv2D=vFÞp2kp?‘2 and
Im�ðk; 0Þ � �

ffiffiffiffiffiffiffiffi
p=2

p
ðv2D=vFÞp2k‘, where vD¼ |qDk/qk| and vF are evaluated

at kN. Using this field dependence of S(k,0) in the spectral function leads to
NHðo¼ 0Þ¼ ð� 2=pÞ

P
k ImGðk; 0Þ /

ffiffiffiffi
H

p
as H-0, thus recovering Volovik’s

result8.
We can further generalize the above analysis to include impurity scattering g0.

To make the algebra tractable, we approximate the Gaussian in equation (12)
by a Lorentzian, so that �ðk;oÞ � � ig0 þD2

k=½oþ xk þ iðg0 þ vk=‘Þ	, where
g0ooDrm comes from weak impurity scattering. The Lorentzian form results
from static pair correlator DðrÞ 
 expð� r=‘Þ and gives rise to qualitatively
similar low-energy electronic spectra as the Gaussian. Expanding near the nodes we

obtain

NHð0Þ � 2
p3

g0

Zp0
� p0

dp?dpk
1

v2Fp
2
? þ v2Dp

2
k þ g20

þ vF
‘

Zp0
� p0

dp?dpk
v2Dp

2
k

ðv2Fp2? þ v2Dp
2
k þ g20Þ

2

2
64

3
75;

ð13Þ

to leading order in ð1=‘Þ. Here the momentum cut-off p0 ’ p=a. This implies that
NHð0Þ � Ag0 þB

ffiffiffiffi
H

p
as H-0 in excellent agreement with the numerical results

shown in the text. (A and B are appropriate constants that depend logarithmically
on g0.)

The high-temperature limit and the static case. The static case is related to the
high-temperature regime T44G, and not the (highly singular) G-0 limit of the
dynamic case. In the high T limit, the classical, thermal fluctuations that dominate
are time independent. For T44G, we see that OooT in the integral in
equation (11), and we can set cothðO=2TÞ ’ 2T=O, tanhðO=2TÞ ’ O=2T . To
make analytical progress, we approximate 1/(O2þG2) byffiffiffiffiffiffiffiffi

p=2
p

expð�O2=2G2Þ=G2 to obtain

Im�ðk;oÞ � TD2
k

G

 � ffiffiffi
p
2

r
‘e

� ðoþ xk Þ2 ‘2

2ðv2
k
þG2 ‘2 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2k þG2‘2
q : ð14Þ

This has exactly the same form as the static case equation (12) with the rede-

finitions (TD2/G)-D2 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2k þG2‘2

q
! vk . For a closely related discussion, see

Micklitz and Norman31.
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