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Theoretical models of nonlinear effects in
two-component cooperative supramolecular
copolymerizations
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The understanding of multi-component mixtures of self-assembling molecules under
thermodynamic equilibrium can only be advanced by a combined experimental and theoretical
approach. In such systems, small differences in association energy between the various
components can be significantly amplified at the supramolecular level via intricate nonlinear
effects. Here we report a theoretical investigation of two-component, self-assembling systems
in order to rationalize chiral amplification in cooperative supramolecular copolymerizations.
Unlike previous models based on theories developed for covalent polymers, the models
presented here take into account the equilibrium between the monomer pool and
supramolecular polymers, and the cooperative growth of the latter. Using two distinct
methodologies, that is, solving mass-balance equations and stochastic simulation, we show that
monomer exchange accounts for numerous unexplained observations in chiral amplification
in supramolecular copolymerization. In analogy with asymmetric catalysis, amplification of
chirality in supramolecular polymers results in an asymmetric depletion of the enantiomerically
related monomer pool.
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in multi-component mixtures resulting in supramolecular

architectures of well-defined composition is critical when
trying to rationalize their application in different functions like
optoelectronic devices"?, catalysis>* and biomimetic materials®®.
Although the physical basis of self-assembly under thermodynami-
cal control of single-component’* systems is well understood,
chemists have only recently started to formulate models and con-
cepts that capture self-assembly of molecules in multi-component
mixtures'>?2. These multi-component systems are characterized by
the presence of a network of coupled association equilibria, which
can lead to unexpected solution compositions, as small differences
in association energies are amplified at the level of the supramo-
lecular assemblies'*****, The theoretical description of self-assem-
bly in multi-component mixtures has been mainly applied to dis-
crete supramolecular assemblies'**°. However, often one or more of
the components in the mixture are able to undergo supramolecu-
lar polymerization, which leads to an infinite number of possible
molecular complexes. As such, the analysis of such mixtures is a
challenging task?’. Here, we formulate a general model for coopera-
tive supramolecular copolymerization in a two-component mixture,
and apply it to rationalize chiral amplification in helical supramo-
lecular polymers.

Amplification of chirality in helical covalent and supramolecular
polymers can occur via the sergeants-and-soldiers or the major-
ity-rules principle as first proposed by Green et al.”>* for the case
of covalent, helical polyisocyanates. In the sergeants-and-soldiers
principle, (supramolecular) copolymerization of an achiral mono-
mer with a small amount of homochiral monomer leads to a strong
bias towards the macromolecular helicity corresponding to the chi-
ral enantiomer. In the majority-rules principle, (supramolecular)
copolymerization in mixtures of two enantiomers using a slight
excess of one enantiomer leads to a strong bias towards the macro-
molecular helicity corresponding to the major enantiomer. We have
recently reported temperature-dependent sergeants-and-soldiers®*
and majority-rules?®? titrations in mixtures of chiral and achiral
N,N’,N”-trialkylbenzene-1,3,5-tricarboxamides (BTAs) that self-
assemble into helical, dynamic supramolecular polymers via three-
fold, cooperative hydrogen bonding (Fig. 1)*-**. In the absence of
chiral centres at the periphery, the helical supramolecular polymers
form by definition as a racemic mixture of P and M enantiomers.
However, when chiral components are used, the P and M isomers
have a diastereomeric relationship and consequently have unequal
energy. The temperature-dependent chiral amplification in mixtures
of self-assembling chiral and achiral BTAs was probed using circular
dichroism (CD) spectroscopy and analysed using modified*** 1D
Ising models adapted from the theory of helical, covalent polymers.
As these models have originally been developed for covalent, irre-
versible polymerizations, they do not consider the full complexity

Q detailed understanding of the self-assembly of molecules
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of all equilibria present in the two-component mixture, such as the
equilibrium between the monomer pool and aggregates, and the
strong cooperative growth of the assemblies.

Here we present two novel methodologies to describe chiral
amplification in two-component, self-assembling systems that take
into account the coupling between the cooperative growth of the
supramolecular polymer and the monomer pool. Both methodolo-
gies are based on a common reaction scheme in which supramo-
lecular copolymerization is described as a sequence of stepwise
monomer addition and dissociation events. In the first approach,
the equilibrium concentrations of all species are obtained by solv-
ing the mass-balance equations for the two monomer types. In the
second approach, a stochastic simulation algorithm (SSA) based
on the Gillespie method is used to obtain these equilibrium con-
centrations. Both methodologies can be applied to model chiral
amplification either arising via the sergeants-and-soldiers or the
majority-rules principle. By illustrating the mass-balance-based
approach on the majority-rules principle, we present evidence for
the dominant effect of monomer exchange on chiral amplifica-
tion in supramolecular polymers ultimately leading to an asym-
metric depletion of the enantiomerically related monomer pool.
By applying the SSA to the sergeants-and-soldiers principle, we
rationalize previously unexplained features of CD titration experi-
ments obtained by mixing chiral and achiral BTAs. Although
computationally more demanding, the stochastic simulations pro-
vide detailed insight into the chiral amplification kinetics, which
can be visualized as movies. Such movies greatly increase the
understanding of association phenomena in complex and multi-
component mixtures of self-assembling molecules that are con-
tinuously in exchange.

Results

Cooperative supramolecular copolymerization. Consider the
simplest model possible for a general supramolecular polymerization
of a single monomer (X). The only reactions allowed are stepwise
additions and dissociations of single monomers from one end of
the supramolecular polymer. The corresponding set of reaction
equations is given by

Xi+X<k—,Xi+l (1)

i

where X, denotes the polymers of length i, X, = X denotes the mono-
mers, and k;* (M~'s™!) and k,” (s7!) are the rate constants of the
forward and backward reactions, that is, for the addition or removal
of a monomer unit. The equilibrium constant for this reaction is
given by K; =k; /k;. Depending on the evolution of K; as a func-
tion of chain length (i), the supramolecular polymerization can be

Figure 1| Chiral BTA self-assembly. (a) Structures of N,N’,N”-trialkyl-benzene-1,3,5-tricarboxamides (BTAs) equipped with achiral, (R)-chiral and (S)-
chiral aliphatic side chains. (b) Schematic picture of the cooperative supramolecular copolymerization into supramolecular polymers with two types of
helicity (P and M). In the absence of chiral centres at the periphery, the helical supramolecular polymers form by definition a racemic mixture of P and M
enantiomers. However, when chiral components are used, the P and M helices have a diastereomeric relation and consequently have unequal energy.
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Figure 2 | Majority-rules reactions. Possible reactions and corresponding enthalpy differences in the majority-rules model, where (R)-chiral (red) and
(S)-chiral (blue) monomers reversibly associate into helical supramolecular copolymers with opposite helicity (P and M type). Possible reactions are the
formation of P- or M-type dimers, the dissociation of existing dimmers, and the addition or dissociation of monomeric units to/from existing oligomers/
polymers. The addition of chiral monomers to supramolecular polymers having their preferred helicity (that is, R-chiral monomers prefer to associate with
P-type helical aggregates while S-chiral monomers prefer to associate with M-type helical aggregates) is described by an elongation enthalpyAHé)Lo and
entropy AS°. The addition of chiral monomers to supramolecular polymers with the wrong handedness (that is, association of an R-chiral monomer to an
M-type helical supramolecular polymer and association of an S-chiral monomer to a P-type helical supramolecular polymer) is penalized by a mismatch
enthalpy AH,?AMP. Nucleation of a new homo or heterochiral dimer of any type is penalized by a nucleation penaltyAH,E,’p and an additional mismatch
penalty AH,?AMP for each monomer of the wrong chirality with respect to the aggregate helicity.

classified either as isodesmic (K, =K,= ... =K,) or as cooperative
(K,=K,=...=K,_, < K,=K,, = —Kelo) where 7 is the nucleus

size. The equilibrium constants are related to the standard Gibbs
free energy difference by

Kkt
K; = k% = exp(—A

i

G111 /(RT)), &)

where AG,Q i+ is the standard Gibbs free energy increment for the
addition of a monomer to a polymeric chain of length 7, R is the gas
constant and T the temperature. The change in standard Gibbs free
energy can be calculated from the enthalpy and entropy increment
by the relation

=AHY

AG i—i+

1 ~TAS?

i—i+l i—i+1 (3

Our model for chiral amplification in two-component, coopera-
tive supramolecular polymerizations generalizes this approach in
the sense that every individual monomer X can be of two differ-
ent types, and that supramolecular polymers of two types of helicity
(P- or M-type) can be assembled. As the supramolecular polymeri-
zation of BTAs occurs via a cooperative mechanism, the reactions
for each polymer type are divided in a nucleation and an elongation
phase in which we have assumed a nucleus size of 2. This assump-
tion is reinforced by previous gas-phase DFT calculations®, and
the notion that the melting curves obtained using CD and UV-Vis
spectroscopy are identical'. The distinction between P- or M-type
helical aggregates is made at the nucleus formation stage. Once a
nucleus of length two is formed, the helicity of the aggregates is
maintained in subsequent monomer addition and dissociation
reactions until the aggregate is completely broken down.

For the majority-rules system, we consider two enantiomerically
related monomers in which each monomer addition occurs with
an entropy difference AS’, while the enthalpy difference depends on
the reaction type as shown in Figure 2. The addition of monomers
to their preferred aggregate type is described by a favourable elon-
gation enthalpy, AHY, *°. For addition of monomers to their unpre-
ferred aggregate helicity, this elongation enthalpy is reduced by a
mismatch enthalpy AH Mp- In the nucleation phase, the favourable
enthalpy release, AH} ELO» is penalized by a nucleatlon penalty, AHY NP
and the additional mismatch penalty AHY Mmp for each monomer of
the wrong chirality.

For the sergeants-and-soldiers system, shown in Figure 3, the
(R)-chiral monomers behave the same as for majority-rules, whereas
the addition of achiral monomers (A) 1s described by an entropy
dlfference AS™* elongation enthalpy AHY ELO’ and nucleation penalty
AHY; NP> A independent of the helicity. Finally, the entropy and enthalpy
increments of the heterodimers are, analogous to the majority-rules
case, the averages of the increments for corresponding homodim-
ers. In contrast to chiral-amplification models that have been con-
structed for covalent polymers?*¥, our model does not incorporate
a helix reversal penalty. Such a helix reversal penalty represents a
free-energy penalty of a helix reversal along the covalent chain.
We believe that such helix reversals do not exist in self-assembled
supramolecular polymers, as such high-energy structures can easily
be avoided by dissociation of monomers back into solution.

The majority-rules principle. The large symbols in Figure 4a show
the previously reported CD intensity monitored at 223 nm as a func-
tion of the enantiomeric excess (ee) obtained by addition of aliquots
of the (S)-enantiomer of 1 to a solution of the (R)-enantiomer at
a total constant concentration of 2.0x107°*M in methylcyclohexane
(MCH) at several temperatures®. As expected for a two-component
system in which chiral amplification evolves via the majority-rules
principle, a nonlinear dependence of the CD effect as a function of
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Figure 3 | Sergeants-and-soldiers reactions. Possible reactions and corresponding enthalpy differences in the sergeants-and-soldiers model, where
(R)-chiral (red) and achiral (black) monomers reversibly associate into helical supramolecular copolymers with opposite helicity (P and M type). Possible
reactions are the same as in the majority-rules model (Fig. 2), only some of the enthalpy and entropy changes are different. The formation of homochiral
dimers and elongation with chiral monomers are equal to the majority-rules model and described by AHS, o, AHJp, AHYMp and ASC. The addition of an
achiral monomer to both P-type and M-type aggregates during the elongation phase is described by an elongation enthalpyA/—lELO and entropy AS°4,

thus being independent on the handedness of the aggregate. Formation of a P- or M-type achiral homodimer occurs, independent on the handedness

of the dimer, with an enthalpy release AHSL’S —AHSR, whereAHﬁ’Fﬁ

is the achiral nucleation penalty. Finally, the enthalpy and entropy increments of the

heterodimers are, analogous to the majority-rules case, the averages of the enthalpy and entropy increments of the corresponding homodimers.

the ee is observed at all temperatures. The nonlinearity is expressed
by a strong increase in the CD effect at low ee values (regime I)
and a weaker increase in the CD effect at high ee values (regime II).
The weaker increase in the CD effect at high ee values is especially
notable at higher temperatures. Figure 4b displays the temperature-
dependent CD data obtained for the (S)-1:(R)-1 mixtures in MCH?.
In all cases, a clear elongation temperature (1,) is observed, char-
acteristic for the cooperative growth of the supramolecular poly-
mers''. Apart of being dependent on the total concentration (Sup-
plementary Fig. S1), the data in Figure 4b show a decrease of T, for
mixtures in which the ee is lower than 1. Remarkably, for low ee val-
ues, a plateau in the CD intensity is reached that slightly decreases
upon lowering the temperature.

The molar concentrations of all species can be obtained by solv-
ing the mass-balance equations for the two components. For a
nucleus size of two, the corresponding model is a generalization of
the K,-K model for single-component supramolecular polymeriza-
tions as previously analysed by various authors”'>'*%. The tempera-
ture-dependent equilibrium constants in the elongation phase are

Ky = exp(~(AH o~ TAS")/(RT)) (4)

Ky = exp(~(AHf1o — AHfpp - TAS)(RT)),  (5)

which describe equilibrium between free chiral monomers and
aggregates having a preferred and non-preferred helical sense,
respectively. Cooperativity is introduced by energetically dis-
favouring all dimerization steps using a dimensionless nucleation
factor, o

The total concentration of (R)-1 in P-type aggregates can be
derived by applying the principle of detailed balance (Methods
section), which leads to

gr(2—gp)
TPt =OT (l—gp)z > 7)

where gp = Kg 7+ Kgys, and r=[(R)-1] and s=[(S)-1] are the free-
monomer concentrations. Analogously, the total concentration of
(R)-1 in M-type polymers can be expressed as

Kgy gMQ2-g )
i, =OT KEz M M ®)
g (- gy)’

where g); = Kgpr + Kgss.

Mass-balance analysis now links the total concentration (R)-1
(r,) to the free monomer concentrations of (R)-1 (r) and (S)-1
(s) and the equilibrium constants Kj,, K, and nucleation factor o
according to

Kg gm2—gm) _

gp(2—gp) _
Kt (- gy )2 Tot- )

r+ro P
(1-gp)

In a similar fashion, the mass-balance condition of (S)-chiral
material leads to

gM(2 gM)
(1-gm)*

Kg, gp(2- gP)
Kg (1-gp)

s+sO0——

= Siot- (10)

Equations (9) and (10) together constitute a system of two non-

o= ex ( HO /( RT)) 6 linear equations from which the free monomer concentrations
P{AHNP ’ (6)  ;and s can be solved numerically. From the obtained values, the
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Figure 4 | Majority-rules data and model results. (a) CD intensity at 223 nm versus the ee for four different temperatures obtained by addition of
aliquots of the (S) enantiomer of 1to a solution of the (R) enantiomer at a total constant concentration of 2.0x107>M in MCH (large symbols)?. The

solid lines correspond to the calculated excess helicity (P,

-M,.), defined as the concentration difference of BTA molecules belonging to P- and M-type

supramolecular polymers obtained using the majority-rules model with thermodynamic constants as given in the Methods and a mismatch enthalpy
of =2.1kJmol~". (b) Measured temperature-dependent CD intensity at 223 nm for (5)-1:(R)-1 mixtures having different ee values (c,,=2.5x10">*M in
MCH)?. (¢) Computed speciation plot at 313K: monomer concentrations (r and s), concentration of BTA molecules belonging to P-type (P,,) and M-

type (M) supramolecular polymers and their difference (P,

-M,,) as a function of the ee and c,,,=2.0x10">*M. (d) Calculated temperature-dependent

helical excess (P,,,— M) for several values of the ee using the same thermodynamic parameters as in a, but at ¢,,, =2.5x10>M.

total concentration of BTA molecules in P- and M-type aggregates
(P, and M,,,) can be calculated (Methods section).

The solid lines in Figure 4a show the calculated excess helical
sense (P, —M,,) as a function of ee obtained using the appropri-
ate thermodynamic constants for the single-component systems
(Methods) and a temperature-independent mismatch penalty,
AH &MP, of —2.1kJmol ™. The calculations clearly show that, for all
temperatures considered, the model is able to capture the nonlinear
increase in excess helicity as the ee increases. In contrast to pre-
viously reported majority-rules models, which are based on theo-
ries developed for covalent polymers, this model correctly predicts
that the CD intensity slowly increases at high ee values towards the
limiting CD intensity corresponding to homochiral aggregates. To
rationalize the origin of the nonlinear effects, we analysed the spe-
ciation plots in detail. Figure 4c displays the calculated concentra-
tion of chiral BTA monomers present in P- and M-type assemblies
together with the free monomer concentrations, r and s, as a func-
tion of the ee for a temperature of 313 K. For ee values smaller than
a critical value (ee_), the free monomer concentrations r and s are
almost equal to each other and approximately constant. In the same
ee range, the total material in P-type supramolecular polymers (P,,)
grows linearly as a function of ee while the total material in M-type
assemblies (M,,,) decreases linearly until it is approximately zero at
ee,.. Consequently, the CD effect, which is proportional to P, — M,,,
increases linearly in this regime. Intriguingly, for ee values larger
than ee_, the free monomer concentrations r and s start to deviate
from each other. The slow increase in excess helicity (P, —M,,) in
the high ee regime (> ee_,) is caused by the fact that the free mono-
mer concentration s decreases faster than the free monomer con-
centration r increases in this regime. At lower temperatures, the
monomer concentrations are much lower, thus making the slope in
the CD intensity almost zero. The critical value of ee is given by

< 0.6

ee,,
o
S

Figure 5 | Nonlinear effects. (a) Nonlinear behaviour of ee of the monomer
pool (ee,,,) as a function of the ee. A strong negative nonlinear effect

is observed at low temperatures indicating an asymmetric depletion

of the monomer pool. (b) Nonlinear behaviour of ee of monomers

present in aggregates (ee,,, ., ) Computed as a function of ee. A strong
positive nonlinear effect is observed at high temperatures indicating an
enantiomeric enrichment of monomers present in aggregates with respect
to the original solution. The thermodynamic parameters and concentration
are equivalent to Figure 4a.

see the Methods section for an explicit derivation. Note that the
separation into two regimes is typical for cooperative copolymeriza-
tions and is absent for isodesmic supramolecular copolymerizations
(Supplementary Fig. S2a).

Figure 5a plots the calculated ee of the monomer pool as a func-
tion of the total ee for all temperatures. For low temperatures, the
graphs reveal a strong negative nonlinear effect indicating that the
enantiomerically related monomer pool becomes asymmetrically
depleted as a result of aggregation. Similar asymmetric depletion
effects have been reported by Kagan and co-workers to rational-
ize nonlinear effects in asymmetric catalysis**. The asymmetric
depletion of the monomer pool corresponds with an enantiomeric
enrichment of monomers present in helical aggregates (Fig. 5b), as
evidenced by a strong positive nonlinear effect, which is most nota-

Kg —Kgp 2 ble at higher temperatures where the monomer concentrations are
€cr = 1- > (11)  higher and which is again almost absent in case of isodesmic polym-
K1 +Kpa | cior (K1 +Kg2) ot :
erization (Supplementary Fig. S2b).
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Figure 6 | Sergeants-and-soldiers data and model results. (a) CD intensity at A=223nm versus fraction of ‘sergeant’ (R)-1 (y), for eight different
temperatures at a total concentration of (R)-1+(A)-2 of 2.1x107>M in heptane. The large symbols represent the measured CD intensities at 223 nm

while the small symbols connected by broken lines correspond to the excess helical sense, defined as the concentration difference of material present

in P- and M-type supramolecular polymers, as calculated by the SSA. (b) Normalized degree of aggregation (¢) as a function of temperature?’ obtained
by UV-Vis spectroscopy for various mole fractions of ‘sergeant’ (R)-1. (¢) Speciation plot at 337 K: total monomer concentration, concentration of BTA
molecules belonging to P- and M-type supramolecular polymers and their difference (P, — M,.,) as a function of the mole fraction ‘sergeant’. (d) Simulated
normalized melting curves for various mole fractions of sergeant (R)-1. Due to the lower T, of pure (R)-1 supramolecular homopolymers compared

with pure achiral supramolecular homopolymers, addition of aliquots of (R)-1to a solution of (A)-2 results in a decrease of the T, of supramolecular
heteropolymers consisting of (R)-1and (A)-2. The fraction of aggregation at equilibrium, ¢, is calculated as (c,,,— [monomers1)/c,,, where [monomers]

represents the total concentration of chiral and achiral monomers.

Given the good agreement between the model and the experi-
mental titrations, we next sought to understand the decrease in T,
as observed in the experimental melting curves (Fig. 4b). Figure
4d displays the calculated melting curves using the same ee val-
ues and previously described thermodynamic parameters. Indeed,
the calculations correctly predict the decrease of T, as the ee value
becomes smaller than 1. The decrease of T, reflects the lower stabil-
ity of hetero-aggregates consisting of (S)-1 and (R)-1 caused by the
unfavourable mismatch enthalpy. Moreover, the observed slightly
inclined plateau in the CD intensity at lower temperatures can be
rationalized by the stronger growth of M-type helical assemblies
compared with P-type assemblies as the temperature is lowered
(Supplementary Fig. S3).

The sergeants-and-soldiers principle. Figure 6a (left axis) shows
the CD intensity at 223 nm as a function of added ‘sergeant’ obtained
by titrations at several temperatures in which the fraction, J, of
‘sergeant’ (R)-1 was varied while keeping the total concentration
of (R)-1 and (A)-2 constant (2.1x10-°M, heptane)”. At the lowest
temperature, addition of 4% of ‘sergeant’ results in an excess helical
sense corresponding to assemblies consisting exclusively of (R)-1, a
clear sign that the sergeants-and-soldiers principle is operative. The-
ory and experiments concerning the sergeants-and-soldiers effect in
covalent polymers have shown that a larger chiral bias always results
in an increase in helical sense control®, in contrast to majority-rules
where larger chiral bias leads to a decrease in helical sense control*’.
For helical supramolecular polymers, we observe the same effect for
low fractions of sergeant. However, counterintuitively, a larger chiral
bias () >15%) results, as especially notable at higher temperatures,
in a decrease in CD intensity, suggesting either a decrease in helical
sense control or a decrease in helical order. Figure 6b displays the
previously reported” temperature-dependent CD curves obtained

for the (A)-2:(R)-1 mixtures in heptane. Again, all melting curves
are characterized by a well-defined T,, which shifts to lower tem-
peratures as y increases.

We next sought to understand these features in detail. In princi-
ple, the time-dependent molar concentration of all species can be
obtained by numerical integration of the nonlinear reaction-rate
equations as previously analysed for single-component systems**.
However, for systems with multiple components, this approach is
no longer feasible as the number of differential equations increases
exponentially. Hence, we present an alternative approach using
kinetic Monte Carlo simulations using the SSA developed by
Gillespie®*. In contrast to the deterministic framework in which
the state of the system is defined by the concentrations of all spe-
cies, which vary continuously with time, the state of the system in
the stochastic framework is defined by the number of occurrences
of each species and these change discretely whenever one reaction
is executed. The likelihood that a particular reaction is executed is
proportional to its rate constant and the numbers of its reactants.

Using the SSA, we simulated the time evolution of the excess
helical sense as a function of added ‘sergeant’ at each temperature
using the appropriate thermodynamic values obtained by analysis
of the single-component systems (Methods) and a temperature-
independent mismatch penalty, AHMMP, of —0.5kJmol". From
each of these simulations, where 500,000 molecules were followed
for 20,000,000,000 reactions, the corresponding monomer and
polymer concentrations were calculated by averaging over the last
quarter of the simulation, in which these concentrations fluctuated
around their equilibrium values. Figure 6a (right axis) shows that the
computed excess helical sense at equilibrium describes the experi-
mental titrations remarkably well for all temperatures considered.
Indeed, the simulations correctly predict that at high temperatures,
the excess helical sense reaches a maximum for low fractions of (R)-
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(Prot = Migt)/(Piot + Mior)

Time (s)

Figure 7 | Sergeants-and-soldiers chiral amplification kinetics. Simulated
chiral amplification kinetics evolving via the sergeants-and-soldiers
principle upon titration of a solution of (R)-1in heptane (y=10%)

to a solution of (A)-2 in heptane (y=90%) at a total concentration

of 2.1x107>M and a temperature of 337 K. Nine lines from different
simulations, using 5,000,000 molecules, are shown. The insets show
snapshots of a movie that was constructed from the time-dependent
output of such simulations using 10,000 molecules. On mixing of chiral
(R)-1as aggregates (red), monomer dissociation results in incorporation
of chiral monomers in achiral P- and M-type stacks (black) eventually
leading to a breakdown of the M-type aggregates. Chiral amplification was
quantified as (P, =~ M,)/ (P + M.y, in which P, and M., represent the
concentration of BTA molecules in P- and M-type aggregates, respectively.
The full movies are available in the Supplementary Information.

1. The cause of this counterintuitive effect is understood by analys-
ing the simulations in more detail. Figure 6c displays the calculated
total monomer concentration, together with the total material in
P- and M-type helical aggregates, as a function of added ‘sergeant’
at a temperature of 337 K. Whereas addition of <15% of ‘sergeant’
results in the expected decrease in concentration of supramolecu-
lar polymers with the wrong helical sense (M-type) and increase in
concentration of P-type helical aggregates; addition of >15% of (R)-
1 results in a notable decrease in the total material present in P-type
aggregates accompanied by a concomitant increase in the total con-
centration of monomers. The origin of this effect can be found in the
lower T, of chiral homopolymers (Supplementary Fig. S4), which
is clearly visible in the measurements (Fig. 6b) and the simulated
melting curves (Fig. 6d). Therefore, at high temperatures and high
fraction of ‘sergeant, partial melting of supramolecular copolymers
occurs. This effect is most clearly visible when the sergeants-and-
soldiers titrations are performed at a temperature between the T, of
the homoaggregates consisting of (A)-2 and (R)-1 (347K), where
complete melting of the hetero-aggregates occurs for values of x
>80% (Supplementary Fig. S5).

Discussion

We have presented a new model to describe chiral amplification
that takes into account the coupling between the growth of the
supramolecular polymer and the monomer pool in two-component
self-assembling systems. We have shown that the thermodynamic
equilibrium for the model can be calculated using two distinct
methodologies, that is, either by solving the mass-balance equations
or by following the kinetics of the system using stochastic simula-
tion. Although the majority-rules principle has been analysed using
a mass-balance approach and the sergeants-and-soldiers principle
using a stochastic simulation approach, both methods can be used

for both systems, providing the same results. Both methodolo-
gies, however, have their own advantages. The main advantage of
the mass-balance method is that the concentrations at thermody-
namic equilibrium can be obtained very efficiently. Moreover, this
approach can be used to derive explicit formulas, like the expression
for the critical ee. Advantage of the computationally much more
demanding stochastic simulation approach is that also the kinetics
can be followed, as is shown in Figure 7 for the sergeants-and-
soldiers chiral amplification kinetics, and that the output of the
simulations can be visualized as movies. Supplementary Movies
1-3 (see also Supplementary Fig. S6) demonstrate the simulation
approach and nicely illustrate the difference between isodesmic
and cooperative supramolecular polymerizations. Supplementary
Movies 4 and 5 (see also Supplementary Fig. S7) demonstrate the
majority-rules principle and the influence of the mismatch penalty,
whereas Supplementary Movies 6 and 7 (see also Supplementary
Fig. S8) focus on the sergeants-and-soldiers principle. Such mov-
ies provide the chemist with a novel visual tool to enhance their
understanding of molecular events in multi-component mixtures of
self-assembling molecules. The use of such visual tools will become
increasingly important for chemists as the complexity of self-assem-
bling systems is ever increasing.

In conclusion, we have analysed mathematical models for
chiral amplification in cooperative supramolecular copolymeri-
zations that take into account the coupling between the growth
of the supramolecular polymer and the monomer pool. We have
shown that the thermodynamic equilibrium can be calculated by
solving mass-balance equations or by following the kinetics of the
system using stochastic simulation. Both techniques were used
to give new insight into two different examples of chiral ampli-
fication in two-component mixtures, that is, the majority-rules
and the sergeants-and-soldiers effect. Using a common reaction
scheme, the models perfectly fit both effects over a wide range of
temperatures, concentrations and ratios of monomers. Moreover,
we have shown that chiral amplification evolving via the majority-
rules principle leads to an asymmetric depletion of the enantio-
merically related monomer pool. Current experimental and theo-
retical work is aimed at a three-component self-assembling BTA
system, in which two enantiomerically related components are
able to undergo racemization in the presence of a catalytic amount
of non-racemizable BTA. Such systems are expected to undergo
chiral symmetry breaking and therefore may prove valuable in the
field of asymmetric synthesis.

Methods

Mass-balance model for the majority-rules principle. The mass-balance
model is based on the principle of detailed balance, which states that in thermo-
dynamic equilibrium also each individual reaction is in equilibrium. For
instance, for the formation of the P-type nucleus R+ R = RR, which has an
equilibrium constant 6Kp,, this implies that [RR] = 0 K Elrz. Similarly for the
reaction RR+ S = RRS (P-type), with equilibrium constant Kp,, it holds that
[RRS] = K, [RR]s = GKElKEZrzs. In general, the concentration of an arbitrary
P-type polymer of length i + ] that contains i molecules R and j molecules § is given
by pij = O'(K Elr)l (K EZS)] / Kg1. Since there are (f) different types of polymers
of length ¢ with i molecules R, the concentration of P-type polymers with length ¢
is given by

Ly p Ly i o—i p
b= Z(iJPi,Z—i :?mi=0(i](KElr)l (KEZS) l =K7g1€’

i=0 El

(12)

where gp = K7+ Kg;s is the elongation factor for P-type polymers, and we
used the binomial theorem in the last step. Clearly g, <1, otherwise the system
would contain an infinite number of molecules. The total amount of molecules in
all P-type polymers is then given by

o oo 2
o ¢_ 0 gp(2—gp)
Ptotz‘g,zgpéziK ZEgP_figP el a3)

El y=) ~ Kg (1_gP)2
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where we used the identity z tat = % for |a|<1.

(=2 -4
Next, we consider the R molecules in P-type polymers. The amount of R molecules
in P-type polymers of length ¢ is given by

L

VP5=2( lel/ z=72( ] Kgyr) (KE25)€7i=0ffg1e;1

i=0
The total amount of R molecules in all P-type polymers is given by summing this
expression over all £>2, which yields

(2-gp)
Moy = Z 1o, = O'rz Egp =ori2 gP
(=2 a- gP)
where we have used the identity Z Lat! = % for |a]<1.
=2 —a

Similarly, the amount of R molecules in M-type polymers of length £ is found to be

™ - Kpp o‘rég
(" Ky

where gy = Kgpr + Kgs is the elongation factor for M-type polymers. Also gy,
must be <1 for a finite system. For the total amount of R molecules in all M-type
polymers, we now obtain

ZZ <1 _ 5, K2 gm2— gM)'
KEI

™ ™ —CTT'
tot [z: 4 1- gM)

Each R molecule is a free monomer, or part of a P-type polymer or part of
an M-type polymer. This mass-balance condition for R molecules gives
T+ F ™My = Ttor Which implies

g2 gP)
(1-gp) KEl (1-gm)’

In the same way, we can compute the amount of S molecules in P- and M-type
polymers. The mass-balance condition for § molecules finally gives

Ke2 gM(2 gM) (14)

r+or Tiot -

Eng(2 gP) +osEMC=en)

S+O'S >
1 (1-gp)? (l—gM)

= Stot- (15)

The expressions (14) and (15) form a nonlinear system of equations with the
monomer concentrations r and s as unknowns. Facilitated by the introduction of
two new variables x and y instead of r and s, with

I_KEIT_KEZS

X=—fr—
Jo

_ 1=Kgs—Kgpr

Jo >
we solved these coupled equations numerically using Matlab. Once the free-
monomer concentrations r and s are known, the total amounts of molecules in

P- and M-type polymers can easily be computed from equation (13) and a similar
expression for M.

Repeating this procedure for various temperatures and/or for various
combinations of r,,, and s, leads to Figures 4a,c,d and 5a,b.

Derivation of the critical ee. The elongation factor g, describes how the
concentration of P-type polymers of length ¢ depends on /. Clearly g, <1,
otherwise the total material in P-type polymers will be infinite. The same holds
for the elongation factor g,.

We first consider the case ee =0, which means r,, = s, = ¢,,/2. Since the total
concentration c,, is assumed to be large, most of the material must be in P-type
and M-type polymers. That is only possible if both elongation factors are ~1. The
equations g, =1 and g,;=1 have as solution r = s = 1/(Ky, + Kj,). That is indeed
the value of the monomer concentrations r and s at ee =0. The numerically found
solution shown in Figure 4c implies that r and s have approximately this value for
all ee up to the critical value ee_. To compute ee_, we first rewrite the mass-balance
equations as

)

Substitution of r = s = 1/(Kj, + K,) and g,=g,,=1 in these equations leads to

Kg1Prot + KeaMior = tior (K + Kgz) —
Kg2Piot + KgiMior = Stor (Kg1 + Kp2) — 1.

and M,

tot

This is a linear system of equations, with P,
written as a function of ee = (r,,, —

ot as unknowns. The solution,
Sr) | Cior 1S given by

1 1 Kg;+Kg;
Piot =~ Crot — +—ee Ctot
2 Kg1+Kgy 2 Kg—Kpp
1 1 1 Kg +K;
Mot == Crot = ——ee—El £2 Ctot-
2 Kg1+Kgy 2 Kp —Kpp

Note that P, increases linearly with ee and M,,, decreases linearly with ee, as can be
seen in the left part of Figure 4c. The decrease of M, is possible until it vanishes,
which happens if
K —-K 2
ee=ee. = E2 |- ]
Kp+Kea U crot (K1 +Kg2)

This is the expression for the critical value of the ee.

Gillespie simulation of the sergeants-and-soldiers principle. In contrast to

the deterministic framework in which the state of the system is defined by the
concentration of each species, which vary continuously with time, the state of

the system in the stochastic Gillespie framework® is defined by the number of
occurrences of each species, and these change discretely whenever one of the
reactions is executed. In the case of a supramolecular polymerization of a single
monomer type X, as described by the reactions in equation (1), the current state of
the system is given by the number of monomers and the numbers of polymers and
their lengths. Given these numbers of monomers and polymers and the reaction
rates, the probabilities of all possible reactions can be calculated. These possible
reactions are dimerization, that is, the formation of a new oligomer from two
monomers, and the addition or dissociation of one monomer to/from one of

the polymers present. The system that we use to study the supramolecular
polymerization consists of N molecules in a box with volume V. As initial
configuration for the simulations, all N molecules are present as monomers.

The initial concentration of monomer c,,, thus equals N/V. During the simulation,
new supramolecular polymers can be created by dimerization of two monomers.
These polymers can then grow and shrink by the addition/dissociation of mono-
mers. At each iteration of the simulation, the probabilities of all possible reactions
are calculated and one reaction is selected proportional to these probabilities and is
executed. After a reaction has been selected, products are stoichiometrically
incremented, reactants are decremented and the time by which the system
advances is determined by randomly drawing a number from an exponential
distribution with as parameter the sum of all reaction propensities. In the
Supplementary Information, a number of simulations on single-component
isodesmic and cooperative supramolecular polymerizations are shown
(Supplementary Fig. S6).

In the case of supramolecular copolymerization, two different monomer types
are present. For such two-component systems, the number of possible species
becomes extremely large. Therefore, in our simulations, species and reactions are
introduced into the simulation programme only when they become needed, and
removed whenever they become no longer needed. Although with the addition of
the second component, we have to keep track of an increased number of reaction
events (Fig. 3), the simulation method remains exactly the same. Le., we keep track
on the current state (number of monomers and all polymers), calculate all reaction
probabilities and randomly select one according to this probability distribution.

We have assumed a diffusion-controlled association rate constant (10'°M~'s'),
both for the dimerization reactions and for the monomer additions to aggregates,
which is independent of the monomer type, aggregate length and aggregate hand-
edness**. After fixing all association rate constants to this value, all monomer dis-
sociation rate constants of the various P- and M-type assemblies can be calculated
from equations (2-5) using the appropriate thermodynamic parameters.

Thermodynamic parameters. The thermodynamic parameters used have been
determined from analysis of single-component systems as described in the
Supplementary Methods. Analysis of the single-component systems, with MCH
as a solvent (as was used for the majority-rules experiments), yields for

the entropy increment AS”= —0. 128 kJmol~'K~! and for the enthalpy increments
AH gLO =—72k] mol " and AHY Np = —30kJmol . Analysis of single-component
systems, with heptane as a solvent (as was used for the sergeants-and-soldiers

Kpir + M Mot = tot experiments), yields for the chiral (R)-1 entropy increment AS'=— 8.1015k]/ mol'K!
8p &M and for the enthalpy increments AH, gLO =—66k]mol~' and AH\p =—35kJ mol ',
Kgps Kgs and for the achiral (A)-2 entropy increment AS™* = —0.1255kJ mol ' K"!, and for
gy Tttt Mot = st the enthalpy i AHEY =75k mol ™' and AHYS = ~27 K mol !
&M e enthalpy increments ELO = Jmol™! and AHyjp = —27kJmol™".
8 NATURE COMMUNICATIONS | 2:509 | DOI: 10.1038/ncomms1517 | www.nature.com/naturecommunications

© 2011 Macmillan Publishers Limited. All rights reserved.



NATURE COMMUNICATIONS | DOI: 10.1038/ncomms1517

ARTICLE

References

1. Yamamoto, Y. et al. Molecular engineering of coaxial donor-acceptor
heterojunction by coassembly of two different hexabenzocoronenes: graphitic
nanotubes with enhanced photoconducting properties. . Am. Chem. Soc. 129,
9276-9277 (2007).

2. Yamamoto, Y. et al. Ambipolar-transporting coaxial nanotubes with a tailored
molecular graphene-fullerene heterojunction. Proc. Natl Acad. Sci. USA 106,
21051-21056 (2009).

3. Meeuwissen, J. & Reek, J. H. N. Supramolecular catalysis beyond enzyme
mimics. Nat. Chem. 2, 615-621 (2010).

4. Yoshizawa, M., Tamura, M. & Fujita, M. Diels-Alder in aqueous molecular
hosts: unusual regioselectivity and efficient catalysis. Science 312, 251-254
(2006).

5. Dankers, P. Y. W,, Harmsen, M. C., Brouwer, L. A., van Luyn, M. J. A. & Meijer,
E. W. A modular and supramolecular approach to bioactive scaffolds for tissue
engineering. Nat. Mater. 4, 568-574 (2005).

6. Niece, K. L., Hartgerink, J. D., Donners, J.J.J.M. & Stupp, S. I. Self-assembly
combining two bioactive peptide-amphiphile molecules into nanofibers by
electrostatic attraction. J. Am. Chem. Soc. 125, 7146-7147 (2003).

7. Ercolani, G. Physical basis of self-assembly macrocyclizations. J. Phys. Chem. B
102, 5699-5703 (1998).

8. Ercolani, G. Assessment of cooperativity in self-assembly. J. Am. Chem. Soc.
125, 16097-16103 (2003).

9. Hunter, C. A. & Anderson, H. L. What is cooperativity? Angew. Chem. Int. Ed.
48, 7488-7499 (2009).

10. Ercolani, G. & Schiaffino, L. Allosteric, chelate, and interannular cooperativity:

a mise au point. Angew. Chem. Int. Ed. 50, 1762-1768 (2011).

. Hamacek, J., Borkovec, M. & Piguet, C. Simple thermodynamics for unravelling
sophisticated self-assembly processes. Dalton Trans. 35, 1473-1490 (2006).

12. Zhao, D. & Moore, J. S. Nucleation-elongation: a mechanism for cooperative

supramolecular polymerization. Org. Biomol. Chem. 1, 3471-3491 (2003).

13. Douglas, J. E, Dudowicz, J. & Freed, K. E. Lattice model of equilibrium
polymerization. VII. Understanding the role of “cooperativity” in self-assembly.
J. Chem. Phys. 128, 224901 (2008).

14. de Greef, T. E A., Smulders, M. M. J., Wolffs, M., Schenning, A.P.H.J., Sijbesma,
R. P. & Meijer, E. W. Supramolecular polymerization. Chem. Rev. 109,
5687-5754 (2009).

15. Wu, A. & Isaacs, L. Self-sorting: the exception or the rule? J. Am. Chem. Soc.
125, 4831-4835 (2003).

16. Seidel, S. R. & Stang, P. J. High-symmetry coordination cages via self-assembly.
Acc. Chem. Res. 35, 972-983 (2002).

17. Sun, W.- Y., Yoshizawa, M., Kusukawa, T. & Fujita, M. Multicomponent metal-
ligand self-assembly. Curr. Opin. Chem. Biol. 6, 757-764 (2002).

18. Lehn, J.- M. From supramolecular chemistry towards constitutional dynamic
chemistry and adaptive chemistry. Chem. Soc. Rev. 36, 151-160 (2007).

19. Prins, L. ], Timmerman, P. & Reinhoudt, D. N. Amplification of chirality:
the “sergeants and soldiers” principle applied to dynamic hydrogen-bonded
assemblies. J. Am. Chem. Soc. 123, 10153-10163 (2001).

20. Ballester, P. et al. DABCO-induced self-assembly of a trisporphyrin double-
decker cage: thermodynamic characterization and guest recognition. J. Am.
Chem. Soc. 128, 5560-5569 (2006).

. Weller, K., Schutz, H. & Petri, I. Thermodynamical model of indefinite mixed
association of two components and NMR data analysis for caffeine-AMP
interaction. Biophys. Chem. 19, 289-298 (1984).

22. Ludlow, E. & Otto, S. Systems chemistry. Chem. Soc. Rev. 37, 101-108 (2008).

23. Helmich, E et al. Dilution-induced self-assembly of porphyrin aggregates:

a consequence of coupled equilibria. Angew. Chem. Int. Ed. 49, 3939-3942
(2010).

24. Tomas, S. & Milanesi, L. Mutual modulation between membrane-embedded
receptor clustering and ligand binding in lipid membranes. Nat. Chem. 2,
1077-1083 (2010).

25. Green, M. M, Reidy, M. P, Johnson, R. J., Darling, G., O’Leary, D. ]. &
Wilson, G Macromolecular stereochemistry: the out-of-proportion influence
of optically active comonomers on the conformational characteristics of
polyisocyanates. The sergeants and soldiers experiment. J. Am. Chem. Soc. 111,
6452-6454 (1989).

26. Green, M. M., Peterson, N. C,, Sato, T, Teramoto, A., Cook, R. & Lifson, S. A
helical polymer with a cooperative response to chiral information. Science 268,
18601866 (1995).

27. Smulders, M. M. J., Schenning, A. P. H. J. & Meijer, E. W. Insight into the
mechanisms of cooperative self-assembly: the “Sergeants-and-Soldiers”
principle of chiral and achiral C,-symmetrical discotic triamides. J. Am. Chem.
Soc. 130, 606-611 (2008).

28. Smulders, M. M. J. et al. Tuning the extent of chiral amplification by
temperature in a dynamic supramolecular polymer. J. Am. Chem. Soc. 132,
611-619 (2010).

29. Smulders, M. M. J. et al. Probing the limits of the majority-rules principle in a
dynamic supramolecular polymer. J. Am. Chem. Soc. 132, 620626 (2010).

1

—

2

—_

30. Lightfoot, M. P, Mair, E. S., Pritchard, R. G. & Warren, J. E. New
supramolecular packing motifs: 7t-stacked rods encased in triply-helical
hydrogen bonded amide strands. Chem. Commun. 1945-1946 (1999).

. Hanabusa, K., Koto, C., Kimura, M., Shirai, H. & Kakehi, A.

Remarkable viscoelasticity of organic solvents containing trialkyl-1,3,5-
benzenetricarboxamides and their intermolecular hydrogen bonding.
Chem. Lett. 5, 429-430 (1997).

32. Shikata, T., Ogata, D. & Hanabusa, K. Viscoelastic behavior of
supramolecular polymeric systems consisting of N,N",N”-Tris(3,7-
dimethyloctyl)benzene-1,3,5-tricarboxamide and n-alkanes. J. Phys. Chem. B
108, 508-514 (2004).

33. Ogata, D., Shikata, T. & Hanabusa, K. Chiral amplification of the structure and
viscoelasticity of a supramolecular polymeric system consisting of N,N’,N”-
Tris(3,7-dimethyloctyl)benzene-1,3,5-tricarboxamide and n-decane. J. Phys.
Chem. B 108, 15503-15510 (2004).

34. Filot, I. A. W, Palmans, A. R. A, Hilbers, P. A. ], van Santen, R. A., Pidko, E. A.
& de Greef, T. E A. Understanding cooperativity in hydrogen-bond-induced
supramolecular polymerization: a density functional theory study. J. Phys.
Chem. B 114, 13667-13674 (2010).

35. van Gestel, J., van der Schoot, P. & Michels, M. A. J. Amplification of chirality
in helical supramolecular polymers. Macromolecules 36, 6668-6673 (2003).

36. van Gestel, J. Amplification of chirality in helical supramolecular polymers: the
majority-rules principle. Macromolecules 37, 3894-3898 (2004).

37. Green, M. M. et al. The macromolecular route to chiral amplification. Angew.
Chem. Int. Ed. 38, 3139-3154 (1999).

38. Martin, R. B. Comparisons of indefinite self-association models. Chem. Rev. 96,
3043-3064 (1996).

39. Tsukamoto, M., Gopalaiah, K. & Kagan, H. B. Equilibrium of homochiral
oligomerization of a mixture of enantiomers. Its relevance to nonlinear effects
in asymmetric catalysis. J. Phys. Chem. B 112, 15361-15361 (2008).

40. Guillaneux, D., Zhao, S. H., Samuel, O., Rainford, D. & Kagan, H. B. Nonlinear

effects in asymmetric catalysis. J. Am. Chem. Soc. 116, 9430-9439 (1994).

. Cheon, K. S., Selinger, J. V. & Green, M. M. Counterintuitive influence of
microscopic chirality on helical order in polymers. J. Phys. Org. Chem. 17,
719-723 (2004).

42. Powers, E. T. & Powers, D. L. The kinetics of nucleated polymerizations at high
concentrations: amyloid fibril formation near and above the “Supercritical
Concentration”. Biophys. J. 91, 122-132 (2006).

43. Goldstein, R. E & Stryer, L. Cooperative polymerization reactions. Analytical
approximations, numerical examples, and experimental strategy. Biophys. J. 50,
583-599 (1986).

44. Frieden, C. & Goddette, D. W. Polymerization of actin and actin-like systems:
evaluation of the time course of polymerization in relation to the mechanism.
Biochemistry 22, 5836-5843 (1983).

45. Gillespie, D. T. Exact stochastic simulation of coupled chemical reactions.

J. Phys. Chem. 81, 2340-2361 (1977).

46. Gillespie, D. T. A rigorous derivation of the chemical master equation. Physica
A 188, 404-425 (1992).

47. Hammes, G. G. & Park, A. C. Kinetic and thermodynamic studies of hydrogen
bonding. J. Am. Chem. Soc. 91, 956-961 (1969).

48. Berg, O. G. & von Hippel, P. H. Diffusion-controlled macromolecular
interactions. Ann. Rev. Biophys. Chem. 14, 131-160 (1985).

3

—_

4

—

Acknowledgements

We thank Maarten Smulders for providing the experimental data and Anja Palmans
for stimulating discussions. E.-W.M. thanks the Netherlands Organization for Scientific
Research (NWO—Spinoza grant) for financial support.

Author contributions

A.J.M. developed the stochastic simulation approach and H.M.M.t.E. the equilibrium
model. TEA.G. wrote, together with A.J.M. and H.M.M.t.E., most of the manuscript.
All authors discussed the results and commented on the manuscript.

Additional information
Supplementary Information accompanies this paper at http://www.nature.com/
naturecommunications

Competing financial interests: The authors declare no competing financial interests.

Reprints and permission information is available online at http://npg.nature.com/
reprintsandpermissions/

How to cite this article: Markvoort, A. J. et al. Theoretical models of nonlinear effects
in two-component cooperative supramolecular copolymerizations. Nat. Commun. 2:509
doi: 10.1038/ncomms1517 (2011).

License: This work is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivative Works 3.0 Unported License. To view a copy of this license, visit http://
creativecommons.org/licenses/by-nc-nd/3.0/

NATURE COMMUNICATIONS | 2:509 | DOI: 10.1038/ncomms1517 | www.nature.com/naturecommunications 9

© 2011 Macmillan Publishers Limited. All rights reserved.



	Theoretical models of nonlinear effects in two-component cooperative supramolecular copolymerizations
	Introduction
	Results
	Cooperative supramolecular copolymerization
	The majority-rules principle
	The sergeants-and-soldiers principle

	Discussion
	Methods
	Mass-balance model for the majority-rules principle
	Derivation of the critical ee
	Gillespie simulation of the sergeants-and-soldiers principle
	Thermodynamic parameters

	Additional information
	Acknowledgements
	References




