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Three-dimensional broadband and broad-angle
transformation-optics lens

Hui Feng Ma & Tie Jun Cui

Luneburg lenses have superior performance compared with conventional lenses made of
uniform materials with specially designed surfaces, but they are restricted by the difficulty of
manufacturing the required gradient-index materials and their spherical focal surfaces. Recently,
a new two-dimensional (2D) imaging lens was proposed and realized using transformation
optics. Such a 2D lens overcomes the aberration problem, has a flattened focal surface and is
valid for extremely large viewing angles. Here, we show the design, realization and measurement
of a three-dimensional (3D) approximate transformation-optics lens in the microwave
frequency band. The 3D lens is made of non-resonant metamaterials, which are fabricated with
multilayered dielectric plates by drilling inhomogeneous holes. Simulation and experimental
results demonstrate excellent performance of the 3D lens for different polarizations over a
broad frequency band from 12.4 to 18 GHz. It can also be used as a high-gain antenna to radiate
or receive narrow beams in large scanning angles.
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daily life. As imaging tools, optical lenses have been investigated

by many scientists and industries for several centuries. In a con-
ventionally positive or converging lens, made of a uniform material
(such as the glass or transparent plastic) with a specially designed
surface, a collimated beam travelling along the lens axis is focused
to a spot, the focal point, at a distance f (known as the focal length)
from the lens, or a point source at the focal point is converted into
a collimated beam by the lens. Hence, an object at an infinite dis-
tance is focused to an image at the focal point, or an object at the
focal point has an image at infinity. As the focusing principle of
the conventional lens is based on the refraction of light rays on the
lens surface and the straight-line transmission inside the lens, there
always exist geometrical and wave aberrations (such as spherical
aberration, coma, chromatic aberration and so on) that limit the
imaging quality of the conventional lenses. Although multiple opti-
mized lenses can be used to form a lens array, imaging distortion
due to aberration is still unavoidable.

The other type of lenses, which are composed of inhomogeneous
materials with radially decreasing refractive indices and are known
as Luneburg lenses, can eliminate the aberration. A Luneburg lens
is a spherical lens that generates perfect geometrical images of two
given concentric spheres onto each other. There are an infinite
number of refractive index solutions to Luneburg lenses to deter-
mine different focusing properties, and the simplest one is given by
n=(2-r/R*)", in which R is the radius of the sphere'. In such a
Luneburg lens, if one focal point lies at infinity, the other one will
be on the opposite surface of the lens. Hence, the gradient index of
refraction inside the Luneburg lens guides the incoming collimated
rays from infinity to a focal point on the spherical surface without
any aberrations. The practical Luneburg lens is normally realized
using layered concentric shells with different refractive indices,
forming a stepped refractive index profile to approximate the gra-
dient one. Such implementation is usually used in the microwave
frequency to construct microwave antennas, but it is hardly used in
the optical frequency band. Recently, non-resonant metamaterials
have been applied to build the 2D Luneburg lens antenna in the
microwave frequency?.

Besides the difficult fabrication challenge of the required gra-
dient-index materials, the other restriction of Luneburg lens is
the spherically focal surface, which cannot be well matched to the
planar feeding source or detector array. To overcome the restric-
tion, a significant achievement has been made by generating a novel
metamaterial lens based on the Luneburg lens**. Using the transfor-
mation optics*?, the circularly focal surface can be changed as a flat-
tened focal plane, and the incoming collimated rays from extremely
large angles can all be focused to this plane®*. Compared with the
conventional uniform material lens and the circular Luneburg
lens, the new lens has no aberration, a zero focal distance (a focal
distance is defined as the distance from the focal point to the lens),
a flattened focal surface and the ability to form images at extremely
large angles. Hence, such a kind of lens could be a good candidate
for high-quality imaging applications. A prototype of the new lens
was demonstrated using metamaterial structures in the microwave
region over a broadband’. However, this demonstration was only
limited to a 2D form with the transverse electric mode.

In this work, we present the design, realization and measure-
ment of a 3D version of the 2D transformation-optics lens in the
microwave frequency. This is actually an approximate 3D transfor-
mation-optics lens, which is composed of non-resonant metamate-
rials and fabricated with multilayered isotropic dielectric plates by
drilling inhomogeneous holes. Simulation and experimental results
demonstrate excellent performance of the 3D lens with low loss for
different polarizations over a broad frequency band from 12.4 to
18 GHz (Ku-band), which can be used as a high-gain antenna with
narrow beams and large scanning angles.

I maging is one of the most important activities in science and

Results

Design of the 3D transformation-optics lens. In the design of the
new 3D lens, transformation optics has an important role. It has been
widely used to design and generate other attractive devices such as
invisibility cloaks®™¢, electromagnetic concentrators and rotators'’~*
and high-performance antennas®*. To design the 3D Luneburg-
basedlens, we start froma 2D geometry shown in Figure 1. The virtual
space is a Luneburg surface with a radius R and the normal refractive
index distribution (n=(2-r*/R*)"*) in the free space (Fig. la).
We intended to flatten a part of the circular surface with an open
angle 6, as shown in Figure 1a. If 6=180°, half of the circular surface
will be flattened. Hence, the physical space is illustrated in Figure
1b, which is a rectangular region. Transformation from the virtual
space to the physical space can be performed using two approaches.
The first approach is the exact coordinate transformation, which
results in strongly anisotropic metamaterials in the physical space*.
Hence, the approach is difficult to realize in experiments. The other
approach isbased on quasi-conformal mapping®’, which numerically
generates the spatial transformation. In this method, only isotropic
dielectric materials are required in the physical space®, which are
much easier to realize in experiments.

We adopt the second approach in our design and set the open
angle as 6=120° (Fig. 1a). The quasi-conformal mapping result is
shown in Figure 1b, from which we clearly see that the range of
refractive index varies from 0.5 to 2.2. We also notice that only a
small portion in the physical space is occupied by materials the
refractive index of which is less than 1 (n <1). Although such mate-
rials could be realized using metamaterials near the resonant fre-
quency, the large loss and narrow bandwidth will restrict the overall
performance of the novel lens. Hence, we make an approximation
in the design and experiments to replace the small portion (n <1) by
free space (n=1). After such an approximation, the final 2D refrac-
tive index profile in the xoz plane is illustrated in Figure 1c, the
index of refraction of which is varied from 1.1 to 2.1.

We generate the 3D refractive index distribution by rotating
the 2D profile along the z axis (Fig. 1c). In this manner, a novel
3D Luneburg lens is achieved, as shown in Figure 1d, in which the
z axis is called the optical axis and the xoy plane is the focal surface.
From Figure 1a, the 3D lens has a height of =104 mm and a maxi-
mum aperture of d=108 mm. As presented in Methods, this is an
approximate transformation-optics lens*>. When a source is placed
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Figure 1| Quasi-conformal mapping of 2D flattened Luneburg lens and
generation of 3D flattened Luneburg lens. (a) The 2D Luneburg lens
and its transformation space, in which R=70mm and 6=120°. (b) The
2D flattened Luneburg lens and its refractive index distribution. (¢) The
simplified refractive index distribution in the xoz plane. The 3D lens is
generated by rotating the profile around the z axis. (d) The photograph of
the fabricated 3D lens.
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at different positions on the flattened focal surface, the lens will
radiate perfectly planar wavefronts at different angles on the planes
containing the optical axis. On the planes not containing the optical
axis, the planar wavefronts will have some distortions.

Performance simulation. To illustrate the performance of the
approximate 3D transformation-optics lens, we generate full-wave
simulations using commercial software (Microwave Studio, CST).
The simulation model is generated from Figure lc by rotating
the 2D profile along the z axis, as demonstrated in Supplementary
Figure S1. The feeding source is a rectangular waveguide (aperture
size: 16 x8 mm?), which is the same as that used in experiments.
When the feed is located at the centre of the focal plane (x=0 and
y=0), the simulation results of the near-field distributions on yz
planes (vertical planes) are shown in Supplementary Figure S2, in
which a—c illustrate the electric fields on the x=0 plane (contain-
ing the optical axis) at different frequencies of 12.5, 15 and 18 GHz,
and d, e demonstrate the fields on planes x=10, 30 and 40 mm at
15GHz. From a-c, we clearly observe that the 3D lens produces
perfectly planar wavefronts in a broad frequency band on the plane
containing the optical axis, as predicted; from d, e, surprisingly, we
observe nearly perfect planar wavefronts on planes not containing
the optical axis, even when the plane is far away from the optical
axis (x=40mm, which is close to the edge of the lens). Similar phe-
nomena are observed on the horizontal planes (xz planes), as shown
in Supplementary Figure S3.

When the feed moves a short distance from the centre of the
focal plane (x=-10mm and y=0), the near-field distributions on
the horizontal in-optical-axis plane (y=0) at 12.5, 15 and 18 GHz
are illustrated in Figure 2a-c; and field distributions on the oft-
optical-axis plane (y=10, 30 and 40 mm) at 15 GHz are shown in
Figure 2d,e. Obviously, the 3D lens also produces nearly perfect
planar wavefronts on both planes containing and not containing the
optical axis, directing to the angle of 20° off the z axis. Owing to the
good planar wavefronts in 3D space, the lens can serve as a high-
gain and low-sidelobe antenna, which can be clearly seen in the 3D
far-field radiation patterns depicted in Figure 3a,b.

As the feed moves a relatively large distance from the centre of
the focal plane (x=—-20mm and y=0), the simulation results on
near and far fields are demonstrated in Supplementary Figures S4
and S3c. In this situation, the planar wavefronts only have small dis-
tortions on the observation planes that are far from the optical axis
(y=30 and 40 mm), which still result in a very good radiating beam
to the angle 37° off the z axis. As the feed reaches the boundary of the
focal plane (x=—-30mm and y=0), the electric field distributions
on the in-optical-axis plane (y=0) and the nearby off-optical-axis
plane (y=10mm) demonstrate very good planar wavefronts, mak-
ing a large radiation angle of 50° (Supplementary Fig. S5a—d). Only
when the observation planes are far from the optical axis (y =30 and
40mm) do the field patterns have severe distortions (Supplemen-
tary Fig. S5e,f). However, the far-field radiation pattern is still fair,
as shown in Figure 3d. Hence, the approximate 3D transformation-
optics lens has a very good overall performance, although small
distortions exist near the edge of the lens.

Realization of the 3D transformation-optics lens. The 3D lens
is composed of non-resonant metamaterials, which are fabricated
with multilayered dielectric plates, and each layer is drilled by dif-
ferent inhomogeneous holes to realize the 3D distribution of refrac-
tive indices (Fig. 1¢). Figure 1d illustrates the photograph of the final
sample of the 3D lens. Two kinds of dielectric plates are involved
in the lens’ realization: the FR4 dielectric, which has a large rela-
tive permittivity 4.4 (with loss tangent 0.025), and the F4B dielec-
tric, which has a small relative permittivity 2.65 (with loss tangent
0.001). We design the 3D transformation-optics lens to work in the
Ku-band (the frequency ranges from 12.4 to 18 GHz), and choose
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Figure 2 | Simulated near-field distributions of the 3D lens. Here,

the feeding source is located 10 mm off the centre of the focal plane
(x=-10mm and y=0). (a-c) On the y=0 plane (containing the optical
axis) at 12.5, 15 and18 GHz. (d-f) On y=10, 30 and 40-mm planes at
15GHz.
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Figure 3 | Simulated 3D far-field radiation patterns of the 3D lens at
15GHz. (a) The feeding source is located at the centre of the focal plane
(x=0and y=0). (b-d) The feeding source is located 10, 20 and 30 mm off
the centre of the focal plane (x=-10, =20 and =30 mm, and y=0).

threekinds of unit cells as building blocks of metamaterials to achieve
the required distribution of refractive index. The three kinds of
unit cells are 2 x 2x 1 (Fig. 4b) and 2 x 2x 2 mm® F4B dielectric blocks
(Fig. 4¢), and 2x2x2mm’ FR4 dielectric blocks (Fig. 4d), which
can be easily generated from the commercial 1-mm-thick and
2-mm-thick F4B plate, and 2-mm-thick FR4 plate, respectively. The
continuous variation of the refractive index (1) can be obtained by
changing the diameter (D) of the drilling hole in the unit cell.

From the effective medium theory?* and the S-parameter
retrieval method?®, effective indices of refraction for the above unit
cells have been obtained, as demonstrated in Figure 4b-d. Here,
three orthogonal polarizations of incident waves (P1, P2 and P3;
Fig. 4a) are considered for the study of the isotropic properties of
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Figure 4 | Relations between the refractive index and the hole's
diameter D. These relations are shown for different unit cells under
different polarizations at 15 GHz. (a) Three polarizations P1, P2 and P3
for a unit cell, (b) the 2% 2 x1mm?3 F4B unit cell, (¢) the 2x2 x2mm? F4B
unit cell and (d) the 2 x 2 x 2 mm?3 FR4 unit cell.

unit cells. We observe that all three kinds of unit cells have nearly
the same electromagnetic responses to P2- and P3-polarized inci-
dent waves and a slightly different response to the P1-polarized
wave. Hence, all unit cells are approximately isotropic. For the
2x2x1mm?® F4B unit cell, the refractive index n changes from 1.23
to 1.08 as diameter D varies from 1.3 to 1.9mm (Fig. 4b); for the
2x2x2mm® F4B unit cell, #n changes from 1.63 to 1.17 as D varies
from 0.1 to 1.9 mm (Fig. 4¢); and for the 2 x2 x 2 mm?® FR4 unit cell,
n changes from 2.1 to 1.56 as D varies from 0.1 to 1.7 mm (Fig. 4d),
covering all required indices of refraction.

In realization, the first region of 3D lens (the top part, Supple-
mentary Fig. S6d), the refractive index of which changes from 1.1 to
1.2, was fabricated using 2 x 2 x 1 mm® F4B unit cells with different-
sized holes, as shown in Figure 5a. Here, an additional 1-mm-thick
foam plate, the refractive index of which is nearly 1, was placed
under the 2x2x 1 mm?® F4B unit cells to achieve the same height
as the 2x2x2mm?® unit cells for easy assemblage of the 3D lens.
In the second region (the bottom shell; Supplementary Fig. S6d),
the refractive index varies from 1.2 to 1.63, and hence it can be
fabricated using 2x2x2mm?® F4B unit cells with different-sized
holes, as shown in Figure 5b. The third region is the bottom core,
which has a large index of refraction (from 1.63 to 2.1), and
hence was realized by 2x2x2mm?® FR4 unit cells with different-
sized holes, as demonstrated in Figure 5c. The whole 3D lens was
achieved by fixing the three parts together, as depicted in Figure 5d.
The detailed fabrication process of the 3D lens is given in
Supplementary Figure S6.

Experimental results. To verify the actual performance of the 3D
transformation-optics lens, we measured both near and far electric
fields produced by the lens when a feeding source is placed at differ-
ent positions on the flattened focal surface. The near-field measure-
ment setup is illustrated in Figure 6. A coaxial probe was placed in
front of the lens (Fig. 6a,c) to detect the electric fields in the near-
field region. The measured plane in experiments is on the xoz plane
with y=0mm (Fig. 6a), which contains the optical axis. The test
region is a 198 x 198 mm? square area outside the 3D lens, which
is shifted when the feeding source is placed at different locations,
as shown in the square frames in Supplementary Figures S3b and
S5b, and Figure 2b. A Ku-band coax-to-waveguide device with an

Figure 5 | Construction of the 3D transformation-optics lens. Here,
D,=26mm, D,=66mm, D;=70mm, D,=10mm, D; =46 mm and
H=40mm. (a) The first region (the top part) was fabricated using

2 x2xTmm3 F4B unit cells. (b) The second region (the bottom shell)
was fabricated using 2 x 2 x 2 mm? F4B unit cells. (¢) The third region
(the bottom core) was fabricated using 2 x 2 x 2 mm? FR4 unit cells.
(d) Construction of the 3D lens.

a

Figure 6 | Near-field measurement system of the 3D lens. (a-b)
Demonstration of the relationship among probe, feed and lens. (¢) A
coaxial probe was used to detect the electric fields on a horizontal plane.
(d) A Ku-band coax-to-waveguide device with the aperture size of

16 x 8mm? was used to feed the lens at different positions on the flattened
focal surface.

aperture size of 16 x8mm? (a=16mm, b=8mm) was used to feed
the antenna (the feeding source; Fig. 6b,d). In experiments, the 3D
lens was fixed into a foam box for easy installation (Fig. 6¢). The
foam has a refractive index of nearly 1, and hence has little effect
on measurements. The detection probe was fixed, and the 3D lens
was controlled by an electronic motor under an aluminium plate
that moves automatically to measure the near fields continuously,
as shown in Figure 6¢c. From the ray trace analysis* and full-wave
numerical simulations (Figs 2 and 3; Supplementary Figs S2-S5),
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Figure 7 | Measurement results of near electric fields outside the

3D lens. The measurements are shown at 12.5, 15 and 18 GHz. (a-¢)

The feeding source is located at the centre of the focal plane (x=0 and
y=0). (d-f) The feeding source is 10 mm off the centre of the focal plane
(x=-=10mm and y=0). (g-i) The feeding source is 30 mm off the centre
of the focal plane (x= =30 mm and y=0).

the 3D lens will generate collimated rays (or plane waves) with small
distortions, propagating to different directions by changing the feed-
ing source positions. We remark that the detection probe should be
parallel to the polarization direction of electric fields to get the best
measurement results. Different polarizations in measurements can
be considered by adjusting the feeding coax-to-waveguide device.
When side a of the feed is parallel to the x axis (horizontally placed;
Fig. 6), it corresponds to vertical polarization (to electric field);
when side a of the feed is parallel to the y axis (vertically placed), it
corresponds to horizontal polarization.

The measurement results of the near electric fields under verti-
cal polarization are illustrated in Figure 7, in which three typical
source positions are chosen on the focal plane: the feed is located at
the lens centre (x=0 and y=0; Fig. 7a—c), 10 mm off the lens cen-
tre (x= —10mm and y=0; Fig. 7d-f) and 30mm off the lens cen-
tre (x= —30mm and y=0; Fig. 7g-i). Such settings are the same as
those in the full-wave simulations for fair comparison. In measure-
ments, the electric fields inside the 3D lens cannot be obtained and
the measurement region is marked as square frames in Figure 2b
and Supplementary Figures S3b and S5b. Comparing Figure 7a-c
with Supplementary Figure S3a—c; Figure 7d-f with Figure 2a-c;
and Figure 7g-i with Supplementary Figure S5a-c, we clearly notice
that the measurement results have excellent agreement with the
numerical simulations at all frequencies. More specifically, when
the feed is located at the centre of the focal plane, the 3D lens gen-
erates very good planar wavefronts in the z direction (Fig. 7a—c);
when the source is 10mm off the centre (x=-10mm and y=0),
the 3D lens radiates good plane waves propagating in the angle of
20° off the z direction (Fig. 7d-f); as the source is 30mm off the
centre (x=-30mm and y=0), the plane waves propagate in
the direction of 50° off the z axis (Fig. 7g-i). The simulated and
measured radiation angles have a perfect match. As the 3D lens was
fabricated using multilayer isotropic dielectric plates by drilling

|mm 15 GHz
mim 18 GHz

Figure 8 | Measured far-field results of the 3D lens. (a, ¢, e) Show
horizontal polarizations, whereas (b, d, f) present vertical polarizations at
12.5,15 and 18 GHz. (a-b) The feeding source is located at the centre of
the focal plane (x=0 and y = 0). (c-d) The feeding source is 10 mm off the
centre of the focal plane (x= =10 mm and y=0). (e-f) The feeding source
is 30 mm off the centre of the focal plane.

inhomogeneous holes, the lens works in a broad frequency band
from 12.4 to 18 GHz. From the above measurement results, we
clearly observe that the radiation direction can be controlled in a
large angle range by moving the feeding source on the flattened
focal surface in the whole Ku-band.

The 3D lens was also measured in the anechoic chamber to
observe the far-field radiations in both horizontal and vertical
polarizations. The measured far-field radiation patterns are illus-
trated in Figure 8, with different feeding positions on the flattened
focal surface at different frequencies. Figure 8a,c,e demonstrates
the horizontally polarized (E-plane) far-field radiation patterns at
12.5, 15 and 18 GHz; and Figure 8b,d,f shows the vertically polar-
ized (H-plane) far-field radiation patterns at 12.5, 15 and 18 GHz,
respectively. To observe the sidelobe information clearly, we replot
the far-field radiation patterns in the log scale (dB), as depicted
in Supplementary Figure S7. From Figure 8 and Supplementary
Figure S7, the broadband property of the 3D lens is well kept in the
far-field radiations, which is valid for both horizontal and vertical
polarizations. The main features of the 3D transformation-optics
lens are given in Supplementary Table S1. Apparently, it has very
good overall performance. As a planar array of feeding sources is
placed on the flattened focal surface, the radiation beam of the 3D
lens will be scanned in a range of 50° with respect to the normal
direction (z axis).
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Discussion

In the last 10 years, metamaterials have received great attention
because of their unusual properties and behaviours. However,
most metamaterial research is still limited to theory and numeri-
cal simulations, and only a few experiments have been performed.
Among the limited metamaterial experiments, most of them have
been restricted to 2D cases except the recently proposed 3D ground
plane invisibility cloaks'>!®. Even for the 3D invisibility cloaks, there
is still a long way to find real applications because of their large sizes
compared with cloaked objects.

In this article, we have demonstrated the design, realization and
measurement of a novel 3D lens in the microwave frequency. This
is the first 3D lens based on transformation optics, although it is
an approximation. Hollowed dielectric plates are used to build the
3D lens, which are easy to realize and could be popularized in the
scientific community. The proposed 3D lens is more advantageous
than conventional uniform material lens and the spherical Luneb-
urg lens, with zero focal distance, flattened focal surface and ability
to generate radiation beams at extremely large angles. The ray trace
analysis®* and full-wave numerical simulations show that the 3D
lens can radiate perfectly planar wavefronts on planes containing
the optical axis no matter where the feeding source is located and
how large the radiation angle is, which has also been confirmed by
experiments. As the feeding source is located near the centre of the
focal plane, very good planar wavefronts are observed on all planes
not containing the optical axis. When the feeding source is far away
from the centre and close to the edge of the focal plane, the planar
wavefronts are well kept on planes not containing but close to the
optical axis. Only on planes far away from the optical axis do the
wavefronts have severe distortions.

Hence, the 3D lens has very good overall performance: (1) high
gain; (2) relatively low sidelobes (especially for small radiation
angles); (3) dual polarizations; (4) large radiation angles (up to
50°); and (5) broad band (from 12.4 to 18 GHz). If a planar array of
feeding sources is placed on the flattened focal surface and is prop-
erly controlled, the radiation beam will be scanned in a range of
50° around the z axis, realizing a high-performance beam-scanning
antenna. The above performance makes the novel 3D lens superior
than traditional antennas, as presented in Methods.

Methods

Approximation of the 3D transformation-optics lens. Although the 2D profile
shown in Figure lc is obtained using quasi-conformal mapping, it was demon-
strated that the rotational 3D distribution of the refractive index does not satisfy the
requirement of the optical transformation®. From the rigorous analysis, an accurate
3D transformation-optics lens should be made of anisotropic materials with both
electric permittivity and magnetic permeability tensors®. This can be clearly seen
from the local dispersion relation for the cylindrical coordinate system (p, ¢, z), in
which x*+y*=p? and tan @=y/x. The local dispersion relation has been derived as*

ko! B +kyla+k la=1 1)

in which k= pk, + @k, + 2k, is the normalized wavenumber with respect to free
space, 0=¢,, f=¢,=¢, and (g, &, €,) are permittivity components of the aniso-
tropic materials. Only when k,=0 does the above equation reduce to the dispersion
relation for an isotropic dielectric medium (&= o).

Hence, the proposed 3D lens that is composed of isotropic dielectric materials
is an approximate transformation-optics lens, which is accurate only when k,=0.
Under the condition of cylindrical symmetry of the proposed 3D lens, k,=0 implies
constant @ planes, or the planes containing the optical axis. As a consequence, all
incident rays on the planes containing the optical axis at a wide range of angles can
be focused onto the flattened focal surface, which is exactly the same as the 2D case’.
If the rays impinge on planes not containing the optical axis, however, they cannot
be exactly focused. On the other hand, when a source is placed at different positions
on the flattened focal surface, the lens will radiate perfectly planar wavefronts at dif-
ferent angles on the planes containing the optical axis. On the planes not containing
the optical axis, the planar wavefronts will have some distortions.

Performance comparison with traditional antennas. It is hard to find an appro-
priate traditional antenna to make full comparisons with the 3D transformation-
optics lens. For example, the phase-array antenna is a good candidate to scan large

radiation angles®, but it requires an extremely complicated feeding network with
very high cost; the leaky-wave antenna is restricted by its small scanning angles’;
and so on. To make fair comparisons, we choose a uniform material hyperbolic lens
antenna? (Supplementary Fig. S8a) and a parabolic reflector antenna® (Supple-
mentary Fig. S8b) that have the same aperture size (108-mm diameter) and are fed
by the same waveguide (16 x8 mm?), because they also have the good performance
of high gains, broadband and dual polarizations. The focal distances of the two
antennas are 90 and 80 mm. When the feed moves on the focal plane, the radiation
beams of the two antennas can also be scanned in a range of angles.

The near-field distributions of the two traditional antennas are simulated using
the same commercial software (Microwave Studio, CST), as illustrated in Supple-
mentary Figure S9. When the feed is located at the centre of the focal plane (x=0),
the two antennas radiate planar wavefronts to the normal direction (z axis; Supple-
mentary Fig. $9a,d). As the feed is located 20 mm off the centre of the focal plane
(x=—20mm), the hyperbolic lens radiates planar wavefronts to an angle of 10.5°
off the z direction (Supplementary Fig. S9b), and the parabolic reflector radiates
distorted planar wavefronts to an angle of 13.4° off the z direction (Supplementary
Fig. S9¢). When the feed is located at the edge of the focal plane (x= —40 mm), the
hyperbolic lens radiates planar wavefronts to an angle of 20.4° off the z direction
(Supplementary Fig. S9¢c), and the parabolic reflector radiates distorted planar
wavefronts to an angle of 21.1° off the z direction (Supplementary Fig. S9f). Hence,
the maximum scanning angles for such two antennas are 20.4° and 21.1°, which are
much smaller than that of the 3D flattened Luneburg lens (50°).

We have also made comparisons for the far-field radiation patterns in horizon-
tal polarization among the three antennas—the 3D transformation-optics lens, the
hyperbolic lens and the parabolic-reflector antenna—at 15 GHz, as demonstrated
in Supplementary Figure S10. Supplementary Figure S10a shows the case when the
feeding source is located at the centre of the focal plane (x=0 and y=0), and Sup-
plementary Figure S10b shows another case as the feeding source is located 10 mm
off the centre of the focal plane (x= —10mm and y=0) for the new 3D lens and
40 mm off the centre of the focal plane (x= —40 mm and y=0) for two traditional
antennas. In the latter case, the radiation angles of all three antennas are around
20°. The comparison of the main features among the three antennas is given in
Supplementary Table S2. Clearly, the approximate 3D transformation-optics lens
has much superior overall performance than the two traditional antennas.

References

1. Luneburg, R. K. Mathematical Theory of Optics (Brown University, 1944).

2. Ma, H. E, Chen, X, Yang, X. M., Xu, H. S., Cheng, Q. & Cui, T. J. A broadband
metamaterial cylindrical lens antenna. Chin. Sci. Bull. 55, 2066-2070 (2010).

3. Kundtz, N. & Smith, D. R. Extreme-angle broadband metamaterial lens. Nat.
Mater. 9, 129-132 (2010).

4. Schurig, D. An aberration-free lens with zero f-number. New J. Phys. 19,
115034-115044 (2008).

5. Pendry, J. B., Schurig, D. & Smith, D. R. Controlling electromagnetic fields.
Science 312, 1780-1783 (2006).

6. Schurig, D. et al. Metamaterial electromagnetic cloak at microwave frequencies.
Science 314, 977-980 (2006).

7. Cai, W, Chettiar, U. K,, Kildishev, A. V. & Shalaev, V. M. Non-magnetic cloak
without reflection. Nat. Photon. 1, 224-226 (2007).

8. Jiang, W. X. et al. Invisibility cloak without singularity. Appl. Phys. Lett. 93,
194102 (2008).

9. Leonhardt, U. & Tyc, T. Broadband invisibility by non-Euclidean cloaking.
Science 323, 110-112 (2009).

10. Li, J. & Pendry, J. B. Hiding under the carpet: a new strategy for cloaking. Phys.
Rev. Lett. 101, 203901 (2008).

11. Liu, R. et al. Broadband ground-plane cloak. Science 323, 366-369 (2009).

12. Valentine, J., Li, J., Zentgraf, T., Bartal, G. & Zhang, X. An optical cloak made of
dielectrics. Nat. Mater. 8, 568-571 (2009).

13. Gabrielli, L. H., Cardenas, J., Poitras, C. B. & Lipson, M. Silicon nanostructure
cloak operating at optical frequencies. Nat. Photon. 3, 461-463 (2009).

14. Ma, H. E, Jiang, W. X,, Yang, X. M., Zhou, X. Y. & Cui, T. ]. Compact-sized and
broadband carpet cloak and free-space cloak. Opt. Express 17, 19947-19959
(2009).

15. Ergin, T., Stenger, N., Brenner, P, Pendry, J. B. & Wegener, M. Three-
dimensional invisibility cloak at optical wavelengths. Science 328, 337-339
(2010).

16. Ma, H. E & Cui, T. J. Three-dimensional broadband ground-plane cloak made
of metamaterials. Nat. Commun. 1:21 (2010).

17. Rahm, M., Cummer, S. A., Schurig, D., Pendry, J. B. & Smith, D. R. Optical
design of reflectionless complex media by finite embedded coordinate
transformations. Phys. Rev. Lett. 100, 063903 (2008).

18. Jiang, W. X. et al. Design of arbitrarily shaped concentrators based on
conformally optical transformation of nonuniform rational B-spline surfaces.
Appl. Phys. Lett. 92, 264101 (2008).

19. Chen, H. et al. Design and experimental realization of a broadband
transformation media field rotator at microwave frequencies. Phys. Rev. Lett.
102, 183903 (2009).

6 NATURE COMMUNICATIONS | 1:124 | DOI: 10.1038/ncomms1126 | www.nature.com/naturecommunications
© 2010 Macmillan Publishers Limited. All rights reserved.



NATURE COMMUNICATIONS | DOI: 10.1038/ncomms1126

ARTICLE

20. Ma, H. E. et al. Experiments on high-performance beam-scanning antennas
made of gradient-index metamaterials. Appl. Phys. Lett. 95, 094107 (2009).

21. Jiang, W. X,, Cui, T. J., Ma, H. E, Yang, X. M. & Cheng, Q. Layered high-gain
lens antennas via discrete optical transformation. Appl. Phys. Lett. 93, 221906
(2008).

22. Landy, N. I, Kundtz, N. & Smith, D. R. Designing three-dimensional
transformation optical media using quasiconformal coordinate transformations.
Phys. Rev. Lett. 105, 193902 (2010).

23. Abeles, E. in Progress in Optics 1I (ed. Wolf, E.) Ch. 7 (North-Holland, 1963).

24. Heavens, O. S. Optical Properties of Thin Solid Films (Dover, 1991).

25. Smith, D. R., Schultz, S., Markos, P. & Soukoulis, C. M. Determination of
effective permittivity and permeability of metamaterials from reflection and
transmission coefficient. Phy. Rev. B 65, 195104 (2002).

26. Volakis, J. L. Antenna Engineering Handbook 4th edn (McGraw-Hill, 2007).

27. John, D. K. & Marhefka, R. J. Antennas: For all Applications 3rd edn
(McGraw-Hill, 2002).

Acknowledgments
This work was supported in part by a Major Project of National Science Foundation
of China under Grant Nos. 60990320 and 60990324, in part by National Science

Foundation of China under Grant Nos. 60871016 and 60921063, in part by the
Natural Science Foundation of Jiangsu Province under Grant No. BK2008031
and in part by the 111 Project under Grant No. 111-2-05. We thank Z. L. Mei for
helpful discussions.

Author contributions

H.EM. generated numerical simulations, and designed, performed and interpreted the
experiments. T.J.C. supervised and interpreted the design and experiments, and wrote
the manuscript.

Additional information

Supplementary Information accompanies this paper on http://www.nature.com/
naturecommunications

Competing financial interests: The authors declare no competing financial interests.

Reprints and permission information is available online at http://npg.nature.com/
reprintsandpermissions/

How to cite this article: Ma, H. E & Cui, T.J. Three-dimensional broadband and broad-angle
transformation-optics lens. Nat. Commun. 1:124 doi: 10.1038/ncomms1126 (2010).

NATURE COMMUNICATIONS | 1:124 | DOI: 10.1038/ncomms1126 | www.nature.com/naturecommunications 7

© 2010 Macmillan Publishers Limited. All rights reserved.



	Three-dimensional broadband and broad-angle transformation-optics lens
	Introduction
	Results
	Design of the 3D transformation-optics lens
	Performance simulation
	Realization of the 3D transformation-optics lens
	Experimental results

	Discussion
	Methods
	Approximation of the 3D transformation-optics lens
	Performance comparison with traditional antennas

	Additional information
	Acknowledgements
	References




