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Summary  In segregation analysis of multiplex family, a method was 
presented for testing genetic hypothesis by utilizing the scores of maximum 
likelihood. This source of materials is very informative to genetic analysis 
of high-risk cases. 

INTRODUCTION 

In segregation analysis of inherited diseases, data on high-risk cases sampled 
from multiplex families may be collected by omitting isolated cases. In practice a 
selection of families with two or more affected siblings, ascertained by linking hos- 
pital records, death certificates, inquiries to physicians, examination of a population 
sample, or other direct means of ascertainment. Then simplex families will not 
enter the sample, and the problem remaining is to develope method of analysis 
appropriate to multiplex sibships. In this communication we shall suggest a simple 
method when the ascertainment probability is not known. 

MODEL 

Suppose that p and zr are respectively the segregation frequency and the prob- 
ability of ascertainment. Distribution of r affected siblings in sibships with the 
size s will a priori  be binomial; that is, 

Q(r) =sCrp r (1 _p)s - r .  

After sampling multiplex families with two or more affected sibs, the posterior dis- 
tribution P (rlF) becomes 

p ( r ! F )  = 
W (Fir) Q (r) 

w (Fir) Q (r) 
r=2 
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where w (Fir) is the probability of selecting a family (F) with r affected sibs in the 
sample. I f  the ascertainment probability is uniform among sibships, the weight 
w (rlF) will be 1 - (1 _~)r. 

A model of segregation analysis for multiplex families thus will be 

sCr pr  (1 _ p ) s - r  [1 - (1 - ~r) r] 
e ( r )  ( r = 2 , . . . . ,  s) ( 1 ) 

1 - (1 - ~rp) s - sprc(1 _ p ) s - 1  

which was first derived by Morton (1959). The scores for p are 

and 

1 
u = [ A -  E & n d  

p(1 - p )  s 

1 
K - - [ p ( l _ p ) ]  ~ ~Bsn~ 

(definition and derivation of scores may be found in Cavalli-Sforza and Bodmer 
(1971), pp. 836-841), in which ns is the observed number of sibships with the size s, 
A is the total number of affected individuals in multiplex families, and 

and 

As 
sp [1 - u (1 - p)s-, _ (1 - zr) (1 - prr)s-l] 

1 - (1 - p~)s _ spzr (1 - p) s-1 

B s -  sp(1-P)E I D + ( s - 1 ) p ~ F  spz:DGE ] 

with D =  1 -~(1  - p ) s - l - ( 1  -~)(1 _p~)s-1, E =  1- (1  - p z 0 s - l - s p ~ ( l  _p)s-1, F =  
( 1 - p ) s - 2 + ( 1 - ~ ) ( 1 - p ~ )  s-z and G = ( 1 - p ~ ) s - l - ( 1 - p ) s - l + ( s - 1 ) p ( 1 - p )  s-z. 
As and Bs have been tabulated in Tables 1 and 2 respectively for p =  1/4 and 
1/2, and s=2 ,3 , . . - . , 15  and ~ is from 0.0 to 1.0 with the increment 0.1. 

Single ascertainment (z~--*0). When every family contains only one proband 
and the other affected sibs are secondary cases through the proband, the model 
becomes 

with 

and 

s_i Cr_ I pr-1 (1 _p)s-r  
P(r) = ( r=2 , . . . . , s )  (2 )  

1 - (1  _ p) s-t 

( s -  1)p 
A s = l q  

1 - (1 - p)s-1 

Bs = (As-  1)(1 -p)[1 - ( A ~ -  1)(1 _ p)s-2]. 
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The results are in fact the same as those from distribution of a probands among r 
affected sibs (model (14) in Yasuda (1979)), replacing z~ by p, r by s -  1 and a by r -  1. 

Complete ascertainment (~=1). If  all affected sibs are proband, the method 
of ascertainment is said to be complete or zr = 1. The model (1) will be 

with 

and 

s C r p r ( l _ p ) s - r  
P(r) = ( r=2, .  �9 .. ,  s) ( 3 ) 

1 - (1 - p ) s _  sp(1  - p ) ~ - I  

A ~  ~--- 
sp [1 - (1 - p)~-l] 

1 - (1  - p ) ~ - s p ( 1 _  p)s-1 

[1--(1--p)s-1]2--(S-- 1)2p2(1--p)s-2 

[1-(1 - p ) ~ - s p ( 1 -  pp-~] 2 

These results are again mathematically equivalent to those from distribution of mul- 
tiplex probands ((21) in Yasuda (1979)). 

NUMERICAL EXAMPLE 

A distribution of congenital deafs among sibs born to normal parents has 
been reported for Kanto district (Furusho and Yasuda, 1973). Apart from sporadic 
cases the data were compatible with the hypothesis of autosomally recessive modes 
of inheritance. As an illustration, the hypothesis will be tested by the multiplex 
families only. Table 3 is reproduced a part of table for observed distribution of 
affected sibs within sibships or "SR table" (Table 4 in Furusho and Yasuda (1973)) 
taking only multiplex deafs among sibs born to normal parents. The total number 
of deafs is thus A =  YT.rn~r=565, where nsr is the number of sibships with the size 

S, r 

s containing r affected sibs. 
Multiple ascertainment. The data have been gathered through sibs' probands 

and contained the secondary cases. The distribution of probands among affected 
siblings was observed as "RA table," from which the probability of ascertainment 
was estimated to be 0.5011. For illustrative purpose we assume zc=0.5. Follow- 
ing Cavalli-Sforza and Bodmer (1971), their notation 00 corresponds to p = l / 4 =  
0.25 in our terminology. Also S(00) and I(00) correspond respectively to U and K 
computed by assuming p=0.25 and zr=0.5 by the aid of Tables 1 and 2, and the 
procedure of calculations is summarized in Table 4. We found U = -  53.22 and 
K = 2,259 so that z ~ = U2/K = 1.25 with one degree of freedom being not significant 
at 5 ~  level. Then we have estimate of segregation frequency ~ = 0 . 2 5 + U / K - 0 . 2 3  
with the standard error ~ /1 /K= 0.02. It should be emphasized here that those 
calculations do not themselves prove the hypothesis of recessive mode of inheritance 
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Table 3. Distribution of multiplex deals 
among sibs born to normal parents (nsr). 

(Furusho and Yasuda, 1973) 

s• 2 3 4 5 6 ns 

2 
3 
4 
5 
6 
7 
8 

9 
10 
12 

s u m  

25 
42 7 
46 7 2 
37 10 2 
17 4 1 
19 4 2 
6 3 2 

2 2 
2 

192 39 12 2 1 

Table 4. Segregation analysis O f multiplex 
deafs among sibs born to normal parents 

(p=1/4 and ~=0.5). 

s ns As Bs 

25 2 25 2. 00000 0. 00000 
49 3 49 2. 11475 0. 10159 
55 4 55 2. 23827 0. 21760 
50 5 50 2. 37053 0. 34778 
23 6 23 2. 51145 0. 49161 
26 7 26 2. 66086 0. 64831 
11 8 11 2. 81851 0. 81686 
4 9 4 2. 98409 0. 99612 
2 10 2 3. 15724 1. 18480 
1 12 1 3. 52456 1. 58504 

246 A=565. ~] Asns=574,97882 ~ Bsns=79.42258 
565.--574.97882 

U =  - --53.22037 
0.25(1 --0.25) 

K = 79.42258/[0.25(1 -- 0.25)1 ~ = 2,259.13116 
~ 1~=0.0210, U/K= --0.0235 
I5=0.25--0.02=0.23, U~/K= 1.25. 

As, from Table 1 ; Bs, from Table 2. 

in deafs, but  do infer the distribution o f  affected individuals in siblings does not  

differ significantly f rom that  would be expected if the disease were due to such a 

gene. 
Single ascertainment ( rc~  0). Very often in practice each family was selected 

th rough  a single p roband  or was assumed simply single ascertainment. Let us 
suppose that  data of  deafs were sampled by the method of  single ascertainment for  
an illustrative purpose. Taking the similar steps as in the previous case by using 

the values for ~r=0 and p = 0 . 2 5  in Tables 1 and 2, we arrive at U = - 1 6 2 . 5 4  and 
K = 2 , 7 0 7 .  A value o f  chi-square for p will be U~/K=9 .76  with one degree of  free- 
dom being highly significant (p<0.005).  Max imum likelihood estimate for the 

segregation frequency becomes ~ = 0 . 2 5 + U / K = 0 . 1 9  with the s tandard error 0.02, 
and which agrees with Weinberg 's  estimator* of  0.20. This result simply indicates 
that  the method of  ascertainment is critical for testing genetic hypothesis. 

Complete ascertainment (rr= 1). The other ideal extreme in method of  ascer- 
tainment is complete or every affected individuM being proband.  Computat ions  
using the value for rr= 1 and p=0 .25 ,  we have U =  - 4 . 2 6  and K = 2 , 0 8 1  so that  U2/ 
K = 0 . 0 1  and ~ = 0 . 2 5 + 0 . 0 2 .  I t  is not  significant at five percent level. 

* Weinberg's estimator of p (Weinberg, 1912) becomes Z] (r-- 1) (r--2)nsr / E (r-- 1) (s-- 2)nsr for 
multiplex family data. 
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DISCUSSION 

The above numerical example illustrates an importance of parameter 7r in testing 
genetic hypothesis. Careful designs of family selection is therefore of important. 
In most practice however definition of proband among affected siblings is vague or 
even not defined explicitly. The probability of ascertainment is then not able to 
estimate quantitatively, but is rather guessed by investigators the quality of their 
survey and/or the experience of surveyors. Following suggestion then may be prac- 
tical. Since the parameter p changes almost linearly when 7r varies, minimum at 
7r=0 and maximum at zr= 1 (Yasuda, 1981), the necessary scores may be obtained 
from averaging the ones calculated under the assumptions of single and complete 
ascertainments, respectively. In the present example we have U=[(-162.54)+ 
( -  4.36)]/2 = - 83.45, and K = (2,707 + 2,081)/2 = 2,394, which yield Z 2 = U2/K = 2.91 
being not significant at 5~  level and ~=0.22_0.02. The results are practically the 
same those obtained by multiple ascertainment. This is actually due to an implicit 
assumption of ~r=0.5 in the above conventional method. In general approximate 
formulae for the scores may be used in practice; namely, 

and 

u = (1 - ~) u ( o )  + ~ u ( 1 )  

K=(1- r~) K(O)+ z~K(1) } (4) 

in which (0) and (1) designate respectively single and complete ascertainments. 
It can be shown for using (4) that Z 2 -- U2/K will be less than 3.84, a critical value 

to be significant at 5~  level, for 0 . 4 2 ~ <  1 in the present example, indicating a 
robustness for testing segregation frequency p for ascertainment probability ~. The 
following procedures thus may be instructive for testing genetic hypothesis when 
no appropriate estimator of z would be available. First, calculate the scores under 
the hypothesis of single and complete ascertainment, respectively. Then, calculate 
U and K from (4) and/or use of Tables 1 and 2, assuming various values of ~r, for 
instance, 0.2 for moderately single ascertainment, 0.4 for moderately multiple, and 
0.6 for moderately complete ascertainment. For each value of z, z2=U~/K can 
be computed for testing the hypothesis. This procedure may give a clue for decision 
making on genetic hypothesis in addition to experiences in family selection. This 
approach however is no use to the material in which U(0)>0 and ~2=U2/K was 
significant, because the segregation frequency p almost linearly increases when zr 
becomes large. Most likely explanations for such observations is the sampling 
biase towards to many multiplex families because of interests in high-risk cases, 
and/or wrong genetic hypothesis being tested. In former situation inclusion of 
simplex families in analysis might give a clue. It is strongly recommended that 
several methods of analysis should be applied for a given set of data for establishing 
mode of inheritance in diseases. 

The use of multiplex families might be less common practice in industrialized 
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countries where the size of sibship has been reduced, but the method is still very 
informative in genetic analysis of high-risk cases and such data can be gathered 
from intensive surveillance systems which would be developed~ in industrialized 
nations. 
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