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Effective population size is a key parameter in evolutionary and quantitative genetics because it
measures the rate of genetic drift and inbreeding. Predictive equations of effective size under a
range of circumstances and some of their implications are reviewed in this paper. Derivations are
made for the simplest cases, and the inter-relations between different formulae and methods are

discussed.
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1 The idealized population and effective
population size

In an infinitely large population and in the absence of
mutation, migration and selection, gene and genotype
frequencies remain constant over generations. In finite
populations, however, gene frequencies fluctuate
randomly from generation to generation as a result of
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the finite sampling of gametes. These erratic changes
constitute the so-called dispersive process or genetic
drift, which is likely to be one of the main factors
governing molecular evolution (Kimura, 1983) and has
implications on the rate and time to fixation of select-
ively advantageous or deleterious genes (see Crow &
Kimura, 1970, chap. 8).
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Genetic drift, at least in unstructured populations, is
quantified by a single parameter, effective population
size, which can be computed or estimated from labora-
tory or field data, and predicted under a range of
circumstances. This paper reviews predictive equations
of the effective size and their inter-relations. For
completeness and for a better understanding of the
concepts, some of the basic theory is summarized first.

The simplest possible conditions under which the
dispersive process can be studied are met in the
Wright-Fisher idealized population (Fisher, 1930;
Wright, 1931). This consists of an infinite, randomly
mated base population subdivided into infinitely many
subpopulations, each with a constant number, N, of
breeding individuals per generation. In each subpopu-
lation, parents produce an infinite number of male and
female gametes into a large pool from which only 2N
are sampled and united to produce the N zygotes of the
following generation. All individuals survive from birth
to adulthood. Both the sampling of gametes and their
union (including self-fertilization) are random, so that
all parents have an equal chance of producing offspring
and the distribution of offspring number is multi-
nomial. Systematic changes in allele frequencies are
excluded in this idealized population, generations do
not overlap, and only autosomal loci are considered.

The dispersive process can be studied as a sampling
process or as an inbreeding process because both an
increase in the variance of gene frequency among sub-
populations and an increase in homozygosity occur as
a result of the finite population size.

Under the simpie conditions of the idealized popula-
tion, sampling of gametes is binomial and the variance
of the change in gene frequency is:

1 —_
-1, (1)
where g is the allele frequency of a gene in the infinite
base population. The coefficient of inbreeding at
generation ¢, the probability that two gametes which
unite to produce a zygote in generation ¢ carry identical
by descent copies of a gene (Wright, 1922; Malécot,
1948), is

1 1
Bt (1 ZN) Frn
where the first term denotes identity by descent from
copies of a gene of an individual in generation ¢t — 1 and
the second, that from copies of a gene of an individual
in previous generations. The rate of increase in
inbreeding per generation is thus:

AF:HV’ (2)

where

AF= F —F,_,

1-F, ‘
The observable consequence of this increase in
inbreeding is a reduction in the expected hetero-
zygosity ( H) each generation,

H ,
A= - =1_AF, ‘:3)
Hr—l

or, relative to that in the base population,
----- “=1-F,=(1-AF). (4)

A=1-1/2N is the largest nonunit eigenvalue of the
transition matrix

2N\ i Y i\
P: .. = T 1"“_ N
{pih Py ( j )(ZN) ( 2N)

which, for the various possible states (number of
copies, I, of a given allele) in generation ¢ — 1, gives the
probability of each state (/) in generation ¢.

The relationship between the variance of gene
frequency over subpopulations and the coefficient of
inbreeding is:

2 _ oYL
0,-1=4q(1 q)[l (1 ZNH q(1

—q)F,,

where the one generation delay between oZ and F is
due to the fact that drift begins one generation earlier
than inbreeding. Thus, in N individuals randomly
chosen from an infinite population there is yet no
inbreeding but there is drift.

It is obvious that real populations are very unlikely
to meet the conditions of the idealized population
defined above and, therefore, the number of breeding
individuals does not describe appropriately the effects
of inbreeding and gene frequency drift in most practi-
cal situations. The concept of effective population size
(N,) was introduced by Sewall Wright (1931, 1938,
1939) to overcome this problem and has been
developed subsequently by others, mainly James F.
Crow and coworkers (Crow & Kimura, 1970, pp.
345-364; Crow & Denniston, 1988). The effective size
of a population is defined as the size of an idealized
population which would give rise to the variance of
change in gene frequency or the rate of inbreeding
observed in the actual population under consideration,
ie. N,=q(1-q)/20;, or N,=1/2AF (from eqns (1)
and (2)), which correspond to the so-called variance



and inbreeding effective sizes, respectively. Thus, the
effective size gives a measure of the rate of genetic drift
and inbreeding in the population. As neutral genetic
variation depends directly on these parameters, effec-
tive size gives a prediction of the impact of manage-
ment practices on genetic variation. Also, as the
effective size becomes smaller, weakly selected alleles
become effectively neutral. It is, therefore, a primary
variable to biologists concerned with monitoring
genetic variation in natural populations and, particu-
larly, those concerned with the management of endang-
ered or zoo species (Lande & Barrowclough, 1987;
Nunney & Campbell, 1993). Effective size is also
important in plant and animal breeding because its
magnitude affects the response to artificial selection
and its variance (see Hill (1985a, 1986) for reviews).

If the variance of change in gene frequency or the
rate of increase in inbreeding are known, because the
genotypes can be distinguished and hence the geno-
typic frequencies estimated or because pedigrees are
available, the effective population size can be estimated
or computed directly from the expressions above. For
example, if we can trace an observable quantity such as
the heterozygosity so that we know its rate of decay
(H,JH,_,), we can use eqns (2) and (3) to estimate the
asymptotic N,. This is what is called effective size ‘for
random extinction’ (Crow (1954} after a result from
Haldane (1939)) or ‘eigenvalue’ effective size, because
it is the result arising when the largest nonunit eigen-
value of the transition matrix of a Markov Chain is
obtained (see Ewens, 1979, 1982). The actual N, can
also be computed from the inbreeding coefficients
obtained from pedigrees. Estimations can be made
even when there are individuals with uncertain parent-
age in the pedigree, by including information external
to the records (Pérez-Enciso et al., 1992).

When information on genotypic frequencies or pedi-
grees is not available, effective size can still be pre-
dicted under certain circumstances (in which one or
more assumptions of the idealized population are
removed) when demographic data such as census
numbers and variances and covariances of the number
of progeny per parent are available. Effective size can
be derived following a sampling drift approach or an
inbreeding approach when the matter of interest is in
the gene frequency drift or the increase in homo-
zygosity, respectively (Crow, 1954). Estimates from
these two approaches are the same under random
mating and constant population size over generations
but can be different under other circumstances, and
also different from the eigenvalue effective size (Ewens,
1982). In what follows some of these predictions are
revised. In general, diploid populations are considered,
but haploid and polyploid populations will also be
mentioned. The practical problems in the estimation of
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the demographical parameters necessary to estimate
N, in natural populations are not dealt with in this
paper. Some of these problems and a comparison
between different methods of estimation are given by
Begon ez al. (1980) (see also Nunney & Elam (1994)).
A recent account of the practical and theoretical
considerations of the estimation of N, from temporal
changes in gene frequency of allozyme markers is given
by Waples (1989).

2 Self-fertilization not allowed

The simplest deviation from the idealized population
which can be considered is the exclusion of self-fertili-
zation in monoecious species. Under this situation, the
probability that two gametes which unite to produce a
zygote in generation ¢ carry identical copies of a gene
of an individual in generation 1 —2 is (1+F,_,)/2N,
and the probability that they carry identical copies of a
gene from different individuals is (1 —1/N)F,_,. Thus,
the inbreeding in generation # is

1+ F,_ 1
F,=_'2'7Vu+(1-'ﬁ) F,.. (5)

In this case, genetic drift begins two generations earlier
than inbreeding. By using eqns (3) and (4), expression
(5) leads to NA2—A(N—1)—1/2=0, with solution
A=(N-1+{N*+1)2N=1-1/2N+1)  (Wright,
1969, p. 195). Thus, from eqn (3):

1

AF=S9T1

(6)

and, by the definition of N, and using eqn (2),
N,= N+0.5, which is a very small difference if N is
large. Note that this value is the eigenvalue effective
size because it is computed from the largest nonunit
eigenvalue {2 ) of the transition matrix corresponding to
this model (see Ewens, 1979, p. 107). Henceforth, for
populations without selfing, effective size will be com-
puted with reference to an idealized population in
which selfing is not allowed, so that in the idealized
conditions, N,= N. A discussion on this point is made
later.

Avoidance of other types of mating between rela-
tives also has a very small effect when N is large (see,
for example, Wright, 1969, p. 198).

3 Different numbers of male and female
parents

Assume that the number of male parents (N} is differ-
ent from that of female parents (N), and that these are
constant over generations. As half the genes at any
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generation (say 7 — 1) come from male parents and half
from female parents, the probability that two genes in
t— 1, which unite to produce an offspring in # both
come from males in generation t—2 is 1/4, and the
probability that they come from the same male is
1/4N,,, and analogously for females. Therefore, the
probability that two genes which unite at random to
produce a zygote in generation f come from the same
individual in generation #—2 (regardless of sex) is
1/AN,+1/4N; In the idealized population, this
probability is 1/N, so by equating 1/N, to the former,

N, 4N, 4N,

(Wright, 1931).

Defining N=N, +N, m=N,/N and f=N]N,
then N, =4mfN, which shows that N, is maximal (and
equal to N) when m = f=1/2, otherwise N, < N. It also
shows that the size of the less numerous sex has the
larger impact on N,. For example, if m=0.01, ie.
N,,=0.01N and N;=0.99N,then N,=0.04 N=4N,,.

4 Variable population size over generations

In the idealized population the number of breeding
individuals (N) is constant over generations. Let us
consider a situation where the population size varies
over generations, with size N; in generation i. From
eqns (3) and (4), the expected heterozygosity in genera-
tion ¢ relative to that in the base population is
H /H,=T11{_,; (1-1/2N,). This can be equated to the
relative heterozygosity in the idealized population
(eqns (2) and (4), replacing N by N,), ie.(1—1/2N,).
When population sizes are large and ¢ much smaller
than any of these, this latter equality can be approxi-
mated by 1 —Z/_1/2N,~1~¢/2N,, from where:

(8)

(Wright, 1938; Crow & Kimura, 1970, pp. 109-110),
i.e. using the harmonic rather than the geometric mean.
The extension to separate sexes is 1/N,=(1/z) Z{_,
(1/AN,;+1/4N;) (Chia & Pollak, 1974). Because N,
is a harmonic mean, two important points similar to those
explained for eqn (7) appear. Firstly, the maximal N,
given a total X/_,N, is achieved with constant
population size over generations. Secondly, N, is most
strongly affected by periods of reduced population
size. In other words, if a bottleneck occurs, causing an
increase in inbreeding, this is not restored by a later
expansion of the population size. Nagylaki (1992, pp.
239-242) discusses the effects of population growth on
genetic heterogeneity and Motro & Thompson (1982)

have investigated the robustness of eqn (8) in situations
which take into account the existence of mutations.

As was mentioned before, genetic drift begins one
generation (if selfing is allowed) or two (if not) earlier
than inbreeding. If population size varies over time, for
a given generation, genetic drift depends on the
number of individuals in that generation whereas
inbreeding depends on the number of their parents (if
selfing is allowed) or their grandparents (if not).

5 Nonrandom contribution from parents

In the idealized population all parents have an equal
chance of leaving offspring which become parents in
the next generation and differences in the contributions
of parents are exclusively due to sampling. Under these
circumstances the number of successful gametes (those
which will produce zygotes) contributed by parents is
binomially distributed with mean u , = 2 and variance:

0, =2(1~1/N). (9)

In real populations, however, parents may have differ-
ent probabilities of contributing offspring because of
differences in their fertility or in the viability of their
offspring or, perhaps, because of impositions by the
breeder. Thus, parents will vary in their contributions
more than expected just by chance. As a result, o7 will
be generally higher than in the idealized population
(eqn (9)) and the effective population size will be
smaller than the number of breeding individuals, as will
be shown below.

With non-age-structured populations, the most
appropriate stage to which these means and variances
of numbers of offspring may refer is at sexual maturity
rather than at some earlier stage, so that the variances
are least (Fisher, 1939). Crow & Morton (1955) have
developed formulae for converting, under different
models of survival, measurement made at earlier
stages.

Differences among parents in their contributions
other than by sampling might be due to noninherited or
inherited causes, and the impact of the two situations
on the effective size is different. Noninherited differ-
ences of contribution of parents can arise, for example,
from environmental causes, randomly allocated among
parents each generation, or to differences in fertility of
the parents that are uncorrelated with the fertility of
their offspring. When differences in contributions are
due to inherited causes (by genetic or cultural trans-
mission), however, this means that the offspring and
later descendants of a parent with a high contribution
partially inherit this property. We will first revise pre-
dictions of effective size when the nonrandom contri-
bution of parents is due to noninherited causes.



5.1 Variation due to noninherited causes

5.1.1 Monoecious  diploid  species with  selfing
allowed As stated above, effective size can be
derived following a sampling drift approach or an
inbreeding approach. The former is considered in what
follows, with a derivation from Caballero & Hill
(1992a) similar to those of Latter (1959) and Hill
(1979). Alternative derivations are given by Pollak
(1977), Crow & Denniston (1988) and Nagylaki (1992,
pp. 261-267). Let us assume that in generation £ — 1
there are N, individuals and individual i produces s;
selfed offspring and »; nonselfed offspring, giving a
total number of successful gametes contributed of
k,=2s,+ n,. Let x; be the frequency of a given allele at
an arbitrary neutral locus in individual i (thus, x; is 0,
1/2 or 1 if it carries zero, one or two copies of the
allele, respectively). The allele frequency in the popula-
tion in generation ¢ — 1 is:

1 Ni-1 No—

1
Z X; = Xiy
Ne 1 i=1 ZN{ i=1

q:-

by noting that 2N,=N,_,u,, where u, is the mean
number of gametes contributed per individual. Analo-
gously, the gene frequency in generation ¢ is:

Ni-1

q:= N 2’ .Zl (2x;+ 0, +0,)+ Z X+(§
ri j= j=

=

where 0 is the difference in gene frequency between
the jth sampled gene and its parental value x,, i.e. 4 is
zero if the parent is a homozygote or £ 1/2 if a hetero-
zygote (subscripts 1 and 2 denote the two genes passed
to each selfed offspring). If s; or 1, are zero, the corre-
sponding terms drop out. The variance of change in

gene frequency is then:

Ni-1
Z Zsixf+”ixi”ﬂkx/)]

i=1

VAq=V[QI q;- = 4N[

+ V[N'Z_] (i (05t 0,0+ i 6,-,)“ .

i=1 \j=1 i=1

Gene frequencies and numbers of gametes per parent
are assumed to be uncorrelated, and Mendelian samp-
ling terms are also uncorrelated and have equal
variance (V[6;]). We take a retrospective approach
(Crow & Kimura, 1970, p. 353) in defining the effec-
tive size from the observed distribution of the number
of gametes contributed per parent to the next genera-
tion, such that the value of k;=2s;+ n; for parent 7 is
fixed, describing the actual number of gametes contri-
buted by parent i, and not a random variable. We
defined however the variance of family size as
Vik;)=[ZN7' (k;— u )}/ N,_,. Finally, we ignore sec-
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ond order terms introduced by correlations among the
x;, because their sum is fixed. Therefore,

VAq=4-]1V2;[Nz—J V(xi)V(ki>+ N - i V(dij)]
~ s VIV + V0,

Now, we take expectations for the different quantities
over an infinite number of conceptual replicates of the
population. Thus, V{x;)=¢(1—g)1+a, ,_,)/2 where
a; ,-, is the deviation from Hardy-Weinberg propor-
tions in generation ¢ — 1, approximately equivalent to
Wright’s F g statistic (Wright, 1969, pp. 294-295). The
expectation of V(4 ) equals the expected frequency of
heterozygotes 2¢g(1—g)(1— a, ,_,) times the variance
generated from them (1/4). Finally we substitute V(k,)
by the variance of family size in an infinite popu-

lation (ie. with the Gaussian correction),
S$2=V(k;)N,_,/(N,_,— 1). Hence,
1 g(1-4q)
VAq=2Nr,uk l'S/?; D) (1+a1,t—l)
1_
+ﬂkﬂ’2—q)<1"'am—1)}

Equating this to the variance of drift per generation in
the idealized population (eqn (1)) and rearranging we
obtain:

2N
N,= 3 (10)

Sy
(1‘a1,:—1)+ﬁ‘i(1+a1‘1—1)

(Crow & Morton, 1955; Kimura & Crow, 1963a;
Crow & Denniston, 1988). When N is constant over
generations, N,= N, u, =2 and eqn (10) reduces to:

4N

Ne=2(1-—a,)+Si(1+a,)' (11)

Even if mating of gametes including random selfing is
at random, a;, is not exactly zero due to the discrete-
ness of the possible number of genotypes in a finite
population, and the appropriate value is obtained by
Kimura & Crow (1963a) (see also Robertson, 1965).
Consider the 2N gametes from which the N individuals
in the next generation are derived. If p and g are the
frequencies of the two alleles under consideration in
the sample, the proportion of heterozygotes is obtained
by sampling without replacement:

gsz>(2Nq)=zpq( 2N )
2N-1)°

)
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and equating to 2pg(1 — a,)

ay=c. (12)

In the idealized population, o} is given by eqn (9),
$2=0IN/(N—1)=2 and from eqn (11), N,=N, as
expected from Wright’s concept of effective population
size. In this situation we note that about half the
variance in gene frequency drift is due to variable
progeny numbers, and half is due to segregation from
heterozygotes.

Let us now consider the general situation where a
given proportion of offspring (f) is produced each
generation by selfing and the remainder {1- ) by
random mating, but the self-fertilization habit is not
inherited. Then, it can be shown that a, quickly
asymptotes to /(2 f) (Haldane, 1924; Li, 1976, pp.
243-244). This is the equilibrium inbreeding of an
infinite population when the increase in inbreeding due
to selfing is counterbalanced by its breakdown due to
outcrossing. In the particular case where the numbers
of selfed and nonselfed progeny are independently
Poisson distributed, S;=48+2(1-8)=2+28 and
eqn (11) reduces to:

N
N,=
1+a,

(13)

(Li, 1976, p. 562; Pollak, 1987; Caballero & Hill,
1992a).

The above derivations were made following a
sampling drift approach. Effective population size can
also be derived from an inbreeding approach, and
inbreeding and variance effective sizes can be different
under certain circumstances. Let us assume again that
the population consists of N,_; monoecious individ-
uals in generation ¢~ 1 and that mating is at random,
for simplicity. Individual i will contribute &, successful
gametes to the next generation, so the average number
of successful gametes per individual is 4, =Zk,/N,_,,
where the summation in this and the following
equations is for i = 1 to N,_,. Thus, the probability that
two uniting gametes in generation ¢ come from the
same individual in generation ¢ — 1 is:

Tkiki-1)2 SkI-3k,
Nz—;ﬂk(N«-lﬂk_l)/Z N!—-I.uk(Nt—l;uk_l)-

Now, o0t=(Zki/N,_,)—u} and, therefore, Tk2=
N,_y(0%+u3), and Tk;=N,_ u,. Substituting these
into the above expression and rearranging, the proba-
bility that two gametes in generation ¢ come from the

same individual in ¢ — 1 is;

0i+ﬂi_#k
MUN oy — 1)

In the idealized population the corresponding proba-
bility is 1/N. Hence, replacing N by N, and equating
both we obtain:

No= Newe— 1 (14)
’ :"‘k~1+0i//uk

(Crow, 1954; Kimura & Crow, 1963a; Pollak, 1977;
Crow & Denniston, 1988). Again, substituting u, by 2
and o} by its value in the idealized population (eqn
(9)), we obtain N, = N, as expected.

A comparison between eqns (10) and (14) shows the
conceptual difference between inbreeding and variance
effective numbers. Both equations were derived to
account for the change in gene frequency or the
inbreeding in generation r. Thus, we note that the
variance effective number (eqn (10)) depends on the
number of progeny (N,), while the inbreeding effective
number (eqn (14)) depends on the number of parents
(N,_). This is in accordance with the one generation
gap between inbreeding and gene frequency variance
stated before for populations with selfing allowed.
Thus, the inbreeding effective size is smaller than the
variance effective size when the population size is
growing and vice versa. Both numbers measure differ-
ent properties and the choice of which to measure
depends on whether interest is in the gene identity or in
the amount of gene frequency drift.

Templeton (1980) has suggested that the most
favourable condition for rapid speciation caused by a
founder event occurs when there is a rapid accumula-
tion of inbreeding without a severe reduction in genetic
variability or, in other words, when the inbreeding
effective size of the founder population is low but the
variance effective size is high. However, as discussed by
Barton & Charlesworth (1984), Templeton only
considers a single generation involved in the process. If
a sequence of generations with restricted numbers of
individuals is considered, the ultimate reduction in
heterozygosity and variance of gene frequency both
depend on the sequence of numbers, as illustrated in
eqn (8), and inbreeding and variance effective size are
the same over the whole period.

When N is constant over generations, eqn (14)
reduces to:

_4N-2
2+0i

(15)

€



(Wright, 1938, 1939). Haldane (1939) also arrived at
an approximate form of eqn (15), N,=4N/(2+ o3),
when deriving the asymptotic rate of decay of segrega-
ting loci in a population. Eqn (15) is the same as the
variance effective size (eqn (11)) when §% is replaced
by o7 with the Gaussian correction, i.e.

?=0IN/(N—1),and a,fromeqn(12). Thus, inbreed-
mg and variance effective numbers are the same when
population size is constant over generations, and we
will keep this assumption henceforth for simplicity.

5.1.2 Separate sexes With separate sexes a similar
derivation to that above in terms of sampling drift can
be followed regarding couples instead of individuals.
Alternative derivations are given by Moran & Watter-
son (1959) and Pollak (1977). Let us assume that the
population consists of a constant number N/2 of
families (couples) and family i contributes k; offspring
to the next generation. The mean frequency of a given
allele in family 7 is (x,, + x,)/2, where m and f denote
male and female parents, respectively. Thus, the allele
frequency in generation ¢ — 1 is:

1 N[2
qi-1 NZ xmz+x

and in the following generation:

1 N2 ks
~ Z l: (fﬂ";-_xf) Z 6um+61/f]

Proceeding as before, the variance of genetic drift is:

VAq= V[ql_ ql-l]=—lf H:;/ V(x1m+x1>V(k )}

N
+§[V(a,,,,,)+ V(a,.,f)]] .

Now, the expectations of the different variances are
V{x,,)=V(x,)=q(1-q)1+a,)/2, where a, is the
deviation from Hardy—Welnberg proportions in male
or female parents and gq is the average allele frequency
in males and females, cov{x,,, x;)= q(l -gq)a,, where
a, is the correlation between genes in pairs of parents
(or the correlation between genes within individuals in
their offspring), V(d,,)=V{d,)=q(1—q)1-a,)/2,
and finally, we substitute V(k;) by the variance of
family size with the Gaussian correction,
$?=V(k;\N/(N~-2). Thus, substituting above and
equating to the variance of drift per generation in the
idealized population and rearranging we obtain:
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N,= N (16)
‘ 2(1-a,)+Sk(1+a, 2a )

(Caballero and Hill, 1992a).

With different numbers of males and females, the
general equation for the effective number of individ-
uals of sex s is:

1 1
Nes=4NS/{{ +——}(1—.al,s)
Hsm Uy

Son  2Smy Sy
"{( T +—_521):I(1+al,s+2a())] (17)
ﬂsm ;usmﬂ.\f /’taf

(Crow & Denniston, 1988, except the term 2a,),
where N, is the number of parents of sex s, u,
=N, /N, (uy=N;/N,) and S2, (52) are the mean and
variance of male (female) offspring from parents of sex
s, respectively, S, is the covariance between the
numbers of male and female offspring from parents of
sex s, and a; is the deviation from Hardy-Weinberg
proportions in parents of sex s.

As the total number of progeny of each sex is
assumed to be independently fixed, the changes in gene
frequency in males and females are also independent,
and we can combine the effects of the two sexes by
expression (7), replacing N by N,

i_t.1t
N, 4N,, 4N,

(18)

(Crow & Denniston, 1988). This is an approximation
implying two assumptions: firstly, the changes in gene
frequency in both sexes are weighted equally, as half of
the genes come from each sex; secondly, it is assumed
that gene frequencies are the same in both sexes, which
is reasonable at the steady state. Note that when
=N, eqns(17) and (18) reduce to eqn (16).
When mating is at random a,= — 1/(2N,— 1) (from
eqn (12)) as the numbers of males and females are
independently fixed, and a,=0. Then eqn (16) is the
same as for the monoecious case (eqn (11)).
When population size is large, a; can be neglected
and rearranging eqns (17) and (18) we arrive at:
]_Vjﬂ) Smm,mf+
N,

f Ny "

1 N; N o
+ - 2+S +2 S Se 1, 19
16Nf[ 7 (N) ™ (N) "’"} (19)

11
N. 16N,

[2+S,§m+ 2(

as obtained by Hill {1972b, 1979).
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Now consider possible deviations from random
mating. With a mix of full-sib mating and random
mating, a, quickly asymptotes to B/(4 —3f) (Ghai,
1969; Li, 1976, p. 245), where j is now the average
proportion of full-sib matings per generation. In this
case there is a positive correlation between gene
frequencies in male and female parents (a,) and,
neglecting second order terms, this is approximately
equal to a,, because if the mating system is continued
for several generations, correlations of genes within
individuals approximately equal correlations of genes
between mated individuals in the steady state. In other
words, coefficients of inbreeding of individual parents
(a,) are approximately equal to the coancestry between
mates, i.e inbreeding of their offspring (a ;). Thus, eqn
(16) gives:

4N

N,= . (20
Nl —a,)+ 541+ 3a,) (20)

When the numbers of male and female offspring are
independently Poisson distributed, S7 =2 and eqn (20)
reduces to the same equation as with partial selfing
(N,=N/(1+ a,),eqn (13)). However, if the numbers of
full-sib and non-full-sib matings are independently
Poisson distributed, $7=2+2p, and eqn {20) reduces
to N,= N/(1+3a,)(Pollak, 1987, 1988).

Equations (16) and (17) can be applied analogously
to other systems of partial inbreeding by using the
appropriate a,;. The general expression for the equili-
brium value of a, is a ;= B,/[2/ = f(2/—1)], where , is
the proportion of a mating system of jth—1 degree
(Hedrick & Cockerham, 1986). For example, for
partial selfing, j=1, and for partial half-sib mating
where mothers of the half-sibs are again half-sibs, j =3
(second degree mating). Approximations when more
than one type of partial inbreeding occurs can be
obtained by a,=(Z,8,/2/)/[1-Z (1 - 0.5)] (Hedrick
& Cockerham, 1986).

An analogous derivation for the effective size with
separate sexes and random mating from an inbreeding
point of view can be given. Consider the first genera-
tion of a certain mating structure and assume there are
N, individuals of sex s in generation 0 (the initial
generation). The probability that two gametes uniting
to form a zygote in generation 2, and coming from an
individual of sex s, came from the same individual of
sex sin generation O is:

> ksmiksﬁ — Hsmid st + osm.af
= ksmi2 ksﬁ' Ns, oM smt sf ’

where k,; (k) is the number of male (female) progeny
from the ith individual of sex s in generation 0, and
Ogns 1S the covariance of the numbers of male and

female offspring from parents of sex s. Equating this
probability to that in the idealized population, the
effective number of individuals of sex s in generation 0
is:

N — Ns,() :usm,u.v[
es0
,usm,usf+ Usm,sf

(Crow & Denniston, 1988), which can be combined for
the two sexes by eqn (18). If N,,= N;= N/2 and these
are constant over generations,

N

a— 21
1 + am,f ( )

e,0

where o, is the covariance of the numbers of male
and female offspring from parents of any sex.

This equation is strictly valid for the effective size in
the initial generation. When more generations of the
mating structure are considered the equation holds
only for some situations because it accounts only for
the possibility of identity in generation 7 from copies of
a gene in generation ¢ — 2 passed through a male and a
female in generation ¢ —1. If one more generation is
considered, copies of that gene in generation f—2,
carried by two males (or two females) in generation
t—1, may combine in their grandoffspring in genera-
tion t+1 (Caballero & Hill, 1992b). Thus we can
assume that whether two individuals in generation ¢ — 1
are both male, both female, or one of each, is
independent of the probability of their having common
ancestry in generation ¢—2. Hence, we can use eqn
(14) separately for each parental sex, except that N
refers to generation 7 — 2,

Ns,lvzlus -1

Nes=—2
ps— 1+ ai/u,

(22)

(Crow & Denniston, 1988), where u, and o? are the
mean and variance of the number of offspring pro-
duced by parents of sex s, respectively. Now, substitu-
ting expression (22) for males and females into eqn
(18), we obtain:

Nap—2

N=—"—5—,
#k"1+02/#k

€

(23)
where NJ—Z = Nm,/—z + Nﬁ1—27 M= 2m:um = 2f:uf and
o =may,+ fort mflu,,— P, and m (f) is the pro-
portion of male (female) parents (Kimura & Crow,

1963a; Crow & Denniston, 1988). If N is constant over
generations, 4, =2 and eqn (23) reduces to:

—4
Nﬂ=4N 5.
2+ 0y

(24)



A different form of eqn (24),

B AN(N-1)
N.= 2 2 2 2 ’
Nm(om+/"'m—/"'m)+ Nf(of_!_ﬂf_ﬂf)

was obtained by Pollak (1977) and can also be derived
by substituting eqn (22) (assuming constant numbers
over generations) into eqn (18). Malécot (1951) and
Moran & Watterson {(1959) also obtained eqn (25)
neglecting second order terms (leaving 4N? in the
numerator). An alternative derivation of eqn (24),
neglecting second order terms, is also given by
Caballero & Hill (1992b). In that paper, numbers of
male and female parents were assumed to be the same
for simplicity. If different numbers of male and female
parents are considered, the derivation leads straight-
forwardly to eqn (19).

Eqgn (24) applied to a case with different numbers of
males and females illustrates the fact that this is a parti-
cular case of increased variance of family size, when
individuals of the less numerous sex in general produce
more offspring than those of the more numerous sex.
For equal number of males and females and random
mating, eqn (24) gives the same result as eqn (16). For
different numbers of the two sexes, however, eqns (24)
and (25) give the same result as eqns (17) and (18) or
eqn (19) with random mating and Poisson distribution
of offspring numbers, in which case all expressions
reduce to egn (7), but not in general. This is because
eqns (24) and (25) are based on the assumption that
there is no distinction between sexes in the offspring
(Crow & Denniston, 1988; Caballero, 1994). Thus,
when variances and covariances for the four pathways
(02, 02, etc.) can be estimated, eqns (17)and (18) or
eqn (19) should be used instead of eqns (24) and (25).

Note that, if N is constant, eqn (24) applies for any
generation, except the initial one under certain situ-
ations, for which eqn (21) should be applied. The
following examples illustrate this point. For a multi-
nomial distribution of family size 03 =2(1—2/N) and
0,,;=0. Thus, both eqns (21) and (24) predict N,= N.
However, if, for example, each couple contributes
exactly one male and one female to the next generation,
o}=0,,=0 and from eqn (21) N_,=N in the initial
generation, because there is a one generation delay in
the appearance of the effects of inbreeding (Ugarte et
al., 1990), whereas from eqn (24) N,=2N—2, in sub-
sequent generations.

A derivation of the effective size with partial full-sib
and random mating from an inbreeding point of view
has been made by Caballero & Hill (1992a),

(25)

_ N(4-3p)
¢ Si+2-28°
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Because a,=f/(4—3p3), on rearrangement 8=4aqa,/
(1+3a,), and substituting into the above, we obtain
eqn (20), as expected.

As was discussed at the beginning of this section, the
variance of the number of offspring contributed per
parent is, in general, larger than expected by random
sampling (eqn (9)), and the effective size is smaller than
the number of breeding individuals. Thus, Crow &
Morton (1955) have summarized observations in
natural and laboratory populations (including Droso-
phila, snails and humans) revealing a ratio N,/N = 0.70
(although for Drosophila males, values are somewhat
smaller, about 0.4). Nei & Tajima (1981) have
suggested much lower values ( <0.1) as typical of small
organisms and Nunney & Campbell (1993) suggest
values below 0.25 for captive populations. Briscoe et
al. (1992) have estimated and reviewed values of N,/N
for captive populations of Drosophila below 0.1 in
most cases, and Frankham ({1994) summarizes esti-
mates for 20 species. Low ratios are prevalent in highly
fecund species like insects and fish, with ratios fre-
quently below 0.1. Species with lower fecundity, like
birds and mammals, have larger ratios but generally
below 0.5, and particularly low in polygynous species.
Finally, Nunney & Elam (1994) summarize and recal-
culate 14 estimates of N,/N obtained by ecological
methods in a variety of species with overlapping
generations. Values range from 0.56 to 1.27, with an
average of 0.73 but, as the authors stress, N is defined
in these estimates as the number of adults of reproduc-
tive age and, therefore, the ratio of N, to census
number is likely to be smaller.

It is also possible, however, that the variance of
family size is smaller than the value in eqn (9) and
N,>N. As an extreme, if, as mentioned above, each
parent contributes exactly two gametes to successful
breeders in the next generation, o7 =0 and, from eqn
(24), N,=2N—2=2N. This situation is sometimes
called ‘minimal inbreeding’ because the rate of change
in inbreeding is about half what it would be in an ideal-
ized population with the same number of parents, and
this has been of great value in the design of unselected
control populations of domestic animals. In this case,
random genetic drift is entirely attributed to Mendelian
segregation in heterozygotes.

When the number of males is smaller than that of
females and each male is mated to N/N, females,
‘minimal inbreeding’ can be achieved by choosing
as parents one male and N,/N, females from
each male’s progeny and one female and N,/N;
males from each female’s progeny. In this situation,
sz’mz(Nm/Nf)[l—(Nm/Nf)] and S%nm=sgnfzsjzf=
S S = 0. Substituting these into eqns (17) and

mrn,mf=
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(18) (neglecting a; and a (), for simplicity), we obtain:

1 3 1

—— R

e,
N, 16N, 16N,

(see eqn (7)), as found by Gowe ez al. (1959).

It is now worth stressing the difference between the
eigenvalue effective size, defined at the beginning of
this paper, and the variance and inbreeding effective
sizes. The difference becomes apparent in the model of
separate sexes discussed above. When N is constant
over generations, the distribution of family size is
binomial and N,,=N,=N/2, the inbreeding and
variance effective sizes from eqns (16) or {24) are N
and not N+0.5, as would be predicted approximately
by the eigenvalue effective size. This is because all the
expressions for the inbreeding and variance effective
sizes for separate sexes in this section approximately
predict (1/2AF)—(1/2) (see eqn (6)), as self-fertiliza-
tion is considered to be absent in the derivations. In
fact, eqns (16) and (24) with o7 as the variance of
successful gametes contributed by parents apply
equally to monoecious populations when self-fertiliza-
tion is prohibited (Crow & Denniston, 1988; Caballero
& Hill, 1992b; Nagylaki, 1992, p. 247). In all these
cases the inbreeding coefficient is predicted by egn (5),
and the reduction in heterozygotes approximated by
eqns {3) and (6) (in both cases replacing N by N,). For
example, for N=2, under the idealized conditions,
N,=2 from eqn (16) or eqn (24) and A F =0.20 from
eqn (6) (more exactly, AF=0.191). Thus, for each
model under consideration (in this section and later)
we specify a particular idealized population. For
example, for separate sexes the idealized population
has selfing excluded or, for haploid populations (see
later) the idealized population is haploid, so that in all
these circumstances N,=N under the appropriate
idealized conditions. Alternatively, we can define a
unique idealized population (as above), with N, always
obtained from 1/2AF (eqn {2)} and 0.5 added to the
expressions of N, above without selfing (e.g. Wright,
1969, eqn (8.19)), so that inbreeding and variance
effective sizes give about the same result as the eigen-
value effective size,

When the population size is expanding or contract-
ing we have shown that inbreeding and variance effec-
tive sizes can be different. In this case the eigenvalue
effective size is closer to the variance effective size,
because it is also defined ‘by looking to the future
rather than by looking to the past’ (Ewens, 1982), as
does the inbreeding effective size. For a more formal
account and a deeper understanding of the concepts of
effective size and idealized populations, consult Ewens
(1979, pp. 104-112; 1982), Crow & Denniston (1988,
discussion) and Gregorius (1991).

At first sight it is surprising that eqn (15), applying to
populations with selfing permitted, has a larger
numerator (4N —2) than eqn (24) (4N —4), which
applies to populations where selfing is not allowed,
suggesting that N, is larger when selfing is allowed.
This counterintuitive fact arises because o7 is not the
same under both circumstances. For binomial sampling
of gametes, o =2(1-1/N) with selfing allowed (eqn
(9)) but 07=2(1-2/N) without selfing and, in both
cases, N,= N.

5.1.3 Haploid and polyploid species For haploid
populations, assume that there is a constant number of
individuals, N, each generation, and that individual i
contributes k; offspring. The gene frequency in
individual i is x,=0 or 1, and that of the population in
two consecutive generations, ¢,_, =X, x,/N and
q,=ZN, x;k;/N. Thus, proceeding as before, the
variance of the change in gene frequency is
Vag=Vix;)V(k,)/N.Now, the expected values of V(x,)
and V(k;) in an infinite population are ¢(1— q) and S%,
respectively. Thus, equating V,, to the variance of
change in gene frequency in a haploid idealized
population, g(1 — gq)/N,, we obtain:

N, N (26)
For a multinomial or Poisson distribution of offspring
number S7=1 and N,=N. When $};=0, N,= oo,
because there is no genetic drift. Substituting S% by
07 N/(N—1),eqn (26) gives:

N-1

2
O

N

; (27)

e

where o} is the actual variance of k; in the population.

S. Wright and J. F. Crow (unpublished data) have
derived an expression for the variance of change in
gene frequency for an n-ploid population (Crow &
Morton, 1955, eq. 11) which, when equated to eqn (1),
gives:

4N
N,= (28)

2
4(n l)us—a»+ﬂ§51+(" Na,
n My n

For n=1, u,=1 with constant census size over
generations and eqn (28) reduces to eqn (26). For
n=2, u, =2 and eqn (28) gives eqn (16) under random
mating.

5.1.4 X-linked genes Effective population size for
X-linked loct can be derived with an argument analo-



gous to that leading to eqn (16) for autosomal loci. It is
assumed that the male is the heterogametic sex. The
results also apply, of course, to all loci in haplo-diploid
species. Let us consider equal numbers of males and
females and random mating, for simplicity. Mean gene
frequencies of an X-linked gene in a population of
constant size N in two consecutive generations are:

2 N Xim 2x,f
q(—l N ; ( 3 3 ) ]
and
N/Z k
= Z Kin _Lf Z Sy,
3 3, |
where x;, (=0 or 1) is the gene frequency in male

parents, x, (=0, 1/2 or 1) is the gene frequency in
female parents, & is the number of offspring produced
by female parents, k,,, is the number of female off-
spring produced by male parents and 6 (= +1/2 or
—1/2) is the deviation in gene frequency due to segre-
gation of a heterozygous female parent.

Proceeding as before, and noting that under random
mating x,,, and x , are uncorrelated, we arrive at:

VA(I = V[ql - 611—1]
= o V) VK + Vs VU 4V )

for which approximate expectations are V(x,,)=
g(1-gq), Vixy)=q(1-q)/2, V(dy;)=4q(1-q)/2,
V(k,=S8% (if monogamy is assumed) and
V(k,mm) 82, Substituting these into the above
expression and equating to the variance of drift per
generation for an autosomal gene in the idealized
population we obtain:

9N

— 29
4+455,+25; (29)

N,=

(see eqn (16)). For a Poisson distribution of family size,
§2,=1,57=2and N,=3N/4.

Pollak (1980 1990) has derived a general expres-
sion for different numbers of male and female parents
and overlapping generations. In the discrete-generation
case the expression is:

1 2
1 1+2 N Sk
N, 9N,,, N, ’

1 2 o | N N\ o
+S5%+2 + 30
9Nf{l S (Nm)sfmﬁ (N ) Sfm ( )

m
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(see eqn (19)), which reduces to eqn (29) when
N, =N;=N/2. An alternative derivation of eqn (30)
following an inbreeding approach is given by Caballero
(1994). For a binomially distributed family size and
large N, when, for example S7,~N,/N,, eqn (30)
reduces to:

=Mf_ (31)
‘ 4N,,+2N;

(Wright, 1933, 1939; see also Malécot, 1951; Kimura,
1963a; Nagylaki, 1981 and Avery, 1984 for alternative
derivations). An easy deduction of eqn (31) is made by
noting that the frequency of an X-linked gene is g =gq,,/
3+2q,/3, where g, is the frequency in sex s. Thus,
Viq)= Via,/9-+ 4 V1q)/9 where Vigy)=a,1 = g,
N, and V(g)=q(1-q,)/2N, At the steady state
9n,=4;=q and, substituting and rearrangeing,
V(g)=q(1-q)2N,+ NJ/(ON,,N), which equated to
q{1—q)/2N,gives(31).

Moran & Watterson (1959), Ethier & Nagylaki
(1980) and Nagylaki (1981), following different
approaches, have arrived at an expression different
from eqn (30) and with similar structure to eqn (25) for
autosomal genes. This expression is correct for Poisson
or multinomial distributions of family size but not in
general because, as for eqn (25), it is based on the
assumption that the sex of the offspring cannot be
identified (Caballero, 1994).

It is interesting to note that with ‘minimal inbreeding’
and different numbers of the sexes, i.e. choosing as
parents one male and N,/N,, females from each male’s
progeny and one female and N, /N, males from each
female’s progeny, so that S7,=(N,/NJ1—(N,/N/)]
and S%,=S5=S,,,=0, eqn (30) reduces to 9N /2, i.e.
it is independent of the number of females. Further-
more, for species where females are the heterogametic
sex, the same mating procedure  gives
N,=9N,N/(3N;~N,), which indicates that, for
minimal inbreeding to be attained in sex-linked genes,
as few females as possible should be used.

We can compare eqn (31) with the corresponding
expression (7) for autosomal loci, which yields
N,=4N,N/(N,+ N;). Equating eqn (31) to this it is
found that N, for an X-linked locus is smaller than that
for an autosomal locus unless N,>7N,,. Effective size
can be very small in social haplo-diploid insects for
which there is often only one breeding female (the
queen). In this case, eqn (31) reduces to N,=9N,,/
(4N,,+2).

5.1.5 Systems of mating In all the above equations
which apply for random mating it has been assumed
that mating is made by random union of gametes.
Different systems of mating have also an impact on
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effective population size. Nunney {1993) has investi-
gated some systems of mating which are likely to occur
in natural populations. These include lottery polygyny,
in which males attempt to mate with each of the
females they encounter, but females mate only once or
a few times, and other systems of mating with more
extreme polygyny, for example those in which harems
are formed. We will mention here some of his simplest
results for lottery polygyny, which might be a likely
system of mating in many insects. Further insight will
be given later, in the section on overlapping genera-
tions.

Under lottery polygyny, we can assume, for simpli-
city, that all females mate at least once and that the
average number of matings per female is #. Thus,
defining N=N, +N, m=N,/N and f=N/N, the
total number of matings is #fN and the probability that
a male is chosen to breed is the same for all males,
1/mN. With this model, the effective size can be
expressed as:

_ 4mfN
Ne 1+(m/n)’

Note that, if females mate many times (large n), the
above expression tends to the result for random union
of gametes (eqn (7)). With equal numbers of male and
female parents,

N
1+(1/2n)

and, if females mate only once (n=1), N,=2N/3, a
result observed in some Drosophila experiments (see
Nunney, 1993 for references).

For X-linked genes and assuming n =1,

N2 9miN

“2+am’

which reduces to N,=9N/16 for a 1:1 sex ratio,
instead of 3N/4 obtained under random union of
gametes.

5.2 Variation due to inherited causes

Expressions for the effective size displayed above
apply when the number of offspring contributed per
parent varies due to noninherited causes. Under these
circumstances, changes in gene frequencies are
uncorrelated in consecutive generations. When causes
of variation are inherited, however, changes in gene
frequencies are correlated over generations and the
above expressions overpredict the effective size. These
correlations occur because a fraction of the selective

advantage of individuals remains in descendants over
generations. An individual with a high selective value
tends to produce a large number of offspring which
tend, in turn, to produce a large number of grand-
offspring, and so on. Thus, the frequency and the
probability of homozygosity of a neutral allele
randomly associated with that individual will tend to
increase until the average selective advantage of
descendants is diluted by segregation and recombina-
tion. Effective size is computed from the variance of
change in gene frequency or the rate of inbreeding of
the neutral gene, which will generally be assumed to be
unlinked to the selected genes.

Effective sizes for populations under selection have
been derived following two approaches, from the
variance of change in gene frequency and from the
long-term contributions of ancestors. These are
summarized in what follows, first for selection on the
individual phenotypes and, later, for selection on
indices based on individual phenotypes and family
information.

5.2.1 Effective size from the variance of change in gene
frequency over generations The problem was first
addressed by Robertson {1961) in the context of
populations comprising full-sib families under trunca-
tion selection. He introduced the idea of the accumula-
tion of selective advantages of individuals over
generations. Thus, the selective advantage of an
individual is expected to be reduced by one half each
generation in its descendants (the average selective
advantage of the offspring is half that of the parents),
and the total selective advantage over generations
increases in a series 1+1/2+1/4+1/8+...,up to a
limiting value of twice the selective advantage present
in the initial generation. In what follows, a derivation of
effective size will be made based on this idea.

We first consider effective size after one generation
of selection and, thereafter, long-term predictions will
be addressed. Changes in gene frequency are the result
of three independent processes acting each generation,
random association between the neutral gene and
families with a selective advantage or disadvantage,
random sampling of individuals among families, and
Mendelian sampling of the neutral gene in the families
in which one or both parents are heterozygotes. The
last two processes also occur when nonrandom
contribution of parents results from noninherited
causes, and are represented by the two terms in the
denominator of, for instance, eqn (16). We consider
now the first process, that caused by inherited varia-
tion. Assume that the population consists of a constant
number N/2 of families (couples), and let V{k,) be the
variance of family size in the first generation of selec-
tion. This will have two components, variance due to



the differences in fitnesses among families, and
variance due to random sampling of individuals among
families. As population size is constant, Zk;= N (sums
are for i=1 to N/2), where k; is the number of off-
spring contributed by family i. The k; have mean 2
over families and variance:

L

Vk)=4 7

4. (32)

Let f; be the relative fitness of family i (or 2f,, the
expected number of offspring contributed by family )
with mean Zf/(N/2)=1 and variance C*=Zf]
(N/2)—1. Let us consider, for simplicity, that the
number of offspring available for selection is Poisson
distributed. Thus, for family i, E[k]= o/ = 2f, Taking
expectations in eqn (32),

_SEKY] , S(op+Ek)
7 R V!
_Z(fH4)_,
N/2 )

Noting that Zf;=N/2 and Zff(N/2)=C*+1, we
obtain:

Vik,)=2+4C" =5, +4C’,

where S2 is the variance of family size when selection is
at random. Thus, including the selective term (4C?)
into eqn (16),

N = AN (33)
“ 01— a)+(SE+4CT) 1+ a;+2a,)

(Santiago & Caballero, in press). For a binomial or
constant distribution of the number of offspring per
family available for selection, V(k) has an additional
term on C?/n (Santiago & Caballero, in press), where n
is the average number of offspring evaluated per
family, but this term is usually very small and can be
neglected, so that eqn (33) can be used as a general
approximation. For Poisson distributed sampling varia-
tion of family size ($% = 2), random mating and large N
(a;=~a,=0),eqn(33) reduces to:

N

-— 34
14+ C? (34)

Ne,l

(see Robertson, 1961).

Burrows (1984a,b) has also developed predictions
of effective size after one generation of selection based
on estimating probabilities of coselection of sibs. His
equation for mass selection with equal numbers of
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sexes and Poisson sampling variation of family size is
the same as eqn (34) but higher order terms ignored by
Robertson (1961) are included in the prediction of C2.
Wray et al. (1990) have assessed the predictive value of
this method as well as other one- and two-generation
methods (for example, an equation similar to eqn (19)
but including also variances in family size from grand-
parents to grandoffspring) and shown, as expected, that
they overpredict effective sizes of populations under
continued selection.

Let us then consider predictions in the long-term,
with the following argument from Santiago &
Caballero (in press). Among the three random pro-
cesses stated above occurring each generation, only
that due to random associations between the neutral
gene and families with a selective advantage or dis-
advantage is expected to persist over generations. The
change in gene frequency in the first generation caused
by this process can be represented as a covariance
between the expected selective advantages of families
(f;) and their gene frequencies (p,) as cov(f,p,). If
differences among the selective advantages of the
families are due to an additive component of variation,
it can be shown (Santiago & Caballero, in press) that a
fraction of this covariance will remain in generation 2,
cov,(f,,p;)=1G(1 +r)[2]cov,(f,p;) where G is the
remaining proportion of genetic variance after selec-
tion and r is the correlation between the expected
values of f; of male and female parents. Thus cov,(f.,p;)
is the expected change of gene frequency in the second
generation given an association in the first. The
expected changes in the following generations will also
be in the same direction, but the magnitude of these
changes will decrease by a proportion G(1 + r)/2 every
generation (under steady selection, G can be assumed
to be approximately constant over generations). There-
fore, the cumulative effect of selection can be repre-
sented as the sum of an infinite series:

0-% [%Hr)}? -

2—G(1+7) (35)
If the reduction in variance each generation is
neglected (i.e. G =1)and ris ignored {(assuming large N
and random mating), @=1+1/2+1/4+1/8+..=2,
as was predicted by Robertson (1961).

Therefore, eqn (16), expressed as:

AN
Ne=2(1—a,)+(si+4Q2c2)(1+a,+2ao) (36)

(Santiago & Caballero, in press) with Q from eqn (35)
(squared because it affects the variance), predicts the
effective size under continued selection when the
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asymptotic state of correlated changes in gene
frequency is reached and assuming that population size
and selective and nonselective components of variation
are constant over generations. For a Poisson or multi-
nomially distributed sampling variance of family size
(82 =2), random mating and large N(a;~ a,=0), eqn
(36) reduces to:

N

1+ 0 37

N.

{see Robertson, 1961).

The values of G and C? in eqns (35) to (37) depend
on the genetic system and selective procedure. For a
model of truncation selection on a normally distributed
trait controlled by an infinitesimal model of gene
effects (Fisher, 1918), G=1—kA* (Bulmer, 1980),
where k = i(i — x), i is the selection intensity (standard-
ized selection differential), x is the truncation point in
the standardized normal distribution, and A? is the
heritability of the trait. Moreover, for the same model
C? can be approximated by %0, (Robertson, 1961;
Milkman, 1978), where p ;4 is the phenotypic intraclass
correlation of full-sib family members, which is a func-
tion of the heritability (under no selection, p zs= h?%/2).
Thus, the larger the intensity of selection and/or the
heritability, the larger C? and, therefore, the smaller the
effective size (see eqn (37)).

With random mating, Q reaches its asymptotic value
in a few generations. However, under some systems of
nonrandom mating, especially those which increase the
frequency of mating between relatives, a longer period
of time is needed to reach the asymptotic Q value.
Laboratory experiments with Drosophila have shown
that predictions of effective size with Q=2 give
reasonable approximations (Jones, 1969; Yoo, 1980;
Gallego & Garcia-Dorado, 1986; Gallego &
Caballero, 1990). However, in these experiments selec-
tion was weak, the heritability of the selected trait low
or the asymptotic stage had not been reached.
Stochastic simulations have shown that under intense
selection and high heritability, predictions with Q=2
are severe underestimates (Hill, 1985b;, Wray &
Thompson, 1990) and the reduction in genetic
variance (G) should be considered.

Note that the term (S? +4(Q?C?) in eqn (36) can be
partitioned into the variance of the family size after one
generation of selection (57 +4C?, see eqn (33)), plus
the cumulative effect of selection on an inherited trait
(4[Q*—1]C?). Common environmental variation of
sibs as well as nonadditive genetic components of the
selective values can be included into the former
because these effects are not cumulative.

When numbers of males and females are different,
such that N, males are mated to N,/N,, females each,

effective size for sex s can be approximated by eqn (17)
including a term 4Q?C? analogously as for eqn (36)
(Santiagp &  Caballero, in  press), where
Ci=[(C,,+ Cy)f2F, Ci, (C%) is the variance of the
relative fitnesses of parents of sex s in their contribu-
tions to male (female) offspring, and Q is obtained
from eqn (35) with G=(G,, + G/)/2, G, being the
remaining proportion of genetic variance in selected
individuals of sex s.

Under random mating of selected parents the
expected value of r in eqn (35} is approximately zero.
Under partial full-sib mating, however, there is a posi-
tive correlation between selective advantages of
parents. When mating is made between full-sibs, the
correlation between the expected selective values of
both parents (r) is one, while for random mating it is
approximately zero. Thus, if an average proportion 3
of the matings is between full-sibs each generation, the
total correlation between the expected selective values
of both parents in the new families is approximately
r=p,and Q=2/(2~ G[1+B]).

The effective size of populations with assortative
mating of selected parents can also be predicted by
approximating r by r 0z, Where r, is the phenotypic
correlation among mates, i.e. approaching 1 or — 1 for
maximum positive or negative assortative mating,
respectively.

5.2.2 Selection on fitness Based on the approach of
Robertson (1961), Nei & Murata (1966) worked out
an approximate equation for the effective size when the
trait under consideration is fertility itself. The variance
of progeny number, o7, is composed of an additive
genetic component, o2, plus nonadditive, environ-
mental and sampling components, ¢2. The cumulative
effect of selection on fertility is equivalent to multiply-
ing o3 by four, ie. Q?~4 from eqn (35), which would
be a reasonable figure as the heritability of fertility is
expected to be low. Thus, at the limit, the variance of
progeny number is 402+ 02=302+ 0}=(3h%+1)0?,
where /4 is the heritability of fertility. Substituting this
into eqn (15) for a monoecious population,

_ 4N-2
© 2+(3h*+1)0;’

They also extended their derivation to the case where
different sets of genes are controlling fertility in males
and females.

Following the approach of Nei & Murata (1966), N.
H. Barton (personal communication) has investigated
the effective size under situations where genetic
variance for fitness is maintained by deleterious
mutation—-selection balance or fluctuation of the selec-
tive forces to produce a stable polymorphism, and



accounting for linkage. Data from Drosophila suggest
that only deleterious mutation—selection balance leads
to substantial reductions of the effective size. Under a
Poisson distributed sampling variance of family size,
N, can be approximated by:

N
Ny=———
© 1+(2u/R)’

where u is the mutation rate per map length and
generation, and R is the map length in Morgans. For
example, the mutation rate for fitness for the second
chromosome in Drosophila is considered to be about
0.4 mutants per haploid chromosome per generation.
As this chromosome is about one Morgan long (R=1),
this gives N, = N/2.

It is worth noting that, under selection, the inbreed-
ing effective size from genealogies can be different
from that obtained from changes in gene or genotype
frequency of neutral markers if these are linked to the
selected genes. Furthermore, under selection, effective
size can also be estimated from the probability of fixa-
tion of advantageous genes. For example, for large N,
where s is the selection coefficient of a mutant gene, the
fixation probability of that mutant is 2s(N,/N) (Crow
& Kimura, 1970, p. 426) with additive gene action.
This value of N, can be different from the effective size
obtained from the variance in neutral allele frequency
under certain circumstances, for example if extinction
and colonization occurs in subdivided populations
(Barton, 1993).

5.2.3 Effective size from long-term contributions of
ancestors The arguments followed above are based
on the cumulative change of gene frequency of a
neutral gene over generations. An alternative view-
point for predicting effective sizes under selection is in
terms of the long-term genetic contributions made by
individuals (Wray & Thompson, 1990). The effective
size can be approximately expressed as a function of
the mean () and variance (52) of the contributions of
ancestors in the first generation (when selection starts)
to descendants in the limit,

= (38)
HetSe

After several generations the long-term contributions
of genes from an ancestor stabilize and are the same for
all individuals in the population, with the values differ-
ing between ancestors. This dispersal of genes is that
analysed in retrospect from pedigree data by James &
McBride (1958), using the ‘percentage of genes’ tech-
nique (see James, 1962).
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First consider the situation where there is no selec-
tion, or this occurs on a noninherited trait. The mean
and variance of the contributions from ancestors to
descendants in the first generation are x4 .= 1 (if popu-
lation size is constant over generations), and §2= §%/4,
because each parent contributes half the genes to their
offspring. This variance is increased over generations
to twice its initial value, ie. $2=5%/2 in the limit,
because even under no selection, some ancestors will
have larger contributions than others. Substituting this
limiting expectation into eqn (38) and for §%=2,
N,= N, as expected.

Under selection on an inherited trait, the variance of
the contributions will be increased by a larger amount
than without selection, because some ancestors will
tend to contribute more genes to descendants than
others. Equating expression (37) to (38), we arrive at
the approximate relation $?=S%/2+20Q*C? for a
multinomially or Poisson distributed sampling variance
of family size and constant N each generation, which
illustrates the above point.

Wray & Thompson (1990) developed a recursive
algorithm to approximate variances of long-term
contributions under selection and random mating of
selected parents. The method, however, requires some
recurrence computing for predictions to be made.
Woolliams ez al. (1993) and Wray et al. (1994 ), working
on the infinitesimal model, have derived equations to
predict means and variances of the contributions of
ancestors to descendants under random mating of
selected parents.

The approximate expression found by Woolliams ez
al. (1994)is:

.}_-__- 1+ iszS,m_'_ 1+ iszS,m+ ziszS,f
N. 4N, 4N,
1
+22(Q7 - 1)| Rlisim Otisp |~ 39
"o ){SN,,, 8N, | 4T (39)

where i is the average selection intensity in males and
females, 0 45 (0 us/) is the correlation among half-sibs
for males (females), Q is obtained as eqn (35) with
r=0, and T is the number of scored individuals of
each sex. The last term in the equation is a correction
for the hypergeometric sampling (when there is a con-
stant number of individuals evaluated per family), and
should be ignored for a multinomial distribution of
family size.

When eqn (39) is reduced to the simplest case of
equal numbers of males and females and multinomial
sampling variance of family size, the result is slightly
different from eqn (37). Thus, taking N,=N
2i20 ys= i%p = C? and removing the last term in eqn
(39), this reduces to N,= N/[1 +(1 + Q?)C?/2](Wray et
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al, 1994), ie. it has the term (1 + (?)/2 instead of Q*
as in eqn (37). This difference reflects the fact that
approximations are based on different approaches.
Woolliams et al. {1993) and Wray et al. (1994) made
derivations in terms of the contributions from
ancestors in the first generation to descendants in the
limit and, therefore, they used the equation which
would apply in the second generation of selection
making corrections to get a limiting solution. Equation
(37), however, is the asymptotic equation.

5.2.4 Index selection In animal breeding practice,
selection on an index including family information is
often carried out. Robertson (1961) showed an
approximate result for the case where individual
records (P) and means of full-sib families (F) are used
in the index I=(P—F)+ w(F—P), where P is the
mean of the population and w is the weight given to
family information. For large family size, the optimum
value of w (that which maximizes the correlation
between breeding values and index values of individ-
uals) is approximately w=(1- pp)/0 for full-sib
families (Lush, 1947). The variance between family
means is scaled by w? and, hence, the intraclass corre-
lation of full sibs for index values is 1— 0, Thus, a
first order approximation of the effective size under
index selection can be obtained from eqn (36), where
C?*=1i*(1~ p ). If the heritability is small (and then p g
is small), a large weight will be given to family informa-
tion, C* will be large and N, severely reduced.

Wray et al. (1994) have derived a more precise and
general equation for the case where selection is based
on an index of individual records and the means of full-
sib and half-sib records. The expression can be formu-
lated to have the same structure as eqn (19) except that
variances and covariances have a cumulative and a
noncumulative term. For example, S;, is replaced
by Sg(mf)-*. Q%nfsé(mf)’ and Smm,mf by Se(mm,mf)+
Q n @ S gl mp- NONcumulative terms (with subscript
e) are the sampling variances appropriate under no
selection plus covariances due to coselection of sibs
which are attributed to correlations arising from the
mate of the parent of sex s or, for index selection, to
shared estimation errors of family means. Cumulative
terms (with subscript g) represent covariances of selec-
tion between sibs which are attributable to the parent
of sex 5. All these variances and covariances are func-
tions of the number of individuals, selection intensities
and intraclass correlations between indices of sibs.
Terms (J,,, and Q are similar to that expressed in eqn
(35) with extra terms accounting for index selection
(see Wray et al., 1994 for details).

Under mass selection, this general equation reduces
to eqn (39), approximately, and under no selection, it
equals eqn (19).

6 Nonrandom mating with population
subdivision

In this section we will discuss predictions of effective
size in populations with some degree of partial subdivi-
sion into groups, following arguments by Kimura &
Crow (1963b) and Robertson (1964) (see also Cocker-
ham, 1969; Wright, 1969, pp. 324-335). Only situa-
tions in which population structure is under controlled
conditions, as in laboratory populations, will be
addressed. Structured natural population models,
where variables such as mutation and migration rates
among subpopulations have to be accounted for, will
not be dealt with. A recent account for effective size in
subdivided populations considering some of these
factors is given by Chesser ez al. (1993).

To understand nonrandom mating and population
structure we have to distinguish between inbreeding
due to nonrandom mating and inbreeding due to finite
population size. If a very large population is subject to
some sort of nonrandom mating, like mating between
relatives, the decrease in heterozygosity produced is
due to departure from Hardy-Weinberg proportions
and can be restored approximately as soon as random
mating occurs. However, in a small population with
random mating, the decrease in heterozygosity is due
to changes in the gene frequencies and cannot be
restored except by crossing with other populations. To
combine both effects, we define the coefficient Fg, as
the probability that two genes taken at random from
the population are identical by descent (i.e. the average
coancestry of the population, Falconer, 1989, p. 88),
and Fs as the probability that the two homologous
genes in an individual are identical by descent and
coming from copies of a gene in a recent common
ancestor. Thus, Fis defined relative to the population
to which the individual belongs while F; is defined
relative to infinitely many conceptual replicates of the
population. Finally, the overall probability of identity
for the two homologous genes in an individual (F,, the
absolute coefficient of inbreeding relative also to many
conceptual replicates of the population) is a composite
of the other two,

(I“FIT)=(}"FST)(I-FIS) (40)

(Crow & Kimura, 1970, p. 106). From the above
definitions it is seen that Fj is a measure of the
decrease in heterozygosity due to nonrandom mating
in the population and is approximately the same as the
value a; defined earlier in this paper. Fg; is a measure
of the decrease in heterozygosity due to the finite size
of the population and the effective size can be
computed from its rate of increase. It can also be
shown that F, gives a measure of the genetic drift
among conceptual replicates of the population (see



Crow & Kimura, 1970, pp. 107-108). Finally, F,; is a
measure of the absolute decrease in heterozygosity in
the population. These coefficients are known as
Wright's F statistics (Wright, 1969, pp. 294-295) and
were conceived as correlations of genes in the frame-
work of subdivided populations. When defined as
correlations, F s (and hence F,; ) can be negative when
mating between relatives is avoided. Fg;, however, is
always positive.

In an infinite nonrandom mating population, F (=0
and F ;= F, rising toward a value which depends on
the proportion of inbred matings (see asymptotic
values of a, above). In a finite random mating popula-
tion, F,¢= 0 and F; in any generation will be equal to
F; in the next, both rising toward unity. Thus, genetic
drift (represented by Fgr) and decline in hetero-
zygosity (represented by F ;- ) will have the same rate of
change (given by eqn (3)) except that the drift runs one
generation ahead of the decline in heterozygosity.
Finally, in a finite nonrandom mating population, F
will reach an asymptotic value and F;; and F; will
have the same rate of change, F,; being larger (smaller)
than F g, if Fgis positive (negative).

In this section we will address situations where the
population has some degree of subdivision. In the
lowest population level this requires equal family sizes
(§2=0), so that individuals (in monoecious popula-
tions) or couples (in dioecious) can be regarded as sub-
populations. Under random mating, this has been
shown to minimize the rate of increase in inbreeding
(N,=2N). We now consider departures from random
mating.

If the population is subdivided permanently in
groups (independent sublines with completely different
pedigrees, for example full-sib lines), genetic drift and
heterozygosity will follow different fates because Fr
will rise toward unity whereas F¢y will not. In other
words, the lines will become homozygous but genetic
drift will be minimized as different alleles will be fixed
in the different groups.

If population subdivision is not complete then
heterozygosity and drift will have the same final rate
but the decline in heterozygosity will precede the drift,
and the greater the degree of subdivision, the lower the
final rate (or the larger the effective size). This can be
seen as follows. Substituting §7 =0 and a, = Fgin eqns
(11), (16) or (20), this gives N,~2N/(1— F) and,
using eqn (40),

~2N(1—FST)

N~ 0=F,) e

or, in terms of rates of decrease in heterozygosity (by
eqns (2) and (3)), 1= A =(1/4N)1—F;7)/(1~ Fsr ), as
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derived by Robertson (1964) in a different way, where
A is the factor by which (1= F ;) or (1 — F;) decline
each generation. Expression (41) shows that any breed-
ing system in which F > F¢ will increase N, and,
therefore, will decrease the final rate of decline in
heterozygosity. This will be achieved when matings
between relatives are more frequent than at random,
i.e. when F ;> 0. Thus, in these cases, the decline in
heterozygosity will precede the genetic drift and there
will be a larger decrease in heterozygosity in the earlier
stages but a final slower rate than under random
mating. Circular pair mating, for example, in which
each individual is mated to its closest neighbour follow-
ing a circular scheme, can be considered to be of this
type and, in this case,

_(N+12)
e 27[2

(Kimura and Crow, 1963b).

It should be stressed, however, that eqn (41) leads to
N,>2N for F>0 only when S;=0 (equal family
sizes). Otherwise, N, will be generally smaller than N
when mating between relatives is carried out (see for
example eqn (13)). The ultimate reason for this is that,
when §? =0, all genetic drift comes from Mendelian
segregation of heterozygotes, and this will be least
when the frequency of heterozygotes is least.

Let us now consider the situation when mating
between relatives is avoided. Assume that the popula-
tion has size N=2", where n is an integer. We have
seen that, under random mating, 1—F,; lags one
generation behind 1~ F;. By making the appropriate
mating strategy it is possible to avoid matings between
individuals which have a common ancestor in the last n
generations, what is known as ‘maximum avoidance of
inbreeding’ (Wright, 1969, pp. 199-201), so that the
decline in heterozygosity (1 — F,;) lags n+ 1 genera-
tions behind the genetic drift (1—Fgr). Thus,
(1= F¢r)/(1—F;p)=4""". Substituting into eqn (41),
N,=2NA"*! and, noting that, if N is large,
Antl=(1—1/4Ny'*'=1—(n+1)/4N,then:

n+1
2 2

as obtained by Robertson (1964). This indicates that
by maximum avoidance of inbreeding, N, will be
smaller than under random mating and, therefore,
although the decline in heterozygosity will be smaller in
the initial generations than under random mating, the
final rate will be faster. Again, it is worth stressing that
this applies when SZ=0. Otherwise, avoidance of
inbred matings tends to increase effective size, as illu-
strated, for instance, by eqn (6).

N,=2N-



674 A. CABALLERO

In summary, mating systems with equal family sizes
where mating between relatives is more frequent than
at random (implying partial subdivision of the popula-
tion) will give larger N,, and those where it is less
frequent, smaller N, than under random mating,

7 Overlapping generations

The problem of overlapping generations in the compu-
tation of effective size has been addressed by a number
of authors (see a list of references in Crow &
Denniston, 1988). With discrete-generation popula-
tions, the rate of inbreeding soon reaches an
asymptotic value of AF=1/2N,, but with overlapping
generations this takes longer until the age-structure
stabilizes. Felsenstein (1971), Johnson (1977), Choy &
Weir (1978) and Emigh & Pollak (1979) give exact
recurrence equations for inbreeding in the early phases
but we consider, however, the asymptotic stage.

Perhaps the simplest possible model comes from
Moran (1962). He considered a haploid population of
constant size N in which one individual randomly
chosen dies in each time unit and is replaced by an
offspring of an individual also randomly chosen
(including the dead one). Moran showed that, in this
case, the heterozygosity declines by a factor of 2/N?
per time unit. If time is scaled such that one generation
has N time units, then heterozygosity declines by 2/N
per generation and, equating this to the corresponding
value in an ideal haploid population (1/N,), it gives
N, = N/2. This model, however, is unrealistic as it does
not allow for ageing.

Felsenstein (1971), Johnson (1977) and Emigh &
Pollak (1979) have derived precise equations for effec-
tive size in terms of the parental age distribution,
assuming random mating, stable age structure, random
deaths and births (i.e. no differences in fertility between
individuals in the same age class and no correlation
between birth and death rates in different age classes)
and variation in family numbers due to noninherited
causes. For haploid and monoecious diploid popula-
tions with N, individuals born in each time period and
n age classes,

N =L (42)

1+ Z Z?+J(~L_l)
=1 i+1 li

(Felsenstein, 1971; Johnson, 1977), where /; is the
probability of survival to age i, z, is the probability that
a newborn came from a parent at least of age i, i.e.
z;=Z%,,p;, where p; is the probability that a newborn
came from a parent of age ;. Finally, L is the generation
interval (mean age of parents when their progeny are

born), i.e. L=2"_, ip,=Z"_, z,. For Moran’s model,
we note that N.=1, L=N and z,=[,=(1—-1/N)~L,
Substituting these into eqn (42) (taking n =} and
rearranging, we obtain N,=N/(2—1/N)=NJ/2, as
expected.

For separate sexes, the corresponding equation is:

o 1 1
Ne=4nlchL/[l+mZ zm,zH-l(l—_—)

i=1 m,i+ 1 lm,i

f@aLPL 1] (43)

lf,i+} lf;i

(Johnson, 1977; Emigh & Pollak, 1979), where m (f) is
the proportion of males (females) among the newborn,
and the other terms are equivalent to those in eqn (42)
but referring to parents of sex male or female (accord-
ing to the subscript m or f, respectively). L here is
(L yym+ L et Ly, + L )[4 where, for example, L, is
the average age of male parents of daughters. To derive
expression (43) random mating is assumed, but not
necessarily random mating across age groups, because
the effect of correlation between ages of mates is likely
to be small (Hill, 1972b; Emigh & Pollak, 1979).

Note that, with nonoverlapping generations, L =1,
terms z in eqns (42) and (43) are zero and, N, equals N
and 4mfN, respectively, as expected. Also, when
m=f=1/2, n,=ny I, =1, and z,,,=z;, eqn (43)
reduces to eqn (42). An analogous expression to eqn
(43)for X-linked genes is given by Pollak (1990).

Hill (1972b, 1979) has given a simpler and more
general result than eqns (42) and (43). This is given in
terms of variances and covariances of lifetime family
sizes and, therefore, it allows for differential viabilities
and fertilities in individuals of the same age class as
well as correlations of fertilities of individuals at
successive ages. As before, it is assumed that the
population has constant size, a stable age structure, and
variation in family numbers is due to noninherited
causes. Consider the haploid model for simplicity. A
cohort of N, individuals is born each time period (say,
each year), and the generation interval is L (defined as
above). The gene frequency in individual i is x,=0 or
1, and the mean gene frequency of the cohort is
q=%% x;/N.. Individual i contributes k; offspring
over its entire lifetime and the mean contribution by
the whole cohortis Q ==, x.k,/N_L . Now, the mean
value of x, is ¢ and the mean value of k; is 1, because
the population has constant size. Thus, the expected
value of Q is g/L so the variance of genetic drift is



V{Q — q/L). Proceeding as before, we obtain:

_NL
A\

N, (44)

(see eqn (26)). This can be analogously extended to the
other models. For example, for diploid models, the
derivation would be similar but including also
Mendelian segregation of heterozygotes. Thus, we
replace Nby N_L ineqns(11)and(16), N,by N L in
eqn(17),or N, by N L (out of the brackets) and N, by
N, (within the brackets) in eqns (19) and (30), where
N, is the number of individuals of sex s entering the
population each time unit. Analogously, N—1, 4N—2
and 4N —4 in eqns (27), (15) and (24), can be replaced
by (N,—1)L, (4N,—2)L and (4N_—4)L, respec-
tively. Therefore, the effective size with overlapping
generations is the same as that for discrete-generation
populations having the same variance in lifetime
progeny numbers and the same number of individuals
entering the population each generation, provided the
age-structure of the population is invariant. These
expressions, however, might not have as much preci-
sion as for the nonoverlapping case, and should be
used as approximations. This is because variances of
progeny numbers refer to total lifespan, not to individ-
uals born at a given time, like in the discrete case. It is
worth noting that N, is maximized by decreasing the
variance of family size, but it is irrelevant whether a
male has all his progeny, say when 2 years of age, or an
equal proportion when 1, 2 or 3 years old, provided
the total number is the same.

Under Moran’s model, individuals have an exponen-
tial distribution of lifetime (age-independent survival)
and S2=~2 (see Hill, 1972b). Thus, from eqn (44),
N,~N,(L/2, in agreement with Moran’s result.
Johnson (1977) has shown that, under the assumptions
of random births and deaths, Hill’s equation (expres-
sion (19) accounting for overlapping generations)
equals eqn (43).

Hill (1972a) discusses breeding strategies with over-
lapping generations in the context of the design of
control populations in animal breeding. To allow com-
parisons between populations with different generation
intervals, he proposes an annual effective size { Ny) as
the size of an idealized population with a generation
interval of one year leading to the same variance of
gene frequency drift observed per year as in the current
population. Thus, N,=N,L and, for example, a
population with N, =50 and L =2 years has the same
N, as another with N, = 100 and L =1 year.

Nunney (1991, 1993) has investigated the effects of
fecundity, sex ratio and age-structure on effective
population size. The model assumes a population with
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a stable age distribution and a constant number of N
adults per generation (which equals N.L above) with a
proportion of m males and f females. The sex ratio of
the newborn is 1:1 and a possible adult biased sex ratio
can be due to differences in recruitment of adults or to
differences in survival (longevity) between sexes. For
example, an adult sex ratio of 2:1 can occur because
twice as many individuals of one sex breed than of the
other, or because the same number of individuals of
each sex breed but one sex lives twice as long as the
other. It is generally assumed that adult fecundity
(including mating success) is age-independent and,
always, noninherited.

Nunney argued that variances and covariances of
lifetime progeny numbers are difficult to obtain in
practice, and rearranged Hill’s expression (eqn (19)
accounting for overlapping generations) in terms of
means and variances of fecundity or death rate per
breeding season. He considered several mating systems
like random union of gametes, monogamy and some
polygynous systems, and his results are summarized
below.

For random union of gametes and biased sex ratio
due to differences in survival between sexes,

N=—— (45)

o1
2—|—+—
(2L,,, 2Lf)

where L is the generation interval in units of breeding
seasons for sex s. However, for a biased sex ratio due to
differences in recruitment between sexes,

LU (46)

2-(1/L)
Note that the numerator in eqn (46) equals N, from
eqn (7), the well-known expression of Wright (1931)
for different numbers of the sexes and, in fact, eqn (46)
is a generalization of eqn (7). We can observe that a
biased sex ratio lowers N, irrespective of L in eqn (46)
but has a negligible effect in eqn (45), once L is large.
This shows that a biased sex ratio due to differences in
recruitment (eqn (46), for which eqn (7) is a particular
case with L =1) lowers N, more strongly than the
same biased sex ratio due to differences in longevity
between sexes (eqn (45)). This is interesting, as many
sex ratio biases, at least in longer lived animals, are
probably a result of the second reason (in general, of a
higher mortality rate of adult males).

In all these expressions it is assumed that individuals
are sexually mature by the next breeding season after
birth and, therefore, they should be corrected if this is
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not the case (see Nunney, 1993 and Nunney & Elam,
1994).

Expressions equivalent to eqns (45) and (46) for
monogamy have an additional positive term added in
the denominators because, unless the sex ratio is 1:1,
some individuals are always unmated. Thus, with equal
numbers of the sexes, random union of gametes and
monogamy give the same N,, otherwise, the second
gives lower values. The results discussed above, how-
ever, are not altered when applied to monogamy.

When the sex ratio is 1:1, eqns {45) and (46) reduce
to:

N,=——— (47)

This can also be represented as N, = N/(1+ v), where
v is the survival rate of adults between breeding
seasons, because under age-independent survivorship,
L=1/(1-v). Eqns (45) to (47) illustrate that, except
when L is very small, N,—~ N/2, which generalizes
Moran’s model, for which L =N in eqn (47). This
suggests that a value closer to N/2 should be assumed
for many organisms in which generations overlap. This
decline in N, as L increases occurs because of the
increased variance of lifespan progeny number gener-
ated by the age independent survivorship. If we equate
the general equation of the effective size with over-
lapping generations (eqn (44) in its version for diploid
populations), N,~4N_L/ (2+5%), to eqn (47) (in
which N equals N.L and is assumed to be a fixed
value), we obtain §2~6—4/L. This is the variance of
lifetime family size with age-independent survivorship
and no differences in fertility among individuals. For
L =1, §,=2 as expected, but as L increases, S} =6
and N,~ N/2. A more realistic model in which death
rate increases with age does not strongly affect the
arguments discussed before, although increases the
ratio N,/N relative to the age-independent survivor-
ship model.

Other polygynous systems reduce the effective size
more. For example, for lottery polygyny, in which
males attempt to mate with each of the females they
encounter, but females mate only once or a few times,

N
N, =

2...1.(1__1.)
L 2n

where n is the number of times that females mate.
Some results from this equation when generations do
not overlap (L =1) were given before. With over-
lapping generations and large L, N, tends again to N/
2, as before. For n=1, eqn (48) can also be

(48)

represented as N,=2N/(3+ v), where v is defined as
above.

Other types of mating systems with more extreme
polygyny (for example, those in which harems are
formed) severely reduce N,, but in all cases, as L
becomes large, N, gets closer to N/2, regardless of the
mating system. For random union of gametes,
monogamy and lottery polygyny, N, always decreases
with increasing L, but with some extreme polygynous
systems, N, can sometimes increase towards N/2, as L
increases. It is also interesting to note that these mating
systems have asymmetrical effects on N, depending on
which is the more frequent sex, by contrast to what
happens with random union of gametes or monogamy.

Finally, Orive (1993) has developed a method for
determining effective size in organisms with complex
life histories, like those with overlapping generations
and both sexual and clonal reproduction. The method
is based on finding the time at which two alleles had a
common ancestor in the past (a ‘coalescent’ model),
and equating it to that in the idealized population. Her
results for populations with sexual reproduction agree
with those reviewed above. The existence of clonal
reproduction requires redefinition of the concept of
generation interval, as clonal reproduction can be
either accounted for or not, producing different results.

8 Prospects for future developments

This paper has reviewed predictive equations of the
effective population size under a range of circum-
stances occurring in natural and experimental popula-
tions. Its main objective has been to integrate equations
and methods into a similar framework, so that the
inter-relations and  significance of the different
formulae and methods could be followed. Although
these cover most important sources of genetic drift,
needless to say we are far from covering all the
complexities that occur even in the controlled condi-
tions of a laboratory population.

Some of the equations of this review, like eqn (36)
and, especially, its equivalent for different numbers of
male and female parents, have a wide generality, and
cover multiple combinations of deviations from the
idealized conditions: nonrandom contribution from
parents, different numbers of the sexes, partial inbreed-
ing and other types of nonrandom mating, selection
and different selective pressures in each sex. It would
be desirable to continue investigating other combina-
tions. For example, expression (36) and, in fact, all
other equations in this review except that of N. H.
Barton (personal communication) for situations like
mutation-selection balance, refer to neutral genes
unlinked to the selected system. E. Santiago (personal



communication) is developing equations in the line of
eqn (36) with consideration of linkage to selected loci.
Preliminary results show that N, can be substantially
reduced by selection in organisms with few chromo-
somes such as Drosophila for which it can be about
20-40 per cent smaller than predicted with the equa-
tions given above. For organisms with many chromo-
somes (say, more than 10), however, the effect of
linkage can be neglected. Another field under current
investigation is that of artificial selection when genera-
tions overlap (J. A. Woolliams, personal communica-
tion).

Complexities of structuring in natural populations
where systematic forces of change in gene frequency,
such as migration, play an important role, have not
been the concern of this review because its aim has
been to deal only with populations under more or less
controlled conditions, like experimental populations.
Practical problems in the estimation of effective size in
natural populations have also been ignored. This is a
major field which has received a great deal of attention
but where there is still room for research.

It is clear that the theory of the prediction of effec-
tive size has evolved substantially since its first appear-
ance in 1931, but it is also clear that there is still a long
way to go before we can fully assess all factors affecting
genetic drift, particularly, in natural populations.
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