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THERE have been many studies of the numbers of self-incompatibility
alleles in different plant species (e.g., Emerson, 1938, 1939; Bateman,
1947). In many species, self-incompatibility is controlled by a single multi-
ple-allelic gene and pollen does not function on a style that carries the
same allele. The numbers of these multiple alleles that can be maintained
in a finite population have also been considered by theoretical population
geneticists (Wright, 1939, 1960, 1964, 1969; Fisher, 1958; Ewens,
1964a, b; Ewens and Ewens, 1966; Kimura, 1965; Yokoyama and Nei,
1979).

Despite these extensive theoretical studies, the distribution of self-
incompatibility alleles in a sample has not been studied fully. This sampling
distribution is of importance because experimentalists can deal only with
samples from a population and not the underlying population itself. In this
note, we shall consider the expected number of alleles in a sample and the
results obtained will be compared to the observations made by Emerson
(1939) and by Campbell and Lawrence (1981) and Lawrence and O'Don-
nell (1981).

In the following, we assume that the population has achieved equilibrium
under mutation, selection, and random genetic drift. We also consider an
infinite allele model, that is, new mutations arising in a population are
always different from the extant alleles (Wright, 1939; Fisher, 1958; Kimura
and Crow, 1964). Let v and x, be the mutation rate per generation and
the frequency of the ith allele, respectively.

Before going into details of samples, we shall consider the number of
alleles in the underlying population. There are two measures of the number
of alleles: the effective number of alleles and the actual number of alleles.
The effective number of alleles (ne) is defined as the reciprocal of expected
homozygosity I =,

flel/J (1)

(Kimura and Crow, 1964). It should be noted that I is a mathematical
device and, in practice, no homozygotes with respect to self-incompatibility
will occur. The value of the homozygosity will be determined shortly. The
actual number of alleles (fla) is defined as

= cb(x) dx, (2)
1/2N
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where N is the effective population size and 1(x) dx is the expected number
of alleles whose frequencies are from x to x + dx in an equilibrium popula-
tion. The quantity 4(x) is given by

cb(x) = 4Nvelx(1 —2x)211x1, 0< x <1/2, (3)

where a = 1/{(1 —J)(1 —2J)], b = 1/f2(1 —J)]+v (see formulae (29), (34),
and (35) in Yokoyama and Nei, 1979). In this formulation, it has been
assumed that no homozygote for self-incompatibility alleles is formed.
Furthermore, J is treated as a constant (for its validity see Wright, 1939;
Fisher, 1958; Yokoyama and Nei, 1979).
1 2The expected homozygosity, J, can be obtained by using the relationship
f/ xcb(x) dx = 1. Hence, using (3), J is a solution of

v'Jiexp (2NJ/[(1 —J)(1 —2J)]) = (1 —J)'2(1 _2J)_N[h/_.t2L] (4)

When 4NJ >> 1, equation (4) is simplified and

J = [—in (v,Ji)/2NJ1I2 (5)

approximately.
Let us now consider a sampled population. In the sample, the expected

number of alleles whose frequency lies in the range p to q (0 p <q 1/2)
in a sample of m genes (m/2 individuals) drawn from a steady-state
population is given by

[mq] t112 'm
n(p,q)= j ( .)x'(1_x)m'4J(x)dx (6)

i=[mp]+1 0 1

where [n] is the largest integer contained in n (Chakraborty et a!., 1980).
Considering the whole range of gene frequencies, when m alleles are
sampled the expected number of alleles in the sample is given by

n3=J [1—(1—x)m]CV(x)dx. (7)
1 /2N

Using these equations and assuming that v =i0, some examples are
shown in table 1. From the table, we can see that the numbers of alleles
(fle and fla) increase with increasing values of N and that the number of
alleles in the sample is affected strongly by sample size (see also Yokoyama
and Nei, 1979).

In fig. 1, the distribution of expected number of alleles in the sample
(histogram) and in the population (curve) are shown for N = 2000, 3000,

TABLE 1

Effective (tie) and actual (n8) numbers of alleles in the population and
the number of alleles in a sample of m genes (n,). It is assumed that= io

ns
N ne me50 m=100

2000 2739 3106 24•23 2889
3000 3367 3660 25•63 32'44
4000 3906 43•71 28'07 3723
6000 4826 5913 3520 4816
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FIG. 1.—Gene frequency distribution of self-incompatibility alleles. The expected number
of alleles in a sample and that in the population are shown by histogram and curve
respectively. Three population sizes are considered: N=2000 (A), N=3000 (B), and
N=4000 (C).

and 4000, assuming that v = i05 and m = 100. The expected number of
alleles in the population is given by t(x)/200. Both distributions show
that as the effective population size increases the mode of the distribution
shifts to the left, i.e., the number of alleles increases. Clearly, the two
distributions are very different.

Recently, Campbell and Lawrence (1981) made an extensive diallel
cross using the Field Poppy, Papaver rhoeas. Sampling 51 plants at random
from a natural population (R106) consisting of several thousand individuals,
they found 31 different self-incompatibility alleles: eight alleles occurred
once, seven alleles twice, six alleles three times, three alleles four times,
three alleles five times, one allele six times, another allele seven times, and
two alleles eleven times. Lawrence and O'Donnell (1981) have extended
the analyses to two other natural populations (R102 and R104). For both
populations, the numbers of genes sampled were 72. The observed number
of alleles was 30 and 26 for the population R102 and R104, respectively.

Using equation (7), the expected number of alleles in a sample can be
calculated easily. Assuming that v = iø- and m = 102, the values of n
are 2897, 3258, and 37•44 for N = 2000, 3000, and 4000, respectively.
For v = and m = 72, the respective values are 27 12, 2963, and 3330.

It may be of interest to study the distribution of alleles for the cases
N = 2000 (for R104) and N = 3000 (for R102 and R106), simply because
the expected and observed values are very close. Such comparisons are
shown in table 2. Table 2 shows that there are some differences between
the observed and expected values; namely, that the three observed distribu-
tions have larger values in both tails than expected, especially for the right
hand tails.

Several factors can account for this discrepancy. In the present theoreti-
cal model, it is assumed that all heterozygotes have exactly the same fitness.
This may not be the case for the population and the alleles may be subject
to selection either directly or via linkage with other genes, as Campbell
and Lawrence (1981) note. The existence of partial incompatibility of a
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TABLE 2

Distributions of observed and expected number of self-incompatibility alleles

Number of Occurrences
Observations 1 2 3 4 5 6 7 8 9 10 11

P. rhoeas
R102 12 9 5 0 1 0 2 1

(N=3000,m=72) 995 8'64 564 3.04 142 059 022 013
R104 9 7 3 3 1 1 0 1 1

(N=2000,m=72) 674 724 583 377 204 094 038 014 004
R106 8 7 6 3 3 1 1 0 0 0 2

(N=3000,m=102)706 794 674 475 294 165 084 039 017 006 004
0. organensis 7 6 8 4 3

(N=2000,m=74) 652 716 589 39 383

certain allele may also contribute to the elevation of the allele frequency
(see Campbell and Lawrence, 1981). Theory also assumes that the popula-
tion is in equilibrium under mutation, selection, and random genetic drift.
This assumption may not be valid for the Field Poppy populations. If that
is the case, some alleles can be much more common than expected from
an equilibrium theory. It should be noted that this deviation of gene
frequency can occur with or without selection among heterozygotes. Also
note that all three Field Poppy populations have the same characteristic:
both rare and common alleles have larger values than expected. This
uniformity among the populations also supports the notion that P. rhoeas
may not be a colonizing species (Lawrence and O'Donnell, 1981).

Emerson's (1939) data on Oenothera was based on a mixture of half-sib
families raised from seed taken from some wild plants and cuttings from
others. It seems to be appropriate to use cuttings data only (Lawrence and
O'Donnell, 1981). Then from Emerson's table 2, 28 different alleles can
be detected among the 74 genes sampled: seven alleles (occurred once),
six (twice), eight (three times), four (four times), and three (five times).
Assuming that v = i05 and m = 74, the values of n. are 27•30, 29•90, and
3366 for N = 2000, 3000, and 4000, respectively. These expected values
are close to the observed value of 28, especially for N = 2000 (see table
2). In this case the equilibrium theory explains Emerson's data.

In conclusion, the present equilibrium theory can explain the Oenothera
data of Emerson (1939), but it is not compatible with the Field Poppy data
of Campbell and Lawrence (1981) and Lawrence and O'Donnell (1981).
In the latter, differential selection may be operating among heterozygotes.
It is also conceivable that the Field Poppy population has not yet attained
its equilibrium state.
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