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It has long been known that in a population where different genotypes
possess different selective advantages, it is possible for balanced
polymorphism to exist. That is to say there is an equilibrium between
the proportions of different genotypes, which is stable under random
mating and differential viability and fertility. I do not know, however,
whether any case has been recognised in nature or discussed theoretic-
ally in which it is possible for fwo distinct non-trivial stable equilibria
to exist. (A trivial equilibrium is an extreme case when, for instance,
some genes or genotypes are unrepresented in the population, and is
of little interest.) It may therefore be of some theoretical interest
to construct a genetical system admitting of two distinct stable states
of balanced polymorphism.

Analogy with electrical and mechanical oscillating systems suggests
that the necessary degree of complexity may be achieved by a system
composed of two ‘‘coupled” sub-systems, possessing sufficiently
unlike properties. Now the random mating of the sexes can be
regarded as an interaction between two sub-populations. It is
therefore natural to enquire whether a population in which the same
genotypes have different viabilities in the two sexes is one admitting
of a multiplicity of distinct equilibria. This expectation is verified.
It is easy to specify a theoretical population involving three genotypes
AA, Aa and aa with selective advantages different within and between
sexes, which has three equilibria, of which two are stable and the
third unstable. For example with the scheme of viabilities

‘ AA ] Aa aa
Females . . . 0°50 1:00 0°50
Males . 215 1°00 215

we obtain three equilibria characterised as follows for gene ratios in
the two sexes and for stability.

ey s Gene ratio (A : a)
Equilibrium
state Character
In females In males
1 0-582 0'339 Stable
11 1000 1000 Unstable
111 1-718 2+951 Stable
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I give herewith a brief discussion of systems of this type. It is
seen that they may possess

(i) no non-trivial equilibrium state, or
(ii) a unique non-trivial equilibrium which may or may not
be stable, or
(iii) three non-trivial equilibria, of which as many as two may
be stable, the third being unstable.

All the possibilities relating to the case of three equilibria, and
the necessary conditions on the viabilities have not been exhaustively
explored numerically, but their complete examination would present
no great difficulty. The analysis suggests that a necessary condition
for the existence of three equilibria is that in at least one sex, at least
one homozygote must be at an advantage relative to the heterozygote.
It suggests further that the difference in viability between homozygotes
and the heterozygote is required to be in opposite senses in the two
sexes.

Assume random mating and the gene frequencies

‘ A { a Ratio

[ I

|
Females . . . N ' u, = p1/q,
Males . . . . Pe P Uy = pa/qs

together with parameters to express selective advantage as follows

AA Aa ’ aa
Females . . . 1—S,; I 1—s5
Males . . . . 1—S, I 1—s$;

Then the genotypic proportions at an assigned phase in the life cycle
are

AA Aa aa
Females . . . (1—=S1)p1p2 $19:+0:01 (1—51)4195

Males . . a (1—Sa)p1b2 0192+t (1—52)4192

Thus in the next generation
w! = (1 —=Sy)uyuy +3(u; +u,)
! (1—s1) +3(u; +u,)
o _ (1 —=Sp)uyuy +3( +u,)

= (1—s5) +4(u; +uy)
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In equilibrium u," = u;, u,’ = u,. Setting ¢ = u,/u, it is found that
the equilibrium ratios are given by

t—c; Col—1
Uy = Uy — — . . . I
L S G 27T Cyt—t2 (1)
where € = 1—25 €y = 1—25,

C, = 1—25, C, = 1—25,

and ¢ satisfies the cubic equation

f(t) = t3—3ut243pt—1 =0
with
o« = }(Ciea+6,+C,), B = $(Cyty +¢,+Cy)
Using the facts that f(0) = 1, and that f{f)—> o as t— o, and con-
sidering maxima and minima of f(¢) it is found that f(t) = o has a
unique positive real root, unless the following conditions are satisfied
simultaneously :—

a>0, o%>B>o0, (2)
and 43 +4P3—30%2B2—6aB +1<0 )

When these conditions are fulfilled there are three distinct real
positive values, t;, ¢,, ¢; of t satisfying f(t) =o. If also u; when
calculated by (1) is positive for each of these values of ¢, then there
are three distinct non-trivial equilibria. This latter requirement can
be expressed by saying that ¢, ¢, and #; must lie within the interval
whose termini are ¢ = ¢;, £ = 1/C,.

Condition (2) may be written in the form

$(B) = B*—Fu2B2—Faf+(}+o¥)<o.
For given « and variable B it is seen that ¢(B) has a minimum value

m = —2(feat +30)# +1 +5ad —5ab
achieved when

B =Bn =1} +Visa® +u.

The table of values of m and B, shows that for all values of « in excess
of ay (where a, is about 1-5), it is possible to find a range of values
of B in the neighbourhood of B, for which all the conditions for three
equilibria are satisfied.

There is however a second continuum of «, B values satisfying the
conditions. For taking 8 = « we see that the equation

3 —3gat+3af—1 = 0
has the roots

th=3*k—VE—yg), ty=1, t;= (k+VE—y)
where k£ = 3a—1. Thus there are three equilibria provided that

3a—1 = k>2,
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i.e. provided that «>1. The same applies for all values of « greater
than unity, and for values of B sufficiently close to «. It appears
therefore that there are two distinct viability ranges for which the
system has three equilibria.

TABLE
|

a bm Bm a?
10 0-00000 1°000 1°00~
1-2 0-18784 1214 144
14 0-21827 1°424 1°g6
15 0-0001% 1-595 225
1-6 —005549 1-740 2-56
-8 —0°31425 2'057 324
20 —1°90ob84 2:414 400
© - © ©

It is informative to consider the special case when in each sex
the homozygotes have equal viabilities. Take therefore S; =s,,
S, = s5. Then

@ = 1+4(s5155—5—53),
so that
(1—sp)(1—s55) = 1 +3(a—1).
Since «>1 is a necessary condition for three equilibria we get as a
further necessary condition
(1—s5,) (1 —s5,) >1.
Consequently at least one of the homozygous viabilities 1—s;, 1—s,
exceeds unity.

The more specialised case in which S, =5 =S, = s,, gives all
viabilities equal as between sexes, a situation which admits of at
most one equilibrium. This suggests that for three equilibria to exist,
the difference in viability between homozygotes and heterozygotes
is required to be in opposite senses in the two sexes.

Returning to the general case, we note the following procedure
for investigating the stability of any equilibrium state. In place of
#, and u,, write u, 4%, u;+x, giving u;, and u, their equilibrium
values. Then neglecting quadratic terms in %, and x, we get the
approximate recurrence relations

%" = byx, +by9%,, Xy = byyxy +byexy,
where

e , ..
bij = ”.'a—uj(log u') (L,j=1,2)

and u;, u, are put equal to equilibrium values after differentiation.
The equations in x,, x, have solutions of the form

%1, = BpA"+BaAy", x5, = ByA " +ByeA,"
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where A, A, are the latent roots of the matrix (4;;). Consequently
the equilibrium state is stable or unstable according as to whether
both A, A, are or are not less than unity.

The example given in the introduction was constructed by taking
@ = I'1 = B, so that the appropriate roots were

t, = o'582109, ¢, =10, {3 =1-717,89I.

‘We require as subsidiary conditions either

(i) 1—2s5; = ¢;<0°582 and 1—28; = C;< 0582
corresponding to homozygous viabilities 1—s5,, 1—S,; less than 79 per
cent., or

(i) 1—2s;, =¢;>1+718 and 1 —28;, = 28, = C;>1-718

corresponding to homozygous viabilities greater than 136 per cent.
For simplicity we take an extreme case in which ¢, = C; = o, (i.e.
the homozygotes among females have viabilities of 50 per cent. only,
while in the males their viabilities are 215 per cent.) and obtain three
equilibria as described, the stability roots being :—

I. 09617, 0°0383 ; 1I.o0, 1-0159; III. 0-7277, 0:1283.

As a second example we may take the table of viabilities

AA Aa ; aa ‘
Females . . . 05 1-0 05
Males . . . . 4°1 1-0 35

for which « = 2 and B = 24, obtaining equilibria as follows :—

Gene ratio (A : a)
State Character Strac}:jgty
In females In males
1 016 0026 Stable 0-gr , 007
1I 1°42 2°00 Unstable 102 , —0°14
111 442 19°57 Stable 092 , O°II

Both examples illustrate the case when there are two equilibria,
each characterised by a rather large disparity of the gene ratios in
the two sexes. If such differences in gene ratio were to be observed
in an ecological situation, they would be suggestive of the existence
of the peculiar kind of balance that has been examined.

The present discussion clearly does not exclude the possibility
of cases in which there are three non-trivial equilibria of which only
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one (presumably the intermediate one) is stable. An answer to this
question would be of interest, and could take one of two forms. It
may be possible to demonstrate algebraically that these cases do
not exist. On the other hand it may be possible to construct an
illustrative numerical example.

In the case where one allele A is lethal in both sexes when in
the homozygous condition AA it is easy to see that there are at most
two non-trivial equilibria of which only one is stable.

The writer has profited from helpful discussions with Walter
Peters at present working in this department, whose field observations
suggested this problem.

SUMMARY

It is shown that different viabilities of genotypes in the two sexes
may lead to either of two stable equilibrium states being realised
in a population under random mating.
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