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Estimation of linkage disequilibrium for loci
with multiple alleles: basic approach
and an application using data
from bighorn sheep
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The great expansion of population genetic data using molecular techniques now allows examination
of the extent of linkage disequilibrium for many pairs of loci, each locus often with multiple alleles.
The expectation-maximization (EM) algorithm for generating maximum likelihood estimates of
gametic frequencies from multiallelic genotypic data is described and applied. The EM algorithm is
used in desert bighorn sheep where the population size, and consequently the sample size, is often
small. We calculated haplotype frequencies for all pairwise combinations of five major histocom-
patibility loci and three microsatellite loci in 14 populations; the performance of the algorithm is
discussed. Disequilibrium values are calculated and tested for statistical significance. High levels of
disequilibrium are found between all pairs of major histocompatibility complex (MHC) loci and
between MHC and a linked microsatellite locus.
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Introduction

The recent accumulation of multilocus data has led to
increasing interest in describing associations between
alleles at different loci. Such associations may be useful
to infer population history (Reich et al., 2001), map the
location of genetic diseases (Kruglyak, 1999), address
forensic applications (Ayres & Balding 2001, and
document associations in different parts of the genome
(Huttley et al., 1999). Quantifying the amount of
statistical correlation, linkage (or gametic) disequilibri-
um, however, between alleles at different loci from
molecular data is difficult when individuals are hetero-
zygous at more than one locus. Gametic frequencies
cannot be obtained directly from genotypes because the
haplotypic phase of multilocus heterozygotes cannot be
determined. Pedigree analysis (Eaves et al., 2000) or
direct molecular characterization of gametes (Taillon-
Miller et al., 2000) can solve this problem, but it is not
generally possible for autosomal loci in wild popula-
tions.

Hill (1974) extended the gene counting method of
Ceppellini et al. (1955) to generate maximum likeli-
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hood estimates of gametic frequencies in randomly
mating populations. This work has been expanded
and generalized by others (Hill, 1975; Dempster et al.,
1977; Excoffier & Slatkin, 1995; Long et al., 1995,
Slatkin & Excoffier, 1996; Weir, 1996) and is now
referred to as the expectation-maximization (EM)
algorithm.

In this paper, we describe the EM algorithm that is
used to estimate haplotype frequencies in a sample. We
then use the EM algorithm to estimate the amount of
gametic disequilibrium in the bighorn sheep data of
Boyce et al. (1997). In this rare species, the sample sizes
are often not large, even though a large proportion of
the population has been sampled. For highly variable
loci having multiple alleles, the small sample size
appears to accentuate the difficulty in estimating the
extent of disequilibrium. Finally, we evaluate some
aspects of the EM algorithm.

Bighorn sheep data

Boyce et al. (1997) examined genetic variation at five
ovine class II major histocompatibility complex (MHC)
loci and three microsatellite loci in 14 populations of
bighorn sheep, Ovis canadensis. Samples were collected
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from six adjacent populations of bighorn sheep in the
Peninsular Mountains of southern California (Carrizo
Canyon, Palm Canyon, Vallecito Mountains, Coyote
Canyon, Santa Rosa Mountains, and San Jacinto
Mountains), five scattered populations in the Mojave
Desert of California and Nevada (San Bernadino
Mountains, Eagle Mountains, Orocopia Mountains,
Old Dad Mountains, and Muddy Mountains), two
populations in the Chihuahuan Desert of New Mexico
(San Andres Mountains and Red Rock Refuge), and
one population of Rocky Mountain sheep transplanted
to New Mexico from Alberta, Canada. Sample sizes
ranged from nine to 29. Although these samples sizes are
not large, they represent more than 20% of the
individuals of this difficult to capture species in most
populations (Boyce et al., 1997).

MHC class II variation was evaluated with hybrid-
ization probes that identified two DQBI1-like (DQBI-1
and DQBI1-2) and three DRB3-like loci (DRB3-1,
DRB3-2, and DRB3-3). Two to four restriction frag-
ment length polymorphism (RFLP) alleles were iden-
tified at each of these loci. Microsatellite typing was
performed for markers D5S2 (Steffen et al., 1993),
OARFCBI1 (designated here as FCBI11, Buchanan
et al., 1993), and DRB3 (designated here as MDRB3,
Ellegren et al., 1993). The D5S2 and FCBI11 loci are
composed of simple GT dinucleotide repeats and are
on different chromosomes, unlinked to the MHC. The
MDRBS3 locus is a collection of GT and GA repeats
located in the second intron of DRB genes and appears
to be conserved in mammalian genomes (e.g. Anders-
son et al., 1987; Reiss et al., 1990; Ellegren et al.,
1993).

Statistical background

Consider two loci: 4 with m alleles, 4, A4, ..., A,, and
B with n alleles, By, B», ..., B, with respective frequen-
cies pi, P2, ..., Pm and qy, qa, ..., q,. Let fj; represent the
frequency of gamete 4,8, and N the number of
individuals in the sample. The amount of linkage (or
gametic) disequilibrium between alleles 4; and B; can be
expressed as the difference between the observed and
expected gametic frequencies

Dy =fy; pig;- (1)

Observed gametic frequencies are estimated with the
EM algorithm as described below.

Application of the EM algorithm requires two data
sets: multilocus genotypic data, and an initial estimate of
gametic frequencies. Let 7, represent the number of
individuals in a sample having the genotype A,A4,B;By.
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An initial estimate of gamete frequencies, ﬁ-,—’ can be
obtained by assuming all haplotypes are in gametic
equilibrium so that

Jij = pig;- (2a)

An improved estimate of the gametic frequencies, ﬁ,—' can
be obtained if the population is assumed to be in Hardy—
Weinberg proportions as

J{U 2nlljj + Z Niijk + Z Nhijj

k#j h#i
f]fhk 2b
RN ey 2

(Hill, 1974).

The EM algorithm is iterative: estimates of gamete
frequencies obtained from equation (2b) can be further
improved by inserting the current estimate into the
right-hand side of the equation. This iteration produces
gamete frequency estimates that are more likely to
produce the observed data (assuming random mating,
Dempster et al., 1977). Simply, the likelihood, L, of the
observed data, given the gametic frequency estimates,
increases with each iteration. If mating is random and
sampling multinomial, then

L=a] @)™ (3)

hijk

where the product is taken over all genotypes, a equals
the multinomial coefficient, and p;;; represents the
probability of two randomly selected gametes producing
the genotype 4,A;B;B;. The probability equals f;f. if
h=iand j=k, 2fyfyic if h=iand j#k, 2ffu if h#i
and j=k, and 2f;fi + 2fafiif h # iand j # k. Iteration
continues until the gametic frequencies converge on a set
of maximum likelihood gametic frequencies. Iteration
may, however, lead to different estimates of gametic
frequencies when different initial gametic frequencies are
used to begin the iteration (Weir & Cockerham, 1979;
Excoffier & Slatkin, 1995).

The path and destination of EM iteration is depend-
ent on the likelihoods of sets of gametic frequencies
producing the observed data. Figure 1 compares the
likelihoods of alternative gametic compositions of dou-
ble heterozygotes. When the EM algorithm is applied to
the data sets in Fig. 1(a), f1; will rapidly converge on the
maximum likelihood frequency of 0.625 (corresponding
to the top alternative in the figure) from all initial
frequencies and will never converge on the less likely
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alternative and dividing each likeli-

lower alternative of f1; =0.500. However, iteration of
the data in Fig. I(b,c) will converge on alternative
gametic frequencies, depending on the initial starting
frequencies. Such situations can appear easily as a
component of highly polymorphic data sets.
Figure 1(c,d) displays different ways of partitioning the
gametic composition of double heterozygotes when the
possible constituent gametic pairs have equal frequen-
cies in the homozygotes and single heterozygotes.
Figure 2 depicts the relative likelihoods of the entire
possible range of gametic frequencies of two samples:
a data set from the Eagle Mountains and a data set
similar to an observed data set from the San Jacinto
Mountains. These examples have been chosen to illus-
trate contrasting likelihood surfaces. Although these

hood by the largest likelihood.

samples contain up to six gametes, only two gametic
frequencies, e.g. f1; and fj,, are independent when the
allele frequencies are specified, these frequencies are
shown. Figure 2(a) gives an example of a two-locus data
set with a small range of plausible gametic frequencies.
Iteration from all starting points rapidly converges on
the gametic frequencies, f1;,=0.29 and f;,=0.06. Ga-
metic frequencies for the case of gametic equilibrium for
the two—locus data table in Fig. 2(a) are indicated on the
figure (f1; =0.23 and f1,=0.14). Although the gametic
frequencies at gametic equilibrium have a relatively low
likelihood of 0.04, they are not statistically different
from the maximum likelihood gametic frequencies using
the bootstrap method described below. Iteration of
gametic frequencies from random initial values for the
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Observed Data Likelihood Surface
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Fig. 2 Two data sets and the relative 23 1 2
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gametic frequencies. The graph in 2b 33

has been rotated to facilitate viewing,
and its f], axis is orientated differently
than the graph in 2a.

two-locus data table in Fig. 2(b) leads to one of two
alternative sets of gametic frequencies: fi; =0.31 and
f12=0.06 or f;;=0.40 and f»=0.12 with relative
likelihoods, 1.000 and 0.92, for each set of gametic
frequencies, respectively. The likelihood surface in
Fig. 2(b) suggests that the frequency of gamete 4¢B,
could vary from zero to its maximum value and still
produce the given two-locus genotypes with a reason-
able probability. The gametic frequencies at gametic
equilibrium for this example (f1; =0.39 and f1,=0.09)
are not significantly different than the maximum likeli-
hood gametic frequencies using the bootstrap method
described below.

The likelihood surfaces of gametic frequencies having
more than two alleles at one locus and three at another
cannot easily be depicted graphically. These surfaces,
however, seem to become increasingly complex as the
number of alleles in the sample increases because of the
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increasing number of possible maximum likelihood
solutions. For example, a sample with three alleles at
one locus and two at another can possibly have six
maximum likelihood solutions if there is no redundancy
in the sample (i.c. the gametes potentially present in the
double heterozygotes have equal frequencies among the
individuals not heterozygous for both loci). Iteration of
samples with three alleles at one locus and four at
another can possibly lead to convergence for 24 different
sets of gametic frequencies. There does not appear to be a
simple way to predict the possible number of maximum
likelihood solutions based on the number of alleles at the
two loci. The likelihood of solutions must be calculated
and compared to distinguish local maximum likelihood
solutions from the global maximum likelihood solutione.

The complexity and unpredictability of likelihood sur-
faces makes thorough explanation of the multidimen-
sional gametic frequency space necessary (Excoffier &
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Slatkin, 1995). When there are n gametes, this gametic
frequency space is bounded by 1 on n axes. Obtaining
uniformly distributed numbers in this » dimensional
space can be obtained by using the spacings of n — 1
uniformly distributed random numbers on the interval
[0,1] (Devroye, 1986).

Methods

We sought pairwise disequilibrium values for every
combination of polymorphic loci for the five MHC loci
and the three microsatellite loci in each of the 14
populations. The EM algorithm was used to estimate
gametic frequencies in each two-locus data set. Iteration
was started from 50 sets of random gametic frequencies
that were generated as described above. Iteration con-
tinues until the converging estimates of gametic frequen-
cies were stable at six decimal places. Computationally,
this often required the sum of absolute difference between
a set of gametic frequency estimates and the previous set
of estimates to be less that 10 . If iteration led to
multiple maximum likelihood solutions, then 200 sets of
random starting frequencies were used. One thousand
sets of starting frequencies were used for the samples
between microsatellite loci that led to multiple maximum
likelihood solutions, in order to see if all solutions were
found with the first 200 trials. Relative likelihoods were
calculated for each maximum likelihood solution by
dividing the likelihood of each solution by the highest
likelihood among the maximum likelihood solutions.
The set of gametic frequencies with the highest likelihood
was accepted as the observed gametic frequencies in
the sample. If iteration led to two sets of gametic
frequencies with equally high likelihoods and different
disequilibrium values, the sample was not included in
further analysis, this occurred in only two cases.

All maximum likelihood solutions were checked to
ensure that they were not less than minimum or greater
than maximum possible gametic frequencies, as deter-
mined from the observed two-locus genotypes

Qnigi+ Y M+ Y ”hiﬂ] (4a)

1
Sij(minimum) = —
2N (= hFi

2n; + g iijk + E Mhijj

KA hAi

+YN nh,-jkl

Wt 2k

. . 1
Sij(maximum) = N

(4b)

The number of times iteration led to each maximum
likelihood set of gametic frequencies was also recorded.

The effects of sample polymorphism and sample size
on the iterative process were examined. First, we
sought to determine if the degree of polymorphism
affected the probability of the two-locus data set
producing multiple maximum likelihood estimates. We
used the number of independent gametic frequencies
in the sample as a measure of polymorphism. When
allelic frequencies are specified, (m — 1)(n — 1) of the
mn gametic frequencies are independent. Secondly, we
compared the sample size of the two-locus data sets
that led to multiple likelihood maximums to the
sample sizes of two-locus data sets that produced a
single maximum likelihood estimate of gametic fre-
quencies.

Once gametic frequency estimates were obtained,
disequilibrium values were calculated as shown above.
Because the range of D varies as a function of allele
frequencies, the normalized measure, D’, of Lewontin
(1964)

D::
D.=—Y 5
Y Dmax ’ ( )

where Dy, is the lesser of p,g; or (1 — p;)(1 — ¢;) when
D; < 0 and is the lesser of p(1 — g;) or (1 — p;)q; when
D; > 0, was calculated and used in all further analysis.
The advantage of this measure of disequilibrium is that
it has a range of —1 to 1, regardless of the allelic
frequencies in the sample. The disadvantage of is that
extreme values of 1 or —1 are easier to obtain when allele
frequencies are skewed.

Disequilibrium was summarized at three levels:
(1) disequilibrium between two loci within one popula-
tion; (2) disequilibrium between two loci across all
populations; (3) disequilibrium across all populations
for groups of loci. When a sample has more than two
alleles at a locus, the average absolute value of values for
the gametes in a population

D, = Z Z \D;|pig; (6)
i

serves as an effective summary measure of disequilibrium
between two loci in a population (Hedrick, 1987).
Disequilibrium between two loci across populations
was summarized by the sample size weighted average of
the values (Nei & Li, 1973). We further classified these
disequilibrium values into three categories: disequilibri-
um between MHC loci (10 sets of values); disequilibrium
between microsatellite loci (three sets of values); dis-
equilibrium between MHC and microsatellite loci (15
sets of values). Disequilibrium between MHC and
microsatellite loci was further broken down into two
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sets: disequilibrium between MHC loci and the linked
MDRB3 locus, and disequilibrium between MHC loci
and the unlinked FCBI11 and D5S2 loci. The disequi-
librium values within these categories were summarized
by taking the average of these values across populations
and by examining their distribution.

Disequilibrium for each of the three levels was tested
for statistical significance. To test the significance of
observed disequilibrium between two loci in a popula-
tion we used the test statistic

(2 :

0= 225, 7
k

sum ZZlnp,- (8)
i=1

where 2N is the number of gametes in the sample.
Resampling with replacement from equilibrium gametic
frequencies was used to generate an empirical distribu-
tion of 1000 Q values. The fraction of these Q values
that were larger than the observed Q value was recorded
as the probability, P, of obtaining the observed Q value
from sampling a population in gametic equilibrium.
The significance of the average disequilibrium values
for a pair of two loci across populations was tested by
combining the P values for each of the 14 populations.
The sum (8) where k equals the number of P values being
combined, is distributed with 2k degrees of freedom (e.g.
Sokal & Rohlf, 1995). Because the natural logarithm of
zero is undefined, the probability of 0.001 was used when
the estimated P value was 0.000. The P value obtained
from this test represents the probability of obtaining the
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observed set of k disequilibrium values solely from
sampling populations in gametic equilibrium.

The significance of disequilibrium between groups of
loci was tested by comparing the observed distribution
of D’ values with the expected distribution assuming all
populations were in gametic equilibrium. The expected
distribution was obtained by generating 1000 sets of
D’ values for all the combinations of loci in each
population. The distribution of each set of D’ values was
found. These 1000 distributions were averaged to obtain
the expected distribution. A distribution of 1000
values was obtained by comparing each of the sampling
distributions with the expected distribution. An
observed y* was calculated and compared to the
distribution of 1000 sampled y* values.

Results

The EM algorithm

Each application of the EM algorithm produced at least
one set of maximum likelihood gametic frequency
estimates for each of the 300 two-locus data sets
polymorphic at both loci. Non-convergence of iteration
was generally not a problem, but the sample from the
Vallecito DQBI1-1 & D5S2 data set required over 4000
iterations for the gametic frequency estimates to con-
verge to a maximum likelihood set of gametic frequen-
cies. All maximum likelihood estimates of gametic
frequencies were equal or between the minimum and
maximum frequencies defined above.

The EM algorithm was most successful producing
estimates of gametic frequencies for the least polymor-
phic samples, which were usually those between MHC

Table 1 The samples between pairs of microsatellite loci that led to multiple EM algorithm solutions and the relative
likelihood of each solution and D’ (in parentheses except for the locus pair from Eagle with 26 solutions). /N is the sample size
from each population and # is the number of alleles at a locus in a population

Population (N) Loci (n) Relative likelihood (D)

Santa Rosa (28) FCBI1 (5) MDRB3 (4) 1.00 (0.74) 0.91 (0.54)

Muddy (19) FCBI1 (5) MDRBS3 (4) 1.00 (0.35) 0.86 (0.33)

Eagle (23) FCBI11 (6) MDRB3 (6) 1.00 0.78 0.73 0.70 0.70 0.55 0.52
0.52 0.51 043 0.14 0.09 0.09 0.08
0.07 0.06 0.05 0.05 0.02 0.02 0.02
0.01 0.01 0.01 0.01 0.00

Eagle (23) D5S2 (3) FCBI1 (6) 1.00 (0.48) 0.28 (0.51) 0.23 (0.48)

Orocopia (13) D582 (3) FCBI1 (5) 1.00 (0.44) 0.53 (0.36) 0.16 (0.26)

Carrizo (22) D5S2 (3) FCBI11 (5) 1.00 (0.53) 0.08 (0.51)

Coyote (7) D582 (3) FCBI1 (5) 1.00 (0.39) 1.00 (0.39)

Muddy (19) D582 (3) MDRBS3 (4) 1.00 (0.26) 0.95 (0.23)

Eagle (23) D5S2 (3) MDRB3 (6) 1.00 (0.53) 0.70 (0.47) 0.55 (0.53) 0.41 (0.52)
0.41 (0.73) 0.24 (0.37) 0.22 (0.39)
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loci. To test for gametic equilibrium between each
pairwise comparison of five MHC loci in 14 populations
required 140 tests. However, 42 of the samples were
monomorphic at one of the loci and an additional 14
samples did not have any double heterozygotes. This left
84 samples requiring the EM algorithm to estimate
gametic frequencies. The EM algorithm produced a
single set of gametic frequency estimates for all of these
except the Muddy DQBI1-2 & DRB3-1 sample. This
sample had a two-locus genotype table similar to that in
Fig. 1(b) and the EM algorithm produced a pair of
gametic frequency estimates with equal likelihoods.
Many of the more polymorphic data sets yielded
multiple maximum likelihood gametic frequencies. The
microsatellite loci serve as good examples. The EM
algorithm was used to estimate gametic frequencies for 40
pairs of the three microsatellite loci among the 14
populations, and nine of these 40 data sets yielded
multiple equilibria. Table 1 lists the relative likelihoods of
the nine microsatellite-microsatellite two-locus data sets
that led to multiple maximum likelihood solutions. The
likelihoods of solutions contrast considerably. The Coy-
ote D5S2 & FCBI11 sample produced a pair of gametic
frequency estimates with equal likelihoods in a manner
analogous to the example in Fig. 1(b). The Muddy
FCBI11 & MDRB3, Santa Rosa D5S2 & MDRB3, and
Muddy D5S2 & MDRB3 samples produced two sets of
gametic frequency estimates with nearly equal likeli-
hoods. In contrast, the Carrizo D5S2 & FCBI11 sample
produced two sets of gametic frequencies with highly
unequal likelihoods. The three samples from the most
polymorphic population, the Eagle Mountains, each
produced three maximum likelihood solutions. The most
polymorphic sample, Eagle FCB11 & MDRB3, with six
alleles at each locus, produced the most maximum
likelihood solutions: 26 sets of gametic frequencies.
Table 1 also shows the average absolute D’ values for
each of the maximum likelihood solutions for eight data
sets between pairs of microsatellite loci that produced
multiple maximum likelihood solutions. These disequi-
librium values vary less than the likelihoods. Of the nine
data sets, only the Coyote D5S2 & FCBI1 sample has

equal disequilibrium values for each maximum likelihood
solution. Other data sets have similar disequilibrium
values, e.g. Muddy D5S2 & MDRB3, Eagle D5S2 &
FCBI11, and Carrizo D5S2 & FCBI1. The 26 Eagle
FCB11 & MDRB3 maximum likelihood solutions have
the greatest variability of disequilibrium values, 0.373—
0.727.

The number of alleles in a two-locus data set appears
to affect the probability of the EM algorithm leading to
multiple maximum likelihood solutions more than other
criteria examined. The samples that produced multiple
sets of equilibrium gametic frequencies had more
(P < 0.001) independent gametic frequencies than a
random set of two-locus data sets. Table 2 shows that
the probability of a two-locus data set leading to
multiple maximum likelihood gametic frequencies
increased dramatically with the number of independent
gametes in the samples. On the other hand, the sample
size did not appear to influence the iterative process. The
size of the samples leading to multiple maximum
likelihood solutions was 18.3 which is not significantly
different than the average size of the data sets leading to
only one solution (17.0).

Increasing the number of random starting points for
iteration from 200 to 1000 produced few additional
maximum likelihood solutions and did not produce a
more likely set of gametic frequency estimates. Addi-
tional maximum likelihood solutions were found in the
two samples already having the most solutions, Eagle
FCB11 & MDRB3 and Eagle D5S2 & MDRB3. Two
additional solutions were found for the Eagle FCB11 &
MDRB3 sample and two additional solutions were
found for the Eagle D5S2 and MDRB3 sample. Two
sets of maximum likelihood solutions found for the
Eagle FCB11 & MDRB3 sample during iteration from
200 random starting points were not found when 1000
random starting points were used, which suggests that
other solutions may remain undetected. Six of the seven
additional solutions were only produced from one of the
1000 random starting frequencies. All of the new
maximum likelihood solutions had small likelihoods
compared to the most likely equilibria.

Table 2 The distribution of indepen-

Number of . . dent gametes in the samples and the
independent Number N“n?ber proc_iucmg Pr_opor_tlog of proportion of them that produced
gametes of samples multiple likelihoods multiple likelihoods multiple maximum likelihood

1 or2 167 4 0.024 solutions

3or4 82 4 0.049

Sor6 21 3 0.143

7or8 11 3 0.273

9 or 10 9 5 0.556

> 10 8 5 0.625
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Average disequilibria values

D’ values for each of the two-locus data sets are listed in
the Appendix with those with P < 0.05 indicated in
bold. Many of the data sets were in maximum disequi-
librium. For example, all of the data from Carrizo
Canyon for pairs of MHC loci had D/, values of 1.0.
Many of the values were significant, but a number of
values as high as 1.0 were often not significant. For
example, seven of the 10 values of 1.0 for Carrizo
Canyon for pairs of MHC loci were not statistically
significant. These high, but statistically insignificant,
values occur when one or all but one of the alleles in a
sample are rare. In contrast, the Eagle Mountains data
set for pairs of MHC loci included two (DQB1 &
DRB3-3 and DRB3-1 & DRB3-3) values that are close
to 0.50 and were significant. Twelve values had a P value
of 1.00, indication that all, or virtually all, of the
randomly chosen samples from a population in gametic
equilibrium would result in the observed amount of
disequilibrium.
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The 298 D’ values in Appendix I are summarized in
three ways. First, the distribution of all the D", values,
broken down into three categories based on the types of
loci, and compares these distributions to the distribu-
tions expected given gametic equilibria. Each of the
observed distributions is significantly different from the
expected distribution at the 0.001 level. Second, Table 3
shows the average for each pair of loci in the study and
indicates the significance of each average. All of the
MHC-MHC and MHC-MDRB3 averages are signifi-
cant at the 0.05 level or greater while none of the MHC-
D5S2 or MHC-FCBI1 averages were significant. Third,
Table 4 gives the mean values of data in Table 3 and the
95% empirical confidence limits. The amount of dis-
equilibrium between pairs of MHC loci was very similar
to the amount of disequilibrium between MHC loci and
the MDRB3 locus. The average value between pairs of
microsatellite loci was much lower, as was the average
values between MHC loci and the two unlinked micro-
satellite loci. The expected disequilibrium generated
from sample populations in gametic equilibrium

Table 3 The average D’ observed across 14 populations between all pairwise comparisons of five MHC loci and three MS

loci with the level of statistical significance indicated

MHC MS
DQBI-2 DRB3-1 DRB3-2 DRB3-3 FCBIl  D5S2 MDRB3
MHC  DQBI-I 0.867%%* 0.879%* 0.917%%x 0.851%* 0.509 0.707 0.9047
DQBI-2 0.877%%* 0.704* 0.780%%* 0.464 0.456 0.866%*
DRB3-1 1.000%** 0.813%** 0.407 0.556 0.827%%x
DRB3-2 0.908*** 0.540 0.609 0.9407%
DRB3-3 0.626 0.508 0.812%%x
MS FCBI11 0.416 0.323
D5S2 0.559

kP < 0.001,**P < 0.01,*P < 0.05.

Table 4 The average D’; observed in 14 populations and the average expected D’y from sampling populations in gametic
equilibrium for combinations of the five major histocompatibility (MHC) loci and the three microsatellite (MS) loci.

The average observed D’ is the sample size weighted average of the D/, values of each population for the indicated loci and
the average expected D’ is the average amount of disequilibrium obtained from 1000 random samples from the observed
populations under the assumption of gametic equilibrium. The 95% confidence interval was obtained empirically from

these 1000 random samples

Average
Average expected D’ (95%
Loci observed D’, confidence interval) Expected/Observed
MHC - MHC 0.854 0.415 (0.344-0.480) 0.49
MHC - MDRB3 0.859 0.380 (0.298-0.449) 0.44
MHC - D5S2 or FCBI11 0.530 0.372 (0.320-0.420) 0.70
MS - MS 0.427 0.326 (0.279-0.385) 0.76
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represents less than half of the observed MHC-MHC
disequilibrium and at least 70% of the disequilibrium
observed between the microsatellite loci and unlinked
loci.

Discussion

Our examination of linkage disequilibrium in a data set
from bighorn sheep shows both the utility of the EM
algorithm and a number of its shortcomings. Maximum
likelihood estimates of gametic frequencies can be
obtained from polymorphic two-locus data sets. The
likelihood surfaces, however, of some data sets contain
local maxima that prevent iteration from reaching the
global maximum likelihood. We found this problem to
become increasingly likely as the number of alleles in the
sample increases. Excoffier & Slatkin (1995) found that
increasing the number of loci examined had the same
effect. This makes starting the iteration from many
different starting points especially important for highly
polymorphic samples. Another related problem is that
sometimes the global maximum likelihood is shared by
two (or potentially more) sets of gametic frequencies.
Perhaps the greatest shortcoming of the EM algorithm
is that the probability of a maximum likelihood set of
gametic frequency estimates being correct or close to
correct is difficult to assess. Other sets of gametic
frequencies with nearly equal likelihoods may exist and
may be difficult to identify. This risk is present even
when iteration from random starting points always leads
to the global likelihood maximum. For small data sets,
it might be desirable to compute the likelihood of all
possible alternative compositions of double heterozyg-
otes to check for other gametic frequency estimates with
fairly high likelihoods.

We have described a method for obtaining random
points in the multidimensional gametic space that appears
to be different from previous approaches (Excoffier &
Slatkin, 1995; Long et al., 1995). Random gametic
frequencies can be obtained by dividing » random
uniform numbers by their sum, but such numbers have
the undesirable property of tending towards 1/n. Informal
trials showed that the method presented here finds
maximum likelihood solutions faster, which will help
minimize the probability of not finding the global
likelihood maximum. We have chosen to randomly select
points in the multidimensional gametic frequency space,
but the space could be more systematically explored.

It is important to remember that maximum likelihood
estimates of gametic frequencies may be influenced by
several factors. The EM algorithm assumes random
mating in the population, and any process that disturbs
a population from Hardy—Weinberg proportions will also
alter the likelihood surface climbed in the iterative process

of the algorithm. In addition, Excoffier & Slatkin (1995)
have shown that gametic frequency estimates were less
likely to be correct when the sample size was small. This
suggests the size of our samples may affect the accuracy of
our gametic frequency estimates and D’ values.

Stephens et al. (2001) have recently developed an
algorithm to estimate the frequency of multilocus
haplotypes from genotypic data collected from a
population. Their approach differs from the EM algo-
rithm in its treatment of double heterozygotes that have
haplotypes not evident in the other individuals sampled.
In this circumstance, they assume that the unsampled
haplotypes are likely to be similar to the other haplo-
types in the sample. This assumption and a few others
helped their phase reconstruction model outperform the
EM algorithm when applied to simulated data. This
method shows great promise for identifying haplotypes
of individuals and estimating haplotype frequencies and
could be extended to loci with multiple alleles.
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Appendix D’ values for 14 populations (listed in the same order as in the text) of bighorn sheep at all pairwise comparisons
between five major histocompatibility complex (MHC) and three microsatellite (MS) loci. D’ values with P values less than

or equal to 0.05 are shown in bold

Loci Ca Pa Va Co SR SJ SB Ea Or OD Mu SA RR Wh
(MHC) (MHC)

DQBI-1 DQBI1-2 1.00 1.00 1.00 1.00 1.00 1.00 - 0.72 - 1.00 1.00 1.00 1.00 0.12
DQBI-1 DRB3-1 1.00 1.00 1.00 0.00 1.00 1.00 - 0.47 - 1.00 1.00 1.00 1.00 1.00
DQBI-1 DRB3-2 1.00 1.00 1.00 - - - - 0.71 - 1.00 1.00 - - 0.83
DQBI-1 DRB3-3 1.00 1.00 1.00 1.00 1.00 0.50 - 0.51 - 1.00 1.00 - - 0.50
DQBI-2 DRB3-1 1.00 083 085 1.00 0.64 1.00 1.00 0.78 0.79 1.00 - 1.00 0.77 1.00
DQBI-2 DRB3-2 1.00 1.00 1.00 - - - - 0.88 - 0.18 0.15 - - 0.52
DQBI1-2 DRB3-3 1.00 098 035 1.00 0.61 095 1.00 074 0.75 0.76 0.29 - - 0.76
DRB3-1 DRB3-2 1.00 1.00 - - - - - 1.00 - 1.00 1.00 - - 1.00
DRB3-1 DRB3-3 1.00 1.00 100 1.00 0.52 100 1.00 052 1.00 1.00 0.19 - - 0.90
DRB3-2 DRB3-3 1.00 1.00 1.00 - - - - 0.92 - 1.00 0.32 - - 1.00
(MS) (MS)

FCBI11 D5S2 0.53 022 058 039 043 061 035 048 044 032 040 1.00 042 023
FCBI11 MDRB3 0.59 023 029 0.12 0.16 0.56 0.18 053 042 047 0.26 - 0.25 0.19
D5S2 MDRB3 048 0.37 0.59 0.64 074 031 048 - 0.79 0.18 0.35 - 0.84 1.00
(MHQO) (MS)

DQBI-1 FCBII 1.00 0.62 0.29 0.12 0.15 1.00 - 0.36 - 0.34 1.00 - 1.00 0.31
DQBI-2 FCBI1 033 0.19 029 0.12 0.15 0.62 100 045 036 095 1.00 - 0.35 0.25
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Appendix (Continued)

Loci Ca Pa Va Co SR SJ SB Ea Or OD Mu SA RR Wh

DRB3-1 FCBI1 039 032 050 040 029 071 000 041 047 029 020 O 0.05 048

DRB3-2 FCBI11 1.00  1.00 - - - - - 0.30 - 0.16 0.19 - - 0.54
DRB3-3 FCBIl1 1.00 0.48 1.00 - 0.51 0.64 0.16 048 025 1.00 1.00 - - 0.41
DQB1-1 D582 0.62 0.64 0.59 0.64 0.56 1.00 - 0.22 - 1.00 - - 1.00 1.00
DQBI1-2 D5S2 0.44 - 0.59 0.64 0.67 051 0.12 044 064 0.18 0.80 - 0.80 0.08
DRB3-1 D5S2 047 035 075 075 0.74 025 1.00 0.61 - 031 0.27 - 0.71 0.52
DRB3-2 D582 1.00  1.00 - - - - - 0.41 - 0.28 0.25 - - 0.67
DRB3-3 DS5S2 1.00 0.28 0.44 - 0.58 029 043 047 057 - 0.51 - - 0.35
DQBI-1 MDRB3 1.00 1.00 1.00 1.00 0.79 1.00 - 0.65 - 1.00 1.00 - 1.00 0.84
DQBI-2 MDRB3 1.00 097 100 100 094 1.00 1.00 0.87 090 0.76 0.63 - 093 0.37
DRB3-1 MDRB3 0.78 0.88 1.00 1.00 0.65 0.77 1.00 0.70 0.79 1.00 0.94 - 0.76  0.68
DRB3-2 MDRB3 1.00 1.00 - - - - - - - 0.83 1.00 - - 0.87
DRB3-3 MDRB3 1.00 090 1.00 - 0.50 094 1.00 0.75 081 089 037 - - 1.00
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