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The bumblebee bat Craseonycteris thonglongyai, 
the world's smallest mammal, was discovered in 
1974 (photograph courtesy of J. McNeely). 

morphology or behaviour. Peacocks were 
thought to be confined to southeast Asia 
until the discovery of the African peacock 
(Afropavo) in 1936. The tiny Philippine 
babbler Micromacronus, although in size 
no rival of the bumblebee bat, is still one 
of the smallest songbirds. The New Guinea 
bowerbird Archboldia proved to have a 
uniquely sadomasochistic display: the male 
crawls prostrate on the bower floor while 
the female whips her wings over him 16• 

In contrast to the case for mammals, 
there seems to be no bird species described 
as a fossil and then found alive. But several 
species thought to be extinct have been 
rediscovered after a few decades or, in one 
case (the Bermuda petrel), after three cen
turies. The most important such redis
covery was of New Zealand's kakapo, the 
largest and only flightless parrot in the 
world, and the only flightless bird with 
a Jek mating system17• Other notable discov
eries were those of the takahe, a flightless 
grazing gallinule in New Zealand's alpine 
grassland, and New Guinea's yellow
fronted bowerbird, whose ornate plumage 
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and spartan bower lend support to the 
transfer theory of bower evolution18• 

In summary, finds of new birds and 
mammals will please neither cryptozoo
logists nor those who consider biological 
exploration an anachronistic waste of time. 
New species are continuing to turn up at 
a slow but steady rate, and many areas of 
biology are being enriched by the 
discoveries. But, ominously, the rate of 
extinction of birds and mammals is rising 
steeply, and will soon overtake the rate of 
discovery as the destruction of continental 
tropical rain forests proceeds. Few of the 
endangered tropical species will have been 
subjected to much field study before they 
vanish. Of the very few species thought 
extinct and subsequently rediscovered, 
almost all are now endangered. Man seems 
to find it much easier to bury species alive 
than to resurrect them permanently from 
the dead. 0 
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The power of positive thinking 
from Ian Stewart 

IN 1900 David Hilbert delivered a famous 
address to the International Congress of 
Mathematicians in Paris in which he dis
cussed 23 open problems whose solution he 
considered to be of outstanding impor
tance. C.N. Delzell has now improved the 
known results of the 17th of Hilbert's prob
lems: the representation of positive func
tions as sums of squares. This lies at the 
heart of the algebraic theory of inequalities. 
For example, the inequality x2 + y 2 + z2 

~ xy + yz + zx follows easily from the 
observation that 2 (x2 + y 2 + z2 - xy -
YZ- zx) == (x-y)2 + (y-z)2 + (z-x)2 • 

Hilbert's 17th problem effectively asks 
whether a similar trick is capable of prov
ing any inequality involving only rational 
functions. A rational function is the 
quotient f(x,y,z ... )lgx,y,z, ... ) of two 
polynomials. If a rational function is 
positive for all real values of its variables, 

must it be the sum of a finite number of 
squares of rational functions? Hilbert could 
prove it for functions of one or two 
variables, but not in general. 

The first solution of Hilbert's 17th pro
blem in the affirmative was obtained by E. 
Artin (Abh. Math. Sem., Hamburg 5, 100; 
1927). In the 1950s the solution was im
proved by A. Robinson, H. Henkin and G. 
Kreisel, who used ideas from model theory 
(the study of structures satisfying axiomatic 
conditions) and mathematical logic. 
Recently, Delzell (lnventiones Math
ematicae 76, 365; 1984) has refined the 
solution further, showing that it can be 
made continuous and constructive. 

To understand Delzell's work, consider 
the simpler case of the Four Squares 
Theorem. J.-L. Lagrange proved in 1770 
that every positive rational number is a sum 
of four rational squares. For instance, 

5/3 == 12 + (2/3)2 + (113)2 + (113)2. The 
proof was constructive, in the sense that it 
provided a definite process for finding the 
four squares required; but there was no 
obvious pattern to the final results. Small 
changes in the rational number concerned 
could lead to large changes in the sum
mands. H. Heilbronn, however, proved the 
startling result that a uniform analytical 
solution exists (J. London Math. Soc. 
39, 72; 1964), in the following sense. There 
are four specific complex-analytical func
tions p, q, rands, such that for all com
plex z the identity 

z == p 2(z) + q2(z) + r 2(z) + s 2(z) 
holds. Further, whenever z is rational and 
positive, then each of p(z), q(z), r(z) and 
s(z) is rational. Thus, the same analytical 
formula provides a representation as a sum 
of squares for any positive rational z. 

It is natural to enquire whether Hilbert's 
17th problem has a similar type of solution. 
Because of the generality in which the pro
blem is currently posed, the notion of an 
analytical solution must be replaced by that 
of a continuous solution: basically a fixed 
sum of squares of continuous functions. In 
1982, Delzell produced some negative evi
dence showing that any representation of 
fourth-degree polynomials in three vari
ables, as a sum of squares of second-degree 
polynomials, must be discontinuous. 

This negative evidence, however, has a 
loophole. Nothing in the problem specifies 
that positive polynomials must be repre
sented as sums of squares of polynomials. 
Indeed, if the problem were to be stated 
under this restriction, it would be false. 
T.S. Motzkin (in Inequalities ed. Shisha, 
0., 205, Academic, New York; 1967) has 
proved that 1 + x 2y 4 + x 4y 2 - 3x 2y 2 is 
always positive, but cannot be written as 
a sum of squares of polynomials. (But it 
is a sum of squares of rational functions, 
thanks to some fortuitous cancellations of 
terms). And Delzell's current work exploits 
this loophole to obtain a constructive, con
tinuous solution. 

To state Delzell's theorem precisely 
would involve too much jargon, but its 
spirit is this: there exist specific continuous 
functions p 1, p 2, ••• and r1, r2, ... such that 
every positive polynomial/can be written 
as a finite sum of terms Pi (c,d, ... ,x,y, ... ) 
r/(c,d, ... ,x,y, ... ). Here, Pi are positive 
numbers, ri are rational functions, the 
terms c,d, ... are the coefficients off and 
x,y ... are its variables. The restriction to 
polynomial f is made to obtain a simple 
statement of the theorem. The result holds 
if the coefficients off are real numbers or, 
more generally, lie in a 'real closed field'. 
The case of a general ordered field of 
coefficients remains open. 

A good mathematical problem doesn't 
just die, nor does it merely fade away into 
oblivion, but remains a source of inspira
tion. Hilbert's 17th problem continues to 
be a part of living mathematics. 0 
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