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Poor Man’s Guide fo Gelestial Mechanics

by
HANNES ALFVEN

A simple approximate method can be used for some problems in

celestial mechanics.

Royal Institute of Technology,
Stockholm

TaE principal problem in celestial mechanics has been
to caleulate the exact positions of celestial bodies at any
instant, given a number of very accurate observations.
In some cases, however, for example, in connexion with
problems concerned with the evolution of the sclar system,
we are more interested in the long term changes in the
orbits, the interaction between a body and the plasma
out of which it has condensed, and the mutual interactions
between a large number of planetesimals. In such cases
the usual methods are not very convenient. They can be
replaced by the following method which is related to
ordinary methods just as in the theory of electric particles
in a magnetic field the guiding centre method is related
to the Stérmer method.

Suppose that in a eylindrical coordinate system (r, @, 2)
a particle moves with veloeity (vr, vy, v:) under the action
of gravitation (fr, 0, f;) from a central body, which is an
ellipsoid, flattened due to rotation around the z axis.

If the particle moves in the equatorial plane, the angular

momentum i3 constant
C=ruv, (1)
The centrifugat force is
vt O
fo=— = (2)

r r3

If the particle moves in a circle with radius 7,, we have
Je=fr and the angular velocity is

0y = (= frfro)t/? 3)
We digturb the motion by displacing the body a small
distance Ar in the radial divoction. It is acted on by the
force
30 ofy
A = r) = — — —
fr= Alfe+) -+ ) Ar @)
which means that it can oscillate in the radial direetion
with a frequency

= 3_5}_:%,)113 ” (_yr_%)qe

r aor
If the body is displaced Az in the z direction, it is acted
on by the force Af, which because of div f=0 is given by

(5)

14 fr af;
Afz:_;‘é} (f‘f,—)AZ:—(; +$> Az (6)

And so the frequency for axial oscillations is

_ fr 3fr 12
ar = (L4 2 1)
From equations (3), (5) and (7) we find

or? wyl= 20):‘ (8)

If the central force is a coulomb field (that is, the central
body is a sphere), weo have
ofr _ Ji,

o %)

and our problem is degenerate in the sense that
(10)

The relation ©,=c, means that in the equatorial plane
the particle moves in an eccentric orbit (ellipse). On this
motion may be superimposed axial oscillations of the same
frequency, meaning that the plane of the ellipse may have
an inclination with regard to the equatorial plane (which
in this case is arbitrary).

If the central body rotates so that it becomes an
ellipsoid, and its axis coincides with our 2 axis, the central
force in the equatorial plane has a fourth degree term
{(and possibly also higher terms). As in this case

Wr=Wz= Wy

gir-’ > J:TT (L1)
we have
Wz > Wy > wp (12)
This means that the perihelion moves with veloeity
O =0y— >0 (13)
and the nodes move with velocity
D= W— <0 (14)
Further from equations (8), (13) and ({14)
1
mﬂ+me=w;:x;’ﬂ (15)

Because the right hand term is very small we find to a
first approximation

(16)

©p= —g
which is & well known result in celestial mechanics.

Introducing equation (16) into equation (15) gives as a
second approximation

o 2
Aw = o, + wg = —= (17)
Wy

Brouwer! has treated the case when a satellite moves so
close to a rotating central body that the fourth degree
term of the equatorial bulge becomes important, and
applied the result to the motion of Amalthea (Jupiter V),
for which we know from observations that o, =722
day-1=722-365° yoar-!; w,=917°.4 year!, and wp=
-~ 915°.7 year-1, From an analysis by the usual methods of
celestial mechanies, Brouwer finds Aew = 3°2 year-?, which
is in reasonable agreement with the observational value

2°.7. Our formula (5) gives

0172
722-365
And so for this case the simple approximate method seems

to be in good agreement with the elaborate treatment by
the usual methods.

Aw =

=3°16 year-1

1 Brouwer, D., dAstron. J., 51, 228 (1945).
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