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either case only appears in the first power; its square 
cannot be a divisor of the cyclotome. 

It is easy to prove the important theorem that no two 
cyclotomes to the same base can have any the same 
external divisor.! 

We thus arrive at a result of great importance for the 
investigation into the existence or otherwise of perfect 
odd numbers, which (it being borne in mind that in this 
theorem the divisors of a number include the number 
itself, but not unity) may be expressed as follows:-

Tite sum of a geometrical series whose first term is unity 
rmd common ratio any positive or negative integer other 
than + I or I - must contain at least as many distinct 
prime divisors as the 11umber of its terms contains divisors 
of all kinds>. e:t:cept when the common ratio is - 2 or 2, 
and the number of terms is even in tlte first case, and 6 or 
a multiple of6 in the other, in which cases the number of 
prime divisors may be one less than in the general case. 2 

In the theory of odd perfect numbers, the fact that, in 
every geometrical series which has to be considered, the 
common ratio (which is an element of the supposed 
perfect number) is necessarily odd prevents the exceptional 
case from ever arising. 

The establishment of these laws concerning the divisors 
and mutual relations of cyclotomes, so far as they are new, 

1 The proof of this valuable theorem is extremely It rests on 
the following princ:ples :-

(t) That any number which is a common measure to two cyclotomes to the 
same base must divide the Fermatian to tha t base whose index is their 
greatest common measure. This theorem need only to be s ta ted for the proof 
to become apparent. 

(2) That any cyclotome is contained in the quoti ent of a Fermatian of 
the same index by another Fermatian whose index is an aliquot part of the 

lecome 11.pparent on the Lrm 

Suppose noy.r any prime number, k,_ IS eo. measure to two cycle
tomes whose tndtces are PQ, PR respect1vely, where Q is prime toR, and 

0)l'Q- I. 
whose common base is ®. Then k must measure ®P - I and als') E)P·--_.=--i- ' 
it will therefore Q, and similarly it will measureR; therefore k =: 1 

ePQ- I 
[unless Q =I or R =I; for suppose Q = r, then eP - I is unity, and 

no longer c_ontains the core of ePQ - 1]. Hence k being contained in R can 
onJy be an mternal factor to one of the cyclotomes (viz. the one whose index 
is the greater of the two). [See footnote at end.] · 

The other theorem preceding this one in the text, and already given in the 
1

' Excursus," may be proved as follows:-
Le t k, any non-unilinear function of P , the index of cy I to·n e X, be a 

ther..:to. Then, by Euler's law, there exists s :..,me p., such 
p 

that /( divides X.U -I, but the cyclotome is cc.ntained algebraically in 
xP -I 
-P-- ; hence 1( must be continued in P.. and therefore in P. Also, k will 
X;;:- I 

P xP -I P 

be a divisor of xk - I and or-P--, which ccntain X; - I and X re:-'pect. 

.tk- I 

;rP -I 
ively; consequently) if !-: is odd, k 2 will not be a vf and 

xk- I 
a fortiori not of X• [A proof may easily be g iven applicable to the case 
o(k=z.] 

Again, let P = Qki, where Q does not contain !.-. Then, by Fermat's 

theorem, xki:=x [mod. k]. and thertfore k divides xCJ - I ; but it js prime to 
Q. !fence, by what has been sht.wn, k must be an external divisor of this 
functiOn, and consequently a funcli l_,n of Q. . Thus, it is seen 
that a cyclotome can have only one mternal d.visor, for rh i!i as has 
been shvwn, must be an element of the index. and a unilinear function of 
the product of the highest powers of all the o.her elements which are 
contained in the index. 

F?r an extension of this law to "cyclotc· mes of the second order and 
COnJugate species/' see the'' Excursus,'' where I find the words extrinsic 
and intri11sic are used instead of e.xten:al and inte??zal. 

2 
A fermatian may re :;olved into as many cyClotomes, 

less Ol;e, as Its tndex contams d1v1sors (ur,uy and th e number itself as usual 
countmg amc.ng divison). But, barr;ng the internal d. visors, all these 
cyclotomes to a g1ven base have been proved to be prime to one another, 
and, consequently, there must be at lem.t as many di!')rinct prime divisors as 

are cyclotomes, except in the very special case where the base and 
are. that one at least cf the cyclotomes becomes equal to its 

mternal divisor or to unity. It may easiJy be shown that this case only 
when the b3:se is - _2. a_nd the index ;my even number, or when the 

base IS + 2 and the mdex d1vts1ble by 6; and that in either of these cases 
there is cnly a single unit los t in the infuior limit to the number of the 
elements in the reduced F ermatian. 

has taken its origin in the felt necessity of proving a purely 
negative and seemingly barren theorem, viz. the non-exist
ence of certain classes of those probably altogether ima
ginary entities called odd perfect numbers : the moral 
is obvious, that every genuine effort to arrive at a secure 
basis even of a negative proposition, whether the object 
of the pursuit is attained or not, and however unimportant 
such truth, if it were established, may appear in itself, is 
not to be regarded as a mere gymnastic effort of the 
intellect, but is almost certain to bring about the 
discovery of solid and positive knowledge that might 
otherwise have remained hidden.' J. J. SYLVESTER. 

Torquay, February I r. 

LORD RAYLEIGH ON THE RELATIVE 
DENSITIES OF HYDROGEN AND OXYGEN.2 

THE appearance of Prof. Cooke's important memoir 
upon the atomic weights of hydrogen and oxygen,3 

induces me to communicate to the Royal Society a notice 
of the results that I have obtained with respect to the 
relative densities of these gases. My motive for under
taking this investigation, planned in I882,4 was the same 
as that which animated Prof. Cooke- namely, the desire 
to examine whether the relative atomic weights of the two 
bodies really deviated from the simple ratio I : I6, 
demanded by Prout's law. For this purpos a knowledge 
of the densities is not of itself sufficient; but it appeared 
to .me that the other factor involved , viz. the relative 
atomic volumes of the two gases, could be measured with 
great accuracy by eudiometric methods, and I was aware 
that Mr. Scott had in view a redetermination of this 
number, since in great part carried out. 0 If both in
vestigations are conducted with gases under the normal 
atmospheric conditions as to temperature and pressure, 
any small departures from the laws of Boyle and Charles 
will be practically without influence upon the final number 
representing the ra tio of atomic weigh ts. 

In weighing the gas the procedLtre of Regnault was 
adopted, the working globe being compensated by a 
similar closed globe of the same external volume, made 
of the same kind of glass, and of nearly the· same weight. 
In this way the weighings are rendered independent of the 
atmosph.eric conditions, and only small weights are re
quired. The weight of the globe usee! in the experiments 
here to he described was about 200 grammes, and the 
contents were about I8oo c.c. 

The balance is by Oertling, and readings with successive 
releasements of the beam and pans, but without removal 
of the globes, usually agreed to one-tenth of a milligramme. 
Each recorded weighing is the mean of the results of 
several releasements. 

The balance was situated in a cellar, where temperature 
was very constant, but at certain times the air currents, 
described by Prof. Cooke, were very plainly noticeable. 
The beam left swinging over night would be found still in 
motion when the weighings were commenced on the 
following morning. At other times these currents were 
absent, a nd the beam would settle down to almost absolute 
rest. This difference of behaviour was found to depend 
upon the distribution of temperature at various levels in 
the rooms. A delicate thermopile with reflecting cones 
was arranged so that one cone pointed towards the ceiling 

1 Since receiv:ng the revise, I have no· iced tha t it is easy to prove that 
the algc::braical 0f two cyclotome::; tv the same is unity, ex
cept when their indices are respectively of the forms Q(!.'Q + t)h and 
Q(!.:Q + x)i, where (kQ + 1) is a prime number, Q any number (unity 
uot excluded), in which case the resultant is kQ + x. This theorem sup
plies the raison, rrrisonnCe of the proposition pruved otherwise in the first 
part of the long footnote. 

2 A Paper read at the Royal Society on Febru<\ry 9· 
3 " The Relative Values of the Atomic of Hydrogen and 

Oxygen." by]. P. Cooke and T. W, Richards, Amer. !\cad. Proc., voL 
xxiii., 1887. 

4 Address to Sect:on A, British Associa tion R eport , 1.822. 
5 •• On the Compr,sit :on Gf Water by Volume," by .A . Scott, RQy. Soc .. 

Proc. , June 16, 1887 (vol. xlii. p. 3¢). 
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and the other to the floor. When the galvanometer in
dicated that the ·ceiling was the warmer, the balance 
behaved well, and vice versa. The reason is of course 
that air is stable when the temperature increases upwards, 
and unstable when heat is communicated below. During 
the winter months the ground was usually warmer than 
the rest of the room, and air currents developed them
selves in the weighing closet. During the summer the 
air cooled by contact with the ground remained as a 
layer below, and the balance was undisturbed. 

The principal difference to be noted between my 
arrangements and those of Prof. Cooke is that in my 
case no desiccators were used within the weighing closet. 
The general air of the room was prevented from getting 
too damp byme::ms of a large blanket, occasionally removed 
and dried before a fire. 1 

In Regnault's experiments the globe was filled with gas 
to the atmospheric pressure (determined by an inde
pendent barometer), and the temperature was maintained 
at zero by a bath of ice. The use of ice is no doubt to 
be recommended in the case of the heavier gases ; but it 
involves a cleaning of the globe, and therefore diminishes 
somewhat the comparability of the weighings, vacuous 
and full, on which everything depends. Hydrogen is so 
light that, except perhaps in the mean of a long series, 
the error of weighing is likely to be more serious than 
the uncertainty of temperature. I have therefore con
tented myself with inclosing the body of the globe during 
the process of filling in a wooden box, into which passed 
the bulbs of two thermometers, reading to tenths of a 
degree centigrade. It seems probable that the mean of I 
the readings represents the temperature of the gas to 
about one-tenth of a degree, or at any rate that the differ
ences of temperature on various occasions and with various 
gases will be given to at least this degree of accuracy. 
Indeed the results obtained with oxygen exclude a greater 
uncertainty. 

Under these conditions the alternate full and empty 
weighings can be effected with the minimum of inter
ference with the surface of the globe. The stalk and 
tap were only touched with a glove, and the body of the 
globe was scarcely touched at all. To make the symmetry 
as complete as possible, the counterpoising globe was 
provided with a similar case, and was carried backwards 
and forwards between the balance room and the labora
tory exactly as was necessary for the working g:obe. 

In my earliest experiments (1885) hydrogen and oxygen 
were prepared simultaneously in a U-shaped voltameter 
containing dilute sulphuric acid. Since the same quantity 
of acid can be used indefinitely, I hoped in this way to 
-eliminate all extraneom impurity, and to obtain hydrogen 
contaminated only by small quantities of oxygen, and vice 
71ersd. The final purification of the gases was to be 
effected by passing them through red-hot tubes, and sub
sequent desiccation with phosp'10ric anhydride. In a few 
trials I did not succeed in obtaining good hydrogen, a 
result which I was inclined to attribute to the inadequacy 
of a red heat to effect the combination of the small residue 
Df oxygen.2 l\1eeting this difficulty, I a ban :loned the 
method for a time, purposing to recur to it after I had 
obtained experience with the more usual methods of pre
paring the gases. In this part of the investigation my 
experience runs nearly parallel with that of Prof. Cooke. 
The clifficulty of getting quit of the dissolved air when, as 
in the ordinary preparation of hydrogen, the acid is fed 
in slowly at the time of working, induced me to design an 
apparatus whose action can be suspended by breaking an 
external electrical contact. It may be regarded as a Smee 
cell thoroughly inclosed. Two points of difference may 

t I cah strongly recommend this method. In twenty-four hours the blanket 
wiil frequently absorb twJ of moisture. 

From PrJf. Cooke's experienc! it appears n 1t imprubahle that the 
impurity may have been sulphurous acid, Is it cenain that in his com bus. 
t ions no hydrogen (towards the close largely diluted with nitrogen) escapes 
l action of the cupric oxide? 

be noted between this apparatus and that of Prof. Cooke. 
In my mnnner of working it was necessary that the 
generator should stand an internal vacuum. To guard 
more thoroughly against the penetration of external air, 
every cemented joint was completely covered with vase
line, and the vaseline again with water. Again, the zincs 
were in the form of solid sheets, closely surrounding the 
platinized plate on which the hydrogen was liberated, 
and standing in mercury. It was found far better to work 

cells by their own electromotive force, without 
stimulation by an external battery. If the plates are close, 
and the contact wires thick, the evolution of gas may be 
made more rapid than is necessary, or indeed desirable. 

Tubes, closed by drowned stopcocks, are provided, in 
order to allow the acid to be renewed without breaking 
joints; but one charge is sufficient for a set of experi
ments (three to five fillings), and during the whole of the 
time occupied (10 to 14 days) there is no access of 
atmospheric air. The removal of dissolved air (and other 
volatile impurity) proved, however, not to be so easy as 
had been expected, even when assisted by repeated ex
haustions, with intermittent evolution of hydrogen ; and 
the results often showed a progressive improvement 
in the hydrogen, even after a somewhat prolonged 
preliminary treatment. In subsequent experiments 
greater precautions will be taken.! Experience showed 
that good hydrogen could not thus be obtained 
from zinc and ordinary "pure" sulphuric acid, or 
phosphoric acid without the aid of purifying agents. 
The best results so far have been from sulphuric and 
hydrochloric acid, when the gas is passed in succession 
over liquid potash, through powdered corrosive sublimate, 
and then through powdered caustic potash. All the joints 
of the purifying tubes are connected by fusion, and a tap 
separates the damp from the dry side of the apparatus. 
The latter includes a large and long tube charged with 
phosphoric anhydride, a cotton -wool filter, a blow-off 
tube sealed with mercury until the filling is completed, 
besides the globe itself and the Toppler pump. A detailed 
description is postponed until the experiments are com
plete. It may be sufficient to mention that there is but 
one india-rubber connection-that between the globe and 
the rest of the apparatus, and that the leakage through 
this was usually measured by the Toppler before com
mencing a filling or an evacuation. 

The object of giving a considerable capacity to the 
phosphoric tube was to provide against the danger of a 
too rapid passage of gas through the purifying tubes at 
the commencement of a filling. Suppose the gas to be 
blowing off, all the apparatus except the globe (and the 
Toppler) being at a pressure somewhat above the atmo
spheric. The tap between the damp and dry sides is 
then closed, and that into the globe is opened. The gas 
which now enters somewhat rapidly is thoroughly dry, 
having been in good contact with the phosphoric an
hydride. In this way the pressure on the dry side is 
reduced to about 2 inches of mercury, but this residue is 
sufficient to allow the damp side of the apparatus to be 
exhausted to a still lower pressure before the tap between 
the two sides of the apparatus is reopened. When this 
is done, the first movement of the gas is retrograde; and 
there is no danger at any stage of imperfect purification. 
The generator is then re-started until the gas (after from 
two to five hours) begins to blow off again. 

In closing the globe, some precaution is required to 
secure that the pressure therein shall really be that mea
sured by the barometer. The mercury seal is at some 
distance from, and at a lower level than, the rest of the 
apparatus. After removal of the mercury, the flow of 
gas is continued for about one minute, and then the tap 
between the dry and damp sides is closed. From three 
to five minutes more were usually allowed for the com-

1 Spectrum analysis appear.; t l be incapable of indicating the presence of 
comparatively large quantities ofnitrngen. 
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plete establishment of equilibrium before the tap of the 
globe was turned off. Experiments on oxygen appeared 
to show that two minutes was sufficient. For mea
suring the atmospheric pressure, two standard mercury 
barometers were employed. 

The evacuations were effected by the Tiippler to at 
least I/2oooo, so that the residual gas (at any rate after 
one filling with hydrogen) could be neglected. 

I will now give some examples of actual results. Those 
in the following tables relate to gas prepared from sul
phuric acid, with subsequent purification, as already 
described:-

Globe (14), empt;•. 

I I 

Date, 
1 

Left. I Right. I B:1.lance 

______ : ___ l ___ 
1887. i 

Oct. 27-Nov. 5 _ ... 1 G14 +0'394 G11 22'66 
Nov. 7-Nov. S ... 1 I 22'89 
Nov. 9-Nov. IO ... 1 I 23'00 
Nov. II-Nov. 12 ... j I 21'72 

Globe (14), full. 

0 

I I Date. I Left. ! Rt ht. Bala_nce B:1ro- Tempera-
t g ntad.mg. metu. ture. ______ ! _______ _ 

1887. I I in. I o C. 
Nov. 5-7 ... G14+o:2400 G11 20'52 29'416 14'7 
Nov. 8-9 ... 

1 
G14 +o_2364i G11 1977 29·830 12·3 

Nov. 10-11. .. 1 G14 +o 2360; G11 19·18 22·8o7 11'2 
Nov. 12-14 ... 1 G14 +o·2340 \ G11 29'51 30'135 IO'J 

I ' 

The second column shows that globe (I4) and certain 
platinum weights were suspended from the left end of the 
beam, and the third column that (in this series) only the 
counterpoising globe (I I) was hung from the right end. 
The fourth column gives the mean balance reading in divi
sions of the scale, each of which (at the time of the above 
experiments) represented o·oooi87 gramme. The degree 
of agreement of these numbers in the first part of the 
table gives an idea of the errors due to the balance, and 
to uncertainties in the condition of the exteriors of the 
globes. A minute and unsystematic correction depend
ing upon imperfect compensation of volumes (to the 
extent of about 2 cubic centimetres) need not here he 
regarded. 

The weight of the hydrogen at each filling is deduced, 
whenever possible, by comparison of the "full" reading 
with the mean of the immediately preceding and follow
ing "empty" readings. The difference, interpreted in 
grammes, is taken provisionally as the weight of the gas. 
Thus, for the filling of Nov. 5-

H = 0'154- 2'25 X 0'000187 = 0'15358. 

The weights thus obtained depend of course upon the 
temperature and pressure at the time of filling. Reduced 
to correspond with a temperature of 12°, and to a baro
metric height of 30 inches (but without a minute correc
tion for varying temperature of the mercury) they stand 
thus-

November 5 
8 

10 

12 

Mean 
-

0'158II 
o·1s8o7 
0'15798 
0'15792 

o·158o2 

The hydrogen obtained hitherto with similar apparatus 
and purifying tubes from hydrochloric acid is not quite 

so light, the mean of two accordant series being 
O'I58I2. 

The weighing of oxygen is of course a much easier 
operation than in the case of hydrogen. The gas was 
prepared from chlorate of potash, and from a mixture of 
the chlorates of potash and soda. The discrepancies 
between the individual weighings were no more than 
might fairly be attributed to thermometric and mano
metric errors. The result reduced so as to correspond 
in all respects with the numbers for hydrogen is 2'5I86. 1 

But before these numbers can be compared, with the 
object of obtaining the relative densities, a correction of 
some importance is required, which appears to have been 
overlooked by Prof. Cooke, as it was by Regnault. The 
weight of the gas is not to be found by merely taking the 
difference of the full and empty weighings, unless indeed 
the weighings are conducted in vacuo. The external 
volume of the globe is larger when it is full than when it 
is empty, and the weight of the air corresponding to this 
difference of volume must be added to the apparent weight 
of the gas. 

By filling the globe with carefully boiled water, it is not 
difficult to determine experimentally the expansion per 
atmosphere. In the case of globe (14) it appears that 
under normal atmospheric conditions the quantity to be 
added to the apparent weights of the hydrogen and oxygen 
is o·ooo56 gramme. 

The actually observed alteration of volume (regard 
being had to the compressibility of water) agrees very 
nearly with an a priori estimate, founded upon the theory 
of thin spherical elastic shells and the known properties 
of glass. The proportional value of the required correc
tion, in my case about 4/Iooo of the weight of the hydrogen, 
will be for spherical globes proportional to ajt, where a is 
the radius of the globe, and t the thickness of the shell, or 
to V/W, if V be the contents, and W the weight of the 
glass. This ratio is nearly the same for Prof. Cooke's 
globe and for mine ; but the much greater departure of 
his globe from the spherical form may increase the amount 
of the correction which ought to be introduced. 

In the estimates now to be given, which must be re
garded as provisional, the apparent weight of the hydrogen 
is taken at o·I5804, so that the real weight is O'I586o. 
The weight of the same volume of oxygen under the same 
conditions is 2 · 5 I 86 + o·ooo6 = 2 · 5 I 92. The ratio of these 
numbers is I 5·884. 

The ratio of densities found by Regnault was I 5·964, 
but the greater part of the difference may well be ac
counted for by the omission of the correction just now 
considered. 

In order to interpret our result as a ratio of atomic 
weights, we need to know accurately the ratio of atomic 
volumes. The number given as most probable by Mr. 
Scott, in May I887,2 was 1'994, but he informs me that 
more recent experiments under improved conditions give 
I ·9965. Combining this with the ratio of densities, we 
obtain as the ratio of atomic weights-

It is not improbable that experiments conducted on the 
same lines, but with still greater precautions, may raise 
the final number by one or even two thousandths of its 
value. 

The ratio obtained by Prof. Cooke is I 5'953; but the 
difference between this number and that above obtained 
may be more than accounted for, if I am right in my 
suggestion that his gas weighings require correction for 
the diminished buoyancy of the globe when the internal 
pressure is removed. 

:t An examination of the weights revealed no error worth taking into 
account at present. 

2 Loc cit. 
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