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            Key Points

                	
                  Mathematical modelling is an essential tool in systems biology. To ensure the accuracy of mathematical models, model parameters must be estimated using experimental data, a process called regression. Also, pre-regression and post-regression diagnostics must be employed to evaluate the model goodness-of-fit and the reliability of the estimated parameter values.

                
	
                  Maximum likelihood estimation and least-squares fitting are the most common regression schemes, yielding parameter values and their varianceâ€“covariance matrix. They work under the assumption that the estimated parameters have a normal distribution. When this assumption is not valid, Bayesian inference can be used, yielding the full parameter distribution.

                
	
                  Prior to regression, the structural identifiability of models must be assessed to determine whether model parameters can be uniquely determined and what data are required to achieve that.

                
	
                  Post-regression diagnostics include testing a model's goodness-of-fit, determining which model among competing ones fits the data best, evaluating parameter determinability and evaluating parameter significance.

                
	
                  Parameters in probabilistic models must be inferred by either indirect inference or by Bayesian methods. In indirect inference, model parameters are estimated by minimizing the differences between intermediate statistics that characterize simulated and experimental data.

                


              

Abstract
Mathematical models are an essential tool in systems biology, linking the behaviour of a system to the interactions between its components. Parameters in empirical mathematical models must be determined using experimental data, a process called regression. Because experimental data are noisy and incomplete, diagnostics that test the structural identifiability and validity of models and the significance and determinability of their parameters are needed to ensure that the proposed models are supported by the available data.
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                    Figure 1: Workflow of data-driven mechanistic modelling that employs regression as well as pre-regression and post-regression diagnostics.


Figure 2: Diagrams of post-regression diagnostics.


Figure 3: Modelling of probabilistic processes.
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Glossary
	Structural identifiability
	
                  A model is structurally identifiable if its parameters can be uniquely estimated by fitting the model to experimental data. Structural identifiability is related to the sensitivity of process output to parameter variations.

                
	Variance
	
                  A measure of the dispersion of a variable around its average. Its square root is the standard deviation.

                
	Covariance
	
                  A measure of how two variables vary relative to each other.

                
	Significance
	
                  A parameter is statistically significant if, given the uncertainty in its estimate due to noise in the input data, the probability that the parameter magnitude is different from zero not just by chance exceeds the confidence required by the investigator.

                
	Determinability
	
                  A measure for the capability to infer the value of a model parameter from the available input data, independent of the values of other parameters.

                
	Regression instability
	
                  A measure for the variation of regression results in the presence of data noise. A regression is unstable if the estimates of model parameters significantly differ when one additional data point is added to the set of input data.

                
	Linear independence
	
                  A set of parameters is linearly independent if none of its parameters can be written as a linear combination of the other parameters.

                
	Normal distribution
	
                  A bell-shaped distribution that is fully characterized by its mean Î¼ and variance Ïƒ2. It is usually written as N(Î¼, Ïƒ2).

                
	Residual
	
                  The difference between an observation and the corresponding model prediction.

                
	Robust
	
                  An estimation technique is said to be robust if it is insensitive to deviations in the model and the input data from the ideal assumptions about them that were used in formulating the estimation process.

                
	Outlier
	
                  A data point with an error that does not belong to the assumed distribution of measurement errors.

                
	Lorentzian distribution
	
                  A distribution that resembles the normal distribution, but with lower probability for values that are close to the mean and higher probability for values that are farther from the mean.

                
	Linear
	
                  The models y = Î±1x + Î±2x2 and y = Î±exp(âˆ’x) are linear functions of the parameters Î±.

                
	Nonlinear
	
                  The models y = (Î±1x + Î±2x)2 and y = Î±1exp(âˆ’Î±2x) are nonlinear functions of the parameters Î±.

                
	Closed-form solution
	
                  A solution that can be expressed analytically in terms of a finite number of operations (for example, addition, multiplication, square root, and so on).

                
	Global optimization
	
                  The search for the lowest minimum or highest maximum of an objective function that has multiple minima or maxima. Such a function is called non-convex.

                
	Central limit theorem
	
                  The central limit theorem states that any variable that is calculated as the sum of a large number of variables, even if they are not normally distributed, will be normally distributed.

                
	Nonparametric methods
	
                  Statistical methods that do not assume an underlying distribution for the data being analysed.

                
	Number of degrees of freedom
	
                  The number of degrees of freedom in a regression is the number of data points that were used in the regression minus the number of estimated parameters.

                
	Null hypothesis
	
                  A statement that is tested for possible rejection under the assumption that it is true.

                
	Alternative hypothesis
	
                  A statement that is placed in opposition to the null hypothesis.

                
	Test-statistic
	
                  The variable calculated from the available data in order to test whether the null hypothesis can be rejected. Its distribution under the null hypothesis is usually known.

                
	Chi-square distribution
	
                  A variable that is calculated as the sum of the squares of Î½ variables that are N(0,1)-distributed has a Chi square (Ï‡2)-distribution with Î½ degrees of freedom.

                
	P-value
	
                  The probability of obtaining a test-statistic at least as extreme as the one observed, assuming that the null hypothesis is true. It is effectively the probability of wrongly rejecting the null hypothesis when it is actually true.

                
	Significance value
	
                  The value below which a p-value supports rejecting the null hypothesis.

                
	F-distribution
	
                  A variable that is calculated as the ratio of two Chi-square-distributed variables divided by their degrees of freedom Î½1 and Î½2, has an F-distribution with Î½1 and Î½2 degrees of freedom.

                
	Trace
	
                  Sum of the diagonal elements of a matrix.

                
	Student's t-distribution
	
                  A distribution that is similar to N(0,1), except that it has heavier tails. It is a function of the number of degrees of freedom Î½, and converges to N(0,1) as Î½ gets larger.

                
	Probabilistic process
	
                  A process in which the current state of a system does not uniquely determine its next state, but defines a set of possible states with their transition probabilities.

                
	Markov chain
	
                  A chain of events in which what happens at time point t + 1 only depends on what has happened at time point t, and not on any previous time points.
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