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Experimental investigation of the uncertainty
principle in the presence of quantummemory
and its application to witnessing entanglement
Robert Prevedel1*, Deny R. Hamel1, Roger Colbeck2, Kent Fisher1 and Kevin J. Resch1

Heisenberg’s uncertainty principle1 provides a fundamental
limitation on the ability of an observer holding classical infor-
mation to predict the outcome when one of two measurements
is performed on a quantum system. However, an observer with
access to a particle (stored in a quantum memory) which is
entangled with the system generally has a reduced uncertainty:
indeed, if the particle and system are maximally entangled, the
observer can perfectly predict the outcome of whichever mea-
surement is chosen. This effect has recently been quantified2

in a new entropic uncertainty relation. Here we experimentally
investigate this relation, showing its effectiveness as an effi-
cient entanglement witness. We use entangled photon pairs,
an optical delay line serving as a simple quantum memory
and fast, active feed-forward. Our results quantitatively agree
with the new uncertainty relation. Our technique acts as a
witness for almost all entangled states in our experiment as we
obtain lower uncertainties than would be possible without the
entangled particle3–5.

Consider an experiment in which one of two measurements
is made on a quantum system. In general, it is not possible
to predict the outcomes of both measurements precisely, which
leads to uncertainty relations constraining our ability to do so.
Such relations lie at the heart of quantum theory and have
profound fundamental and practical consequences. They set
absolute limits on precision technologies such as metrology and
lithography, and also form the basis for new technologies such as
quantum cryptography6.

The first relation of this kind was formulated by Heisenberg
for the case of position and momentum1. Subsequent work by
Robertson7 and Schrödinger8 generalized this relation to arbitrary
pairs of observables. In particular, Robertson showed that

1R ·1S≥
1
2
|〈[R,S]〉| (1)

where uncertainty is characterized in terms of the standard devia-
tion (denoted 1R for an observable R). Heisenberg’s uncertainty
relation has been subject to several investigations, and previous
experiments have come close to the limit it imposes9–12.

To link uncertainty relations to classical and quantum infor-
mation theory, they have recently been recast with the uncertainty
quantified by the entropy3,4 rather than the standard deviation. One
such relation, conjectured by Kraus13 and subsequently proven by
Maassen andUffink5, states that for any observablesR and S

H (R)+H (S)≥ log2
1
c

(2)
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where H (R) denotes the Shannon entropy of the probability
distribution of the outcomes when R is measured, and the term
1/c quantifies the complementarity of the observables. For non-
degenerate observables, it is defined by c :=maxr,s |〈9r |ϒs〉|

2, where
|9r 〉 and |ϒs〉 are the eigenvectors of R and S, respectively. In the
Supplementary Information, we briefly explain a key advantage
of Maassen and Uffink’s reformulation of the uncertainty relation
over that of Robertson.

Interestingly, the above relations do not apply to the case of an
observer holding quantum information about themeasured system.
In the extreme case, an observer holding a particle maximally
entangled with the quantum system is able to correctly predict the
outcome of whichever measurement is chosen. This dramatically
illustrates the need for a new uncertainty relation.

The use of entanglement for predicting both outcomes of
complementary measurements was suggested by Einstein et al.14
and experimentally demonstrated for the case of position and
momentum measurements15–17. A quantification of this effect has
recently appeared in the work of Berta et al.2, who derived a
new relation, valid for all measurements with a finite number of
outcomes (an equivalent form of this relation had previously been
conjectured by Renes and Boileau18). The new relation is

H (R|B)+H (S|B)≥ log2
1
c
+H (A|B) (3)

where the measurement (R or S) is performed on a system, A,
and the additional quantum information held by the observer is in
B. The Shannon entropy of the outcome distribution is replaced
by H (R|B), the conditional von Neumann entropy of the post-
measurement state (after R is measured) given subsystem B. This
quantifies the uncertainty about the outcome of a measurement of
R given access to B (see Methods). This relation is a generalization
of (2) and features an additional term on the right-hand side
(RHS). This term is a measure of how entangled the system A is
with the observer’s particle, B, expressed through the conditional
von Neumann entropy of the joint state, ρAB of A and B before
measurement, H (A|B). Note that this quantity can be negative
only for entangled states19, and in this case lowers the bound on
the sum of the uncertainties. In particular, if ρAB is maximally
entangled, H (A|B) = − log2 d , where d is the dimension of the
system. As log2 1/c cannot be larger than log2 d , the RHS of
(3) cannot be greater than zero for a maximally entangled
state. In this case, as mentioned previously, the outcome can
be correctly predicted if R is chosen and it can be correctly
predicted if S is chosen, for any observables R and S. This
illustrates the additional power an observer holding quantum
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information about the system has compared to an observer holding
classical information.

In this work, we investigate the new inequality of Berta et al.
experimentally, using entangled photon states and an optical delay
serving as a simple quantum memory. Our experiment is, to the
best of our knowledge, the first to study an entropic version of
an uncertainty relation. Using entanglement allows us to achieve
lower uncertainties about both observables than would be possible
with only classical information, over a wide range of experimental
settings. Hence, as well as quantitatively demonstrating Berta et al.’s
bound, our experiment certifies the presence of entanglement.
We discuss the efficiency of this entanglement witness towards
the end of this Letter.

To clarify the sense in which an observer holding quantum
information can outperform one without, we follow Berta et al.2
and relate uncertainty relations to a game between two parties, Alice
and Bob. Bob creates a quantum system and sends it to Alice. He can
prepare this system as he likes and, in particular, it can be entangled
with another particle which he stores in a quantum memory (a
device that maintains the quantum coherence of its content). Alice
then performs one of two pre-agreed measurements, R or S, chosen
at random. She announces the chosen measurement, but not its
outcome. Bob’s aim is tominimize his uncertainty (as quantified by
the conditional von Neumann entropy) about Alice’s measurement
outcome (see Fig. 1).

In our experiment we realize Berta et al.’s uncertainty game,
as shown in Fig. 1. We generate polarization-entangled photon
pairs and delay the photon sent to Bob using an optical fibre
which acts as a quantum memory. This gives Alice sufficient time
(∼150 ns in our case) to measure one of the two observables and
to communicate her measurement choice to Bob (this is referred
to as feed-forward). Our photon pair source20–22 can produce an
entangled state with high fidelity to

|8〉AB= cosζ |HAHB〉+ sinζ |VAVB〉 (4)

where |H〉 (|V〉) denotes a horizontally (vertically) polarized photon
and the subscripts label the spatial modes (Alice and Bob).
Control over the parameter ζ allows us to change the amount
of entanglement, characterized by the conditional von Neumann
entropy, H (A|B), between the two photons (see Methods).
Although, as in any experiment, we are restricted to a finite
set of states, we perform measurements on states over a wide
range of values of ζ .

The results of our experimental investigation are shown in
Figs 2 and 3. Two different approaches are used to estimate
the left-hand side (LHS) of equation (3). The first is a direct
determination of H (X |B)+H (Z |B) (shown in the figures using
blue datapoints) which requires us to experimentally find the
reduced density matrix of Bob’s photon, conditioned on Alice’s
measurement choice and outcome23. The second is to estimate
the entropies by performing a projective measurement on Bob’s
photon, which allows us to calculate H (X |XB)+H (Z |ZB) (where
XB and ZB are the observables measured by Bob—these are the
purple datapoints). As H (X |B)≤H (X |XB), this technique will in
general lead to a higher estimate of the uncertainty, H (X |B)+
H (Z |B). Its advantage is that it can be measured directly from
the experimental counts without any tomographic reconstruction;
this is important for the application as an entanglement witness
(discussed below). Figures 2 and 3 show the results of both
experimental approaches and we outline the details of the entropy
inference in the Methods section.

The difference between the original uncertainty principle,
equation (2), and Berta et al.’s relation, equation (3), is most
apparent in the case of maximal entanglement and conjugate
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Figure 1 | Schematic of the experiment. Entangled photon pairs are created
using spontaneous parametric down-conversion by pumping a periodically
poled KTP crystal (PPKTP) inside a Sagnac interferometer and are
subsequently fibre-coupled. Half-wave plates (HWP) P, A, and B are used
to prepare a wide range of polarization-entangled states (see Methods for
details). One photon is then distributed to Alice, who measures one of two
observables, R or S (corresponding to different polarization bases). The
observable is randomly selected by a 50/50 beamsplitter (BS) which
separates the two polarization-analyser modules. The choice of basis is
classically transmitted back to Bob, who in the meantime delays his photon
in a 50 m single-mode fibre. A fast Pockels cell (PC; refs 22,31), which
performs a bit flip operation (σx) when on, in combination with HWPs,
allows rapid switching between Bob’s two pre-agreed measurement bases.
The photons are detected using single-photon counting modules (SPCMs)
and coincidence events between Alice’s and Bob’s detectors are recorded.
Here we have depicted the experiment in the case that Bob measures his
photon in the same basis as Alice. In some runs of the experiment, we also
perform conditional tomography on Bob’s photon (see main text). QWP,
quarter-wave plate; PBS, polarizing beam splitter.

observables, for example, R= X (the {|+〉,|−〉} basis) and S= Z
(the {|H〉, |V〉} basis). In this scenario, Bob can always correctly
predict the outcome of Alice’s measurement, that is, H (X |B)+
H (Z |B) = 0. This would be impossible if Bob did not have a
quantummemory, because the RHS of equation (2) has log21/c=1
for these observables. In fact, for any finite entanglement between
Alice’s particle and Bob’s quantummemory we expect to find lower
uncertainties than in the case of no entanglement. This effect can be
clearly seen in our experiment (see Fig. 2a), where many datapoints
are found in the green shaded region, which indicates uncertainties
that are inaccessible without entanglement.

Furthermore, we investigate the new uncertainty relation for
other choices of observables. Choosing non-conjugate observables
lowers the RHS of both inequalities (2) and (3). In Fig. 3a we chose
the relative angle between the observables, ω, as ω≈ 0.57(32.5◦),
which corresponds to log21/c = 1/2. Inequality (3) is not tight in
this case, and there is no state of the form (4) for which it is satisfied
with equality. This is reflected in Fig. 3, where the tomographic
estimate no longer coincides with the Berta et al. bound (as it
did in the case of conjugate observables). Here we are also able
to witness entanglement by observing lower uncertainties than
would be possible without a quantum memory, although the range
of entanglement for which the witness succeeds is reduced, as
expected. Discrepancies from the ideal, theoretical curves (the blue
and purple solid lines in Figs 2 and 3) are mainly due to the
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Figure 2 | Experimental results. In a, we plot the left-hand side (LHS) of the new inequality (3) for the case where R=X and S=Z. In this case the relative
angle, ω, between the observables is ω=π/4 (45◦). Experimentally, this is achieved by setting the analysers on Alice’s side to perform measurements in
the {|+〉,|−〉} and {|H〉,|V〉} bases. Varying HWP P in the source allows us to generate states with a range of entanglement, quantified by H(A|B) (see
Methods). In the plot we use the value of H(A|B) inferred from tomography. To calculate the uncertainty H(X|B)+H(Z|B) we evaluate the entropies of the
conditional single-qubit density matrices of Bob’s qubit, which we obtain through conditional quantum state tomography (blue dots). We also perform
projective measurements on Bob’s side and calculate the uncertainty H(X|XB)+H(Z|ZB) (purple dots) directly from the obtained coincidence count rates.
The green shaded area represents uncertainties that are not achievable without entanglement. Solid lines represent the theoretical predictions for the
uncertainties assuming a noise-free experiment, whereas the dashed lines indicate the simulated performance of the experiment. For conjugate
observables, the tomographic estimate coincides with equation (3). Note that the uncertainties inferred after measurements on Bob’s side can be lower for
the slightly mixed states generated by our source than for pure states with the same H(A|B). For the datapoints associated with the highest entanglement
we show the corresponding coincidence count rates in b and the reconstructed conditional density matrices in c. Error bars (∼ 10−3) are too small to be
seen. See Methods for details.
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Figure 3 |Uncertainties for other experimental settings. In a we plot the uncertainty H(X|B)+H(Z|B) (tomographic estimate) as well as the uncertainty
H(X|XB)+H(Z|ZB) (measurement estimate), where we fix the relative angle between two measurement bases on Alice’s photon at ω≈0.57 (32.5◦). This
corresponds to the case where the bound in equation (2) drops to 1/2. Note that here the new uncertainty relation (3) is no longer tight. In b we plot the
same uncertainties as in a, but choose a non-maximally entangled state with ζ ≈0.22 (12.5◦), which leads to H(A|B)=0.47 (inferred from tomography of
the actual state). We then vary ω, by fixing S=Z and varying R(ω) from 0◦ to 45◦. Note that the conditional entropies H(R|B) and H(S|B) cannot be
negative and so, in the cases where the RHS of (3) is negative, the bound H(R|B)+H(S|B)≥0 should be used instead.

imperfect entanglement between the photons. Simulations of the
experiment, based on the measured fidelities (F ≈ 0.97) of our
entangled photon pair source and assuming white noise as the
dominant source of imperfection, confirm this (these are the blue
and purple dashed lines in Figs 2 and 3).

In Fig. 3b, we investigate the new uncertainty relation for a
fixed partially entangled state, varying ω and therefore the com-
plementarity of the observables, c(ω). Again we find uncertainties
consistent with the new inequality. Further discussion on the
optimization of the entangled states and measurements required to
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get as close as possible to the bound imposed by the uncertainty
principle is included in the Supplementary Information.

We now discuss our experiment and the new inequality in
the context of the proposed application as a witness for bipartite
entanglement. Uncertainty relations have been used in the past
to derive entanglement witnesses24,25. The idea in our case is to
use equation (3) to bound H (A|B). Whenever H (R|B)+H (S|B)<
log21/c , we can conclude that H (A|B)< 0, which is a certificate
that ρAB is entangled. This is readily observed in Figs 2 and
3: any datapoint inside the green shaded region indicates the
presence of entanglement.

The strongest entanglementwitness (in the sense of certifying the
smallest amount of entanglement) is for the case of complementary
observables. As can be seen in Fig. 2a, the quality of the witness
depends on the technique used. In the case that Bob uses the
measurement estimate, our experiment detects entanglement for
H (A|B)≤−0.074±0.004, which is more entanglement (and thus
a less sensitive witness) than the analogous bound obtained with
tomography,H (A|B)≤0.000±0.004. However, using tomography
requires estimation of more parameters (16 versus 8). An even sim-
pler witness can be obtained using only 2 parameters (seeMethods),
which we find to be only slightly weaker: it detects entanglement for
H (A|B)≤−0.162±0.002 (see Supplementary Fig. S1).

Significantly, the 2 parameters needed for the simpler witness
can be obtained using local measurements, making it easily
implementable. For systems of local dimension 2, the merits of
this are minor when compared to full tomography. However, our
technique requires an estimate of only 2 parameters for (bipartite)
systems of any size, whereas, for tomography, the number of
parameters scales as the square of the dimension of the system,
making the tomographic estimate infeasible for larger systems. We
further remark that, although one parameter witnesses exist, these
usually require measurement of a joint operator, which cannot be
directly implemented without bringing both parts of the bipartite
state together. In practice, to infer the value of these witness
operators, they are often decomposed into locally measurable
parts26–28. A common technique to generate witness operators is
based on the partial transpose, for which it is known that this
decomposition must involve at least N + 1 local measurements,
whereN is the Schmidt rank of the state in question27. For states of
the form 1

√
N

∑N−1
i=0 |i〉|i〉, for example, our technique is a significant

improvement for large N .
As future quantum technologies emerge, they will be expected

to operate on increasingly large systems. The entanglement witness
we have demonstrated offers a practical way to quantitatively assess
the quality of such technologies, for example the performance
of quantum memories.
Note added in proof. During the preparation of the manuscript, we
learned of relatedwork, performed independently by Li et al.29.

Methods
Entropy inference. In this section we give an account of how the quantities
appearing in equation (3) can be inferred from the data obtained in the
experiment. We begin with the mathematical definition of the relevant
quantities. For a density matrix ρAB, the von Neumann entropy is defined by
H (AB) :=−Tr(ρAB log2ρAB), which is conveniently calculated from the eigenvalues,
{λi}, of ρAB by H (AB)=H ({λi}) :=−

∑
iλi log2λi. For a state ρAB, the conditional

entropy of A given B is defined as H (A|B) :=H (AB)−H (B), where H (B) is the
von Neumann entropy of the reduced density operator, ρB :=TrAρAB. The quantity
H (R|B) is the conditional vonNeumann entropy of the state

ρRB :=
∑
r

(|9r 〉〈9r |⊗1)ρAB (|9r 〉〈9r |⊗1)

where R corresponds to a measurement on the A system in the orthonormal basis
defined by {|9r 〉} (this state is to be interpreted as the post-measurement state after
R ismeasured). It will be convenient to write this in the following form:

ρRB=
∑
r

pr |9r 〉〈9r |⊗ρ
r
B

where pr is the probability of obtaining outcome r when R is measured, and
ρr
B is the state of the B system when r occurs. The relevant entropy can then

be calculated using30

H (R|B)=H
(
{pr }

)
+

∑
r

prH
(
ρr
B

)
−H

(∑
r

prρr
B

)
The entropyH (S|B) can be analogously defined.

The density operators {ρr
B}r are obtained by performing tomography

on the state of the B system conditioned on observable R giving a particular
outcome (see the next section for details). This generates the tomographic
estimate of the uncertainty.

Alternatively, we can estimate H (R|B) by performing a measurement on
B in a basis which we denote by RB, with outcome rB. As H (R|B)≤H (R|RB),
that is, measurements cannot decrease the entropy, we in general obtain
a higher uncertainty. The entropy H (R|RB) can be calculated from the
resulting joint probability distribution of both measurements, P(r,rB), using
H (R|RB)=H ({P(r,rB)})−H ({P(rB)}). This gives rise to the measurement
estimate on the uncertainty.

We also calculate the entropy using the bound
H (R|RB)≤−qR log2 qR− (1− qR)log2(1− qR) (which comes from Fano’s
inequality), where qR is the probability that r 6= rB. This gives rise to the Fano
estimate on the uncertainty and the entanglement witness requiring estimation of
the fewest parameters. See the Supplementary Information formore details.

In the experiment we investigate the uncertainties for two-qubit states with
Schmidt coefficients cosζ and sinζ . Such states have conditional von Neumann
entropy H (A|B)=−H ({cos2 ζ ,sin2 ζ }). In the actual experiment, H (A|B) is
calculated from the two-qubit density matrix (see below).

Experiment. In our experiment, we generate the entangled photon pairs using
type-II spontaneous parametric down-conversion. A 0.7mW diode laser at
404 nm pumps a 25mm periodically-poled KTiOPO4 (PPKTP) crystal in a Sagnac
configuration, emitting entangled photons which are subsequently single-mode
fibre-coupled after 3 nm bandpass interference filters (IF; ref. 22). Typically, we
observe a coincidence rate of 15 kHz directly at the source. A half-wave plate (HWP)
P before the Sagnac interferometer controls the pump polarization and therefore
allows us to precisely control ζ in equation (4) and hence the entanglement of the
generated state. Additional HWPs at the outputs of the fibres rotate the entangled
state into the desired Schmidt basis |θ〉 (see Supplementary Information). Photons
are detected by single-photon counting modules (SPCM) and their frequencies are
recorded using amultichannel logic with a coincidence window of 3 ns.

On Alice’s side, two polarization analyser modules, each consisting of a PBS
preceded by a QWP and HWP, are separated by a 50/50 beamsplitter. One of
them is set to measure in the {|H〉,|V〉} basis, whereas the other can be set to
measure at some chosen angle in the X–Z plane, namely {|ω〉,|ω⊥〉}, where the ω in
|ω〉= cosω|H〉+sinω|V〉 is the angle of the linear polarization.

The other down-converted photon ismeanwhile delayed in a 50m single-mode
optical fibre spool, which is long enough to execute the measurements on Alice’s
side and communicate (feed-forward) her chosen basis to Bob. Depending on
the basis, Bob switches between two analyser bases, R and S. This is achieved by
using a fast RbTiOPO4 (RTP) Pockels cell (PC), aligned so as to perform a σx
operation22,31. HWPs before and after the PC allow one to adapt the switchable
analyser bases. Therefore, after passing the PC, Bob’s photon is effectively measured
in the {|ω〉,|ω⊥〉} ({|H〉,|V〉}) basis when the PC is on (off).

The experiment itself is performed as follows. At the start of each run,
quantum state tomography23 is performed on the entangled photon pair. We
record coincidences between Alice’s reflected arm of the BS and Bob’s polarization
analyser following the switched off PCs. Coincidencemeasurements were integrated
over 5 s for a tomographically over-complete set of measurements, comprising
all combinations of the six eigenstates of X , Y , and Z on Alice’s and Bob’s qubit,
respectively. Using an iterative technique we reconstruct the density matrix ρexp

AB ,
from which we infer the conditional entropy H (A|B) of our state. We then set
the analysers on Alice’s side to the {|H〉,|V〉} ({|ω〉,|ω⊥〉}) basis in the transmitted
(reflected) arm of the BS and perform conditional single-qubit tomography on
Bob’s photon, from which we calculate H (R(ω)|B)+H (Z |B). Finally, Bob’s
analyser is set to the {|H〉,|V〉} basis, which allows us to calculate H (Z |ZB) and
H (R(ω)|RB(ω)) directly from the coincidence counts. Stepwise repetition of this
procedure for varying ζ orω leads to the data presented in Figs 2 and 3.
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