
Supplementary methods 1: Decomposition of the Hopf
fields into vector spherical harmonics

We provide some intermediate steps in the calculation of the vector spherical harmonic co-

efficients (VSPH) for the electromagnetic Hopf fields. The vector potential Alm(k, r), for the

VSPHs is:

ATE
lm (k, r) =

1

iω
fl(kr)LYlm(θ, φ) (1)

ATM
lm (k, r) =

1

k2
∇×

[
fl(kr)LYlm(θ, φ)

]
(2)

where L = −ir ×∇ and fl(kr) is a linear combination of the spherical bessel functions jl(kr),

nl(kr), determined by boundary conditions.

Ylm(θ, φ) =

√
1 + 2l

2π

√
(l −m)!

(l +m)!
Lml (cos(θ))eimφ

where Lml are associated Legendre poynomials. In free-space fl(kr) = jl(kr)/
√
l(l + 1),

jl(z) =

√
π

2z
Jl+ 1

2
(z)

where Jl are Bessel functions of the first kind. A general free-space vector potential A(r, t) can

be expressed in the spherical harmonic basis as:

A(r, t) =

∫
dk

∞∑
l=1

l∑
m=−l

[αTMlm (k)ATM
lm (k, r) + αTElm (k)ATE

lm (k, r)]e−iωt + c.c. (3)

To determine the coefficients αTE/TMlm (k) we first compute the Fourier transform of the field at

time t = 0:

B(r, t = 0) =
1

π(r2 + 1)3

(
1 + x2 − y2 − z2, 2(xy − z), 2(y + xz)

)
(4)

E(r, t = 0) =
2

π(r2 + 1)3

(
2(xy + z), 1 + y2 − x2 − z2,−2(x− yz)

)
(5)
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Noting that:
∫

d3xf(x)xje
±ik·x = (∓i∂kj

)
∫

d3xf(x)e±ik·x and using the following transform:∫
d3x1/(a2 + r2 − d)n+1e±ik·x =

∂n
d

n!
2π2

k
e−k
√
a2−d|d=0, we obtain the following transforms:

B̃(k) = π
e−k

k

(
k2
y + k2

z , ikkz − kxky,−ikky − kxkz
)

(6)

Ẽ(k) = π
e−k

k

(
−ikkz − kxky, k2

x + k2
z , ikkx − kykz

)
(7)

with E,B(r) =
∫

d3kẼ, B̃(k)eik·x. Further noting that
∫

d3kf(k)kje
±ik·x = (∓i∂xj

)
∫

d3kf(k)e±ik·x,

and that
∫

d3kf(k)e±ik·x = 4π
r

∫
dkf(k)k sin(kr), the electric and magnetic fields at t = 0 can be

expressed as:

B(r) = 4π2

∫
dke−k

(
−∂2

y − ∂2
z ,+∂x∂y + k∂z, ∂x∂z − k∂y

) sin(kr)

r
(8)

E(r) = 4π2

∫
dke−k

(
∂x∂y − k∂z,−∂2

x − ∂2
z , k∂x + ∂y∂z

) sin(kr)

r
(9)

from which the coefficients can be derived for each frequency component separately through:

αTElm (k)jl(kr) = k/
√
l(l + 1)

∫
dΩY ∗l,mB · r and αTMlm (k)jl(kr) = −k/

√
l(l + 1)

∫
dΩY ∗l,mE · r

to obtain:

αTElm (k) =


√

4π
3
k3e−k for l = m = 1

0 for l 6= 1,m 6= 1

(10)

αTMlm (k) = −iαTElm (k) (11)

The vector potential for the Hopf knots can therefore be expressed as:

AHopf(r, t) =

√
4

3π

∫
dk k3e−k

[
ATE

1,1 (k, r)− iATM
1,1 (k, r)

]
e−iωt + c.c., (12)

2



Time evolution of the Hopf field lines: Magnetic field lines 

 

Quicktime movie file (620 KB): Supplementary video 1.mov  

 

Summary: Animation showing the time evolution of the Hopf Magnetic field lines, some 

time steps of which are shown in figure 2. 

 

Time evolution of the Hopf field lines: Electric field lines 

 

Quicktime movie file (772 KB): Supplementary video 2.mov  

 

Summary: Animation showing the time evolution of the Hopf Electric field lines, some 

time steps of which are shown in figure 2. 

 

Time evolution of the Hopf field lines: Electric and Magnetic field lines 

 

Quicktime movie file (852 KB): Supplementary video 3.mov  

 

Summary: Animation showing the time evolution of the Hopf Electric and Magnetic field 

lines, some time steps of which are shown in figure 2. 

 

 

 


