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            Abstract
A central goal of condensed-matter physics is to understand how the diverse electronic and optical properties of crystalline materials emerge from the wavelike motion of electrons through periodically arranged atoms. However, more than 90 years after Bloch derived the functional forms of electronic waves in crystals1 (now known as Bloch wavefunctions), rapid scattering processes have so far prevented their direct experimental reconstruction. In high-order sideband generation2,3,4,5,6,7,8,9, electrons and holes generated in semiconductors by a near-infrared laser are accelerated to a high kinetic energy by a strong terahertz field, and recollide to emit near-infrared sidebands before they are scattered. Here we reconstruct the Bloch wavefunctions of two types of hole in gallium arsenide at wavelengths much longer than the spacing between atoms by experimentally measuring sideband polarizations and introducing an elegant theory that ties those polarizations to quantum interference between different recollision pathways. These Bloch wavefunctions are compactly visualized on the surface of a sphere. High-order sideband generation can, in principle, be observed from any direct-gap semiconductor or insulator. We thus expect that the method introduced here can be used to reconstruct low-energy Bloch wavefunctions in many of these materials, enabling important insights into the origin and engineering of the electronic and optical properties of condensed matter.
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                    Fig. 1: High-order sideband generation in bulk GaAs.[image: ]


Fig. 2: Quantum interference leading to sideband polarization.[image: ]


Fig. 3: Ratios of Jones matrix elements, ξn(θ) ≡ T++,n(θ)/T−−,n(θ) and χn(θ) ≡ T+−,n(θ)/T−+,n(θ), measured by Stokes polarimetry.[image: ]


Fig. 4: Reconstruction of the Bloch wavefunctions for kz = 0.[image: ]
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Extended data figures and tables

Extended Data Fig. 1 Field enhancement at the GaAs epilayer from the ITO-coated sapphire substrate.
The field enhancement is calculated as \(|1+r({f}_{{\rm{THz}}})|\) with the complex reflection coefficient \(r({f}_{{\rm{THz}}})\) measured by a Vector Network Analyzer.


Extended Data Fig. 2 An absorbance spectrum of the GaAs epilayer mounted on the ITO-coated sapphire substrate.
The measurement was taken at the spot illuminated by a white light source (left inset). The right inset shows a zoom-in of the spectrum, with the bandgap and the photon energy of the NIR laser denoted by dash-dot blue and red lines, respectively. The two peaks are strain-split exciton resonances associated with band-edge states with different angular momenta. The temperature was 60 K.


Extended Data Fig. 3 Stokes polarimetry with linearly polarized NIR laser (γNIR = 0°).
a, Polaragrams for sideband index \(n=12\) and orientation angle of the NIR laser \({\alpha }_{{\rm{NIR}}}=0^\circ \). b, The polarization state of the sideband extracted from the polaragrams in a. c, Polaragrams for sideband index \(n=24\) and orientation angle of the NIR laser \({\alpha }_{{\rm{NIR}}}=45^\circ \). d, The polarization state of the sideband extracted from the polaragrams in c. In a and c, the black dots show the measured polaragrams, with error bars showing the standard deviation over 4 measurements, and the red solid lines are the reconstructed polaragram through Fourier transform, with the red dotted lines showing the bounds. In b and d, the polarization states of the sidebands are represented as trajectories of the tips of the electric field vectors \(({E}_{x},{E}_{y})\) over time. The orientation angle \(\alpha \) and ellipticity angle \(\gamma \) are defined in the inset in b.


Extended Data Fig. 4 Quantum interference in three-step model of HSG leading to sideband polarization.
A photon from the NIR laser is decomposed into components \({\sigma }_{{\rm{NIR}}}^{\pm }\), with helicity ±1. a, A \({\sigma }_{{\rm{NIR}}}^{-}\) photon excites either a spin-up electron and hole of spin −3/2 or a spin-down electron and hole of spin −1/2. A \({\sigma }_{{\rm{NIR}}}^{+}\) photon excites either a spin-up electron and hole of spin +1/2 or a spin-down electron and hole of spin +3/2. b, Driven by the THz field, an electron-hole pair accumulates dynamic phase \({A}_{{HH}}\) or \({A}_{{LH}}\), depending on the band of the hole state (HH or LH). The electron spin is unchanged, while the hole states originating from the spin −3/2 state are superpositions of spin −3/2 and +1/2 states and the states originating from the spin −1/2 state are superpositions of spin −1/2 and +3/2 states. c, Upon recollision, either \({\sigma }_{{\rm{HSG}}}^{+}\) or \({\sigma }_{{\rm{HSG}}}^{-}\) photons are produced following angular momentum conservation—for example, a spin +3/2 hole recombining with a spin-down (−1/2) electron produces a \({\sigma }_{{\rm{HSG}}}^{+}\) photon with helicity +3/2 −1/2 = +1. The interference of the evolution pathways from \({\sigma }_{{\rm{NIR}}}^{\pm }\) to \({\sigma }_{{\rm{HSG}}}^{+}\) (\({\sigma }_{{\rm{HSG}}}^{-}\)) produces the dynamical Jones matrix element \({T}_{+\pm }\) \(({T}_{-\pm })\).


Extended Data Fig. 5 Additional data for ratios of Jones matrix elements, \({{\boldsymbol{\xi }}}_{{\boldsymbol{n}}}({\boldsymbol{\theta }})\) and \({{\boldsymbol{\chi }}}_{{\boldsymbol{n}}}({\boldsymbol{\theta }})\).
a, The argument of \({{\boldsymbol{\xi }}}_{{\boldsymbol{n}}}({\boldsymbol{\theta }})\). The dash-dot line marks the expected value of 0. b, The magnitude of \({{\boldsymbol{\xi }}}_{{\boldsymbol{n}}}({\boldsymbol{\theta }})\). The dash-dot line marks the expected value of 1. c, The magnitude of \({{\boldsymbol{\chi }}}_{{\boldsymbol{n}}}({\boldsymbol{\theta }})\). The dash-dot line marks the expected value of 1. All quantities are presented as functions of sideband index n for eight values of angle \({\boldsymbol{\theta }}\). Inset, The definition of \({\boldsymbol{\theta }}\) by using the GaAs crystal lattice and the THz electric field.


Extended Data Fig. 6 Monte Carlo simulation in calculating the dynamical Jones matrices.
a, The polarization state of the \(n=12\) sideband (\(\theta =23^\circ \)) for all 4 initial NIR polarizations (i-\({\alpha }_{{\rm{NIR}}}=0^\circ \), ii-\({\alpha }_{{\rm{NIR}}}=45^\circ \), iii- \({\alpha }_{{\rm{NIR}}}=90^\circ \), iv- \({\alpha }_{{\rm{NIR}}}=-45^\circ \)). The horizontal and vertical axes represent \(\alpha \) and \(\gamma \), respectively. Dashed ovals correspond to confidence intervals in the measurement of \(\alpha \) and \(\gamma \). b, Histograms of \(\alpha \) and \(\gamma \) for the 4 measured sidebands' polarizations. Normal distributions of \(\alpha \) and \(\gamma \) were sampled, with the central value and standard deviation of the distributions set by the measured values. In this figure, 1,000 iterations are shown, but the results of this paper are calculated from 10,000 iterations. c, The complex \({\mathscr{J}}\)-matrix elements resulting from the \(\alpha \) and \(\gamma \) in b. The horizontal and vertical axes represent the real and imaginary part, respectively. Each red dashed line shows one standard deviation of the distribution of each \({\mathscr{J}}\)-matrix element resulting from the Monte Carlo simulation. All three plots have the same scale. The value of \({{\mathscr{J}}}_{{xx},n}\) is set as 1 in these calculations.


Extended Data Fig. 7 Berry connection matrix element \(\,{\boldsymbol{\mathscr{A}}}_{H{H}_{+},H{H}_{+}}\) in the kz = 0 plane of the Brillouin zone.
The double-headed black dotted arrow represents a path of a hole accelerated by a linearly polarized THz field, which is perpendicular to the Berry connection (color arrows) at all points. The Berry connection is plotted in units of \(a\), which is the lattice constant of GaAs.


Extended Data Fig. 8 Effect of a biaxial strain on the valence band structure and non-Abelian Berry connection along the direction of quasi-momentum k in the kz = 0 plane of the Brillouin zone.
The strain is chosen as tensile along [001] direction to be consistent with the splitting of the exciton peaks in the absorbance spectrum (Extended Data Fig. 2). a, Valence band structures along \({k}_{x}={k}_{z}=0\) for unstrained (top) and strained (bottom) GaAs. The blue and orange curves represent the heavy-hole and light-hole bands, respectively. b, The magnitude of the diagonal Berry connection matrix element \({{\mathscr{A}}}_{H{H}_{+},H{H}_{+}}\) along the direction of quasi-momentum for unstrained (top) and strained (bottom) GaAs. c, The magnitude of the off-diagonal Berry connection matrix element \({{\mathscr{A}}}_{H{H}_{+},L{H}_{+}}\) along the direction of quasi-momentum for unstrained (top) and strained (bottom) GaAs. For the unstrained case, the Berry connection along the quasi-momentum is identically zero in the plots except for the singularity at \({\boldsymbol{k}}\)=0. The Berry connection is plotted in units of \(a\), which is the lattice constant of GaAs.
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