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unchanged Leuchs anhydride was recovered. In its 
solutions, the anhydride is much less stable and 
polymerization takes place readily, especially on 
heating. 

The purified polymers obtained give a biuret 
reaction on prolonged standing ; they are practically 
insoluble in the usual solvents, including dilute acids 
and alkali, but partly soluble in anhydric formic acid, 
glacial acetic acid, dimethyl formamide and dichloro
acetic acid. 

In the course of the present experiments the di
ketopiperazine derivative (VI) was also obtained 
from the ethyl ester (V). 

The experiments described here are part of an 
investigation on the polymerization of amino-acids 
and their derivatives, containing unsaturated bonds, 
the results of which will be published at a later date. 
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Proof of the Heisenberg Relations 
SINCE Heisenberg's uncertainty relations play an 

essential part in quantum mechanics, especially in 
the discussion of the dual wave-particle aspect of 
matter, the derivation of these relations is of import
ance. We became interested in this problem in con
nexion with a lecture course on quantum mechanics 
given by one of us. In this course we wished to give 
a derivation of the Heisenberg relations which was 
rigorous without, however, involving commutator 
relations. 

In the literature we found that, of the many text
books in the field, some give only an outline of a 
proof, some give a qualitative proof based on the 
analogy between wave mechanics and optics, using 
the properties of wave trains, some use commutator 
relations, while Moyal1 and W eyl use the Schwartz 
inequality. The well-known proof due to Heisenberg•, 
which is also given by Pauli and Rojanski, is the kind 
of proof we had in mind. Unfortunately, this proof 
is not completely rigorous, and it is the object of this 
communication to modify Heisenberg's proof slightly 
to make it so. 

Restricting ourselves to the discussion of the one
dimensional case, let qi(x) be the normalized wave 
function of the electron with its Fourier expansion, 

qi(x) = JA(cr) exp(2rricrx)dcr (1) 

where x is the position of the electron, and cr the 
wave number. We have from equation (1), 

A(cr) = Jqi exp(-2rricrx)dx (2) 

We introduce now the mean position, x 0, the mean 
wave number, cr 0, the uncertainty in position, .6.x, 
and the uncertainty in wave number, .6.cr, by the 
equations, 

x 0 = Jx;qi) 2 dx, cr 0 = JcriA) 2 dcr, 

.6.x2 = J(x-x0 )
2 1qi/ 2 dx, .6.cr2 = J(cr~cr 0 ) 2 /A/ 2 dcr (3) 

We choose the origin of the x and cr scales in such 
a way that x 0 = cr 0 = 0, so that the last two equa
tioM (3) },)~come 

.6.x2 = Jx2 lqil 2 dx, 

.6.cr2 = J cr• /A I 2 dcr = ( 47t)-• j Gt)' dx (4) 

the last equation following iD the usual way. 
It is clear that the following inequality will always 

hold, irrespective of the choice of constant a : 
laxqi + (oqi/ox) 12 

;;,,.. O (5) 

From expression (5) it follows by the usual analysis 
that 

a• .6.x2 + 4rr2 ilcr2 ;;,,.. a (6) 

At this point, Heisenberg puts a = (2,lx2
)-

1 and 
thus obtains the Heisenberg relations. There is, 
however, no obvious reason for this choice of a, and 
by choosing a different value one· could derive rela
tions between ,lx and .6.cr which would be completely 
different from the Heisenberg relations. 

The proof of the Heisenberg relations, however, 
can be completed in the following way. From in
equality (6) we see that the smaller ,lx2 is, the larger, 
in general, will be ,lcr 2 and that the smallest com
bination occurs when the equality sign holds, that 
is, when qi satisfies the equation, 

axqi + (oqio/x) = 0 (7) 

The wave function satisfying equation (7) is of 
the Gaussian form and a is now related to Ax2 by 
the equation a = (2,lx2)-1 ; but this is not necessarily 
true for a different form of qi. Substituting this 
value of a into equation (6), we get, 

Acr,,lx = l/47t (8) 

and since the situation is less favourable when qi does 
not satisfy equation (7), we get in general Acr,Ax > 
l/4rr as before. 
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Germination of Rice Embryo under Water 
and its Relation of Growth to Endosperm 

Fractions 
IT is a well-known fact that rice seeds are capable 

of germination under water and the coleoptile of the 
rice embryo grows more rapidly and more extensively 
under water than in air. Yamada1 suggested that 
the superior growth of the rice coleoptile under water 
is due to the decreased capacity of the coleoptile 
tissue for destroying auxin under water as compared 
to the extensive capacity of the tissue for destroying 
auxin in air. Sircar and Das• have shown that the 
auxin of the rice endosperm gradually decreases with 
the growth of the coleoptile and root ; such gradual 
consumption of auxin is stopped abruptly when the 
embryo is detached from the endosperm. 

It has been observed that some factor present in 
the endosperm has a distinct inhibitory effect on the 
growth of the rice embryo kept under water or grown 
in air. Experiments were carried out with husked 
rice grain (variety Bhasamanik) from which different 
fractions of endosperm were removed, kept under 
water and on agar slopes in air in darkness at 25° C. 


	Proof of the Heisenberg Relations

