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Theory of Complex Atoms* 

INTRODUCTION 

THE structure of complex atoms forms one of 
the main fields of application of quantum 

mechanics to many-body problems. The subject 
has two main aspects : the outer electronic 
structure, taking the nucleus as a point charge; 
and the structure of the nucleus. 

In considering the outer electronic structure in 
non-relativistic approximation, which is sufficient 
for evaluating the main features of the structure 
of all but the heavy atoms, the forces involved are 
known, so that an exact wave equation can be 
written down, and the only difficulty, though a 
formidable one, is to obtain a solution of it. In 
the relativistic treatment of the electronic structure, 
there is the additional difficulty that the exact 
interaction between two electrons is as yet un
known, so that no exact wave equation can be 
written down ; whereas in the nucleus the quantita
tive behaviour of the forces concerned are almost 
entirely unknown, and even their nature is still 
uncertain. 

QuANTITATIVE EVALUATION OF ATOMIC STRUCTURES 

IN NON -RELATIVISTIC APPROXIMATION 

The calculation of atomic properties usually 
involves a knowledge of the atomic wave functions, 
and the first step is therefore the evaluation of 
such wave functions; no exact solution of the 
wave equation of a many-electron atom is known, 
and one has to be content with an approximation. 

The 'solar system' type of approximation, in 
which the mutual interactions of the electrons are 
first neglected, and later introduced as a perturba
tion, is too crude to give significant quantitative 
results. 

A simple type of approximation is to reduce 
the many-body problem to a set of one-body 
problems by regarding each electron as being in 
the field of the nucleus and some average of the 
field of the other electrons. This type of approxi
mation had already been found to be qualitatively, 
and roughly quantitatively, successful in the days 
of the old quantum theory ; wave mechanics made 
it possible to apply it much more precisely, and 
led Hartree1 to the idea of the 'self-consistent 
field', in which each electron is considered to 

• A review of a group of papers by Prof. D. R. Hartree, F.R.S., 
Dr. B. Swirles and Dr. H. S. W. Massey, read to Section A (Depart
ment of Mathematics) of the British Aesociation at Blackpool on 
September 14. 

occupy a definite wave function in the field of the 
nucleus and of the average distribution of charge 
of the other electrons. In so far as the description 
of the structure of an atom in terms of occupied 
one-electron wave functions is significant at all, 
the electrons cannot really be ascribed each to a 
specific one of the wave functions, but account 
should be taken of the possible exchange of elec
trons between them in obtaining the average field 
of each electron ; this improvement was carried 
out by Fock•. 

The solutions of the differential equations of the 
self-consistent field, either with or without ex
change, have to be evaluated by numerical 
integration. Solutions of the equations without 
exchange have been carried out for a number of 
representative atoms up to mercury ; the solution 
of the equations with exchange presents a much 
more formidable problem of numerical technique, 
but has been carried out for several atoms up to 
copper. 

Another, more analytical, approach to the 
determination of approximate wave functions is 
provided by the variation principle, which also 
provides a criterion for comparing two approxima
tions, without knowing the exact wave function. 
This principle states that the value of a certain 
integral expression, involving an arbitrary function, 
is an absolute minimum when evaluated for the 
wave function of the normal state, and has certain 
minimal properties for that of any excited state. 
It can be applied to the determination of the best 
approximation of any particular form to the wave 
function of an atom in two ways. 

One way is to take for the whole atom a wave 
function constructed in a definite way out of 
adjustable functions of the variables of the system; 
the variation principle then leads to differential 
equations for the unknown functions. This method 
was used by Fock• to derive the equations of the 
self-consistent field with exchange, and shows that 
the solutions of these equations provide the best 
possible wave functions for the whole atom that 
can be obtained, so long as the structure is regarded 
as consisting of a number of one-electron wave 
functions each occupied by an electron. 

The other way is to limit the functions to specified 
analytical forms (usually sums of products of 
exponentials and polynomials), with adjustable 
parameters whose best values are determined by 
the appeal to the variation principle. This method 
has been used by Zener3 and others' to obtain 
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analytical wave functions for the light atom (up 
to 10 electrons) ; it has the advantage that the 
inclusion of exchange terms presents no difficulty, 
and the disadvantage that the number of para
meters required to give a good approximation is 
rather large, and the simultaneous determination 
of their best values is difficult and laborious. It 
has also been used by Hylleraas• to find bettP.r 
approximations to the wave function of two
electron systems than can be obtained by regarding 
the structure as consisting of the two occupied 
one-electron wave functions. The calculation of 
the ionization energy of helium was one of the 
points at which the old quantum theory failed, 
and it is of some importance that the best approxi
mate wave function obtained by Hylleraas gave 
an energy value in very close agreement with 
experiment, thus justifying the form of the wave 
equation adopted in the application of wave 
mechanics to many-body systems. This work has 
recently been extended to lithium by James and 
Coolidge•. 

RELATIVISTIC TREATMENT OF THE OUTER 

ELECTRONIC STRUCTURE 

The idea of the self-consistent field, without or 
with exchange, is still applicable when the one
electron wave functions are taken to satisfy Dirac's 
equation, instead of Schrooinger's, in the field of 
the nucleus and an average of the field of the 
electrons in the other wave functions; also the 
variation principle is still applicable. It has been 
used recently by Swirles7 to obtain the equations 
with exchange. 

Relativistic effects are of order ljc• (where 
c = 137, the measure of the velocity of light in 
atomic units), and since retardation effects and 
interactions between electron spins give contribu
tions to the Hamiltonians of this order, they should 
be included. It is not yet known how to do this 
exactly, but it can be done to an approximation 
which is probably as good as that of the self
consistent field 7

• 

STRUCTURE OF THE NucLEus 

For the outer electronic structure, the forces 
involved are known (at least very closely), and 
wave mechanics is applied to deduce the structure 
and properties of the atom. For the nucleus, the 
problem is the inverse one of determining the 
forces, if possible, from those properties of the 
solutions of the wave equation which represent 
observed phenomena ; this can only be done by 
trial and error, and it is possible that quantitative 
determination may not be unique. 

There are two main phenomena, the nuclear 
binding energies as deduced from mass defects, and 
mean free paths and angular distribution of 
scattered particles for collisions between nuclear 
particles. A general conclusion is that the forces 
involved (other than the Coulomb force between 
two charges) are short-range, and this has a 
qualitative result that the number of stationary 
states may be finite, and perhaps quite small, 
in contrast to the infinite number in a Coulomb 
field. 

Taking the nucleus as built up of protons and 
neutrons, as first suggested by Heisenberg•, there 
are three forces to consider : those between 
neutron and neutron, between proton and proton, 
and between neutron and proton. Of these the 
last is the most important, as shown by the fact 
that the most stable nuclei are those with equal 
numbers of neutrons and protons. These forces 
cannot be simple attractive forces derivable from 
potentials, since, if they were, the total binding 
energy would be proportional to the square of the 
number of the particles, whereas it is in fact pro
portional to the number itself. One possible ex
planation is that the forces change sign and 
become repulsive at very short distances, and 
another is that the neutron-proton interaction is 
analogous to the 'exchange' interaction between 
two hydrogen atoms, to which, in the Heitler
London approximation, their binding into a mole
cule is ascribed. Such an interaction might be 
pictured as an exchange of charge between the 
two particles, so that sometimes one is a proton 
and the other a neutron and vice versa. 

If this exchange of charge were accompanied by 
exchange of spins, as suggested by Heisenberg•, 
the exchange force would lead to saturation effects 
such that each proton would only interact with 
one neutron at a time ; but if no exchange of spins 
took place, as suggested by Majorana9, the satura
tion effects would be such that each proton would 
interact with all those neutrons in the same orbital 
quantum state, and only those. The fact that the 
simplest saturated structure is the !X-particle and 
not the deuteron indicates that the type of force 
suggested by Majorana predominates in the 
neutron-proton interaction. However, more de
tailed evidence, provided by the properties of 
the deuteron and by neutron-proton collisions, 
though incomplete, is enough to show that a force 
of this kind alone will not account quantitatively 
for all the observed phenomena. 

Evidence of proton-proton and neutron-neutron 
forces10 is provided by collisions between protons, 
which show that the Coulomb force does not hold 
for very small distances, and by the mass defects of 
•H (2 neutrons, 1 proton), •He (1 neutron, 2 pro
tons) and •He (2 neutrons, 2 protons). 
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The short ranges of the forces between nuclear 
particles, and their large magnitudes at short 
range, make a satisfactory solution of the wave 
equation, and calculation of the binding energy, 
very difficult. The type of approximation used in 
the self-consistent field for the outer electronic 
structure is probably not good enough to be 
significant, and even in this approximation, the 
behaviour of the solution is inconveniently sensitive 
to the detailed behaviour of the function specifying 
the interaction. Hence the quantitative treatment 

of nuclear structures is likely to be much more 
difficult than that of the outer electronic structure. 

D.R. H. 
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A New Fossil Skull from Eyassi, East Africa 
DISCOVERY BY A GERMAN EXPEDITION 

By Dr. L. S. B. Leakey 

I N the course of a scientific expedition to the 
Eyassi Lake basin in Tanganyika Territory in 

1934--36, Dr. Kohl-Larsen had the good fortune 
to discover parts of three fossil human skulls in 
association with stone artefacts and fossil mam
malian remains, and in July of this year, after the 
material had been unpacked at the Natural 
History Museum in Berlin, I was allowed the 
privilege of spending a week examining them in 
the Department of Geology there. 

Through the kindness of Dr. Kohl-Larsen and 
Prof. H. Reck, I am now able to publish this 
preliminary note on the impressions gained during 
that week, and I would like to take this opportunity 
of thanking them publicly for allowing me to 
examine the material and to publish this note. 
Two short preliminary notes have already been 
published by Dr. Kohl-Larsen in Forschungen und 
Fortschritte (Berlin) in the August 1 and September 
1 numbers, and a further note is being published 
in the November number of the Geologische 
Rundschau1• 

Of the three skulls mentioned above, two are 
represented by one small fragment each, and will 
not be discussed in this note. The third skull is 
represented by a very large number of pieces, 
many of which fit together perfectly, so that a 
reasonable reconstruction of part of the skull is 
possible. 

The find was made at the north-east end of 
Lake Eyassi, and the deposit which contained the 
skull fragments, artefacts and associated mam
malian fossils was exposed on the floor of the 
present lake basin as a result of the recession of 
the waters during the dry season. Three distinct 
strata were noted by Dr. Kohl-Larsen, and the 
material to be discussed came from the middle 

one, which was reddish in colour and perhaps 
represents an old land-surface. The strata both 
above and below it contained numerous fish 
remains. 

During my stay in Berlin, Prof. Reck and I 
jointly examined the fossil fauna, the artefacts and 
the skull itself, in that order, and our preliminary 
conclusions are as follows. 

THE AssociATED FAUNA 

The animal remains are very considerably 
broken up and are all heavily mineralized and of 
a blackish colour. The majority of the bones and 
teeth are unrolled, but a few heavily rolled teeth 
and bones were included. 

Taking the rolled fauna first. This was 
found to include a few teeth of H ipparion, a 
few teeth of a baboon, apparently of the 
Simopithecus type, and some teeth of a large 
giraffid, all of which occur in the fauna of the 
Middle Pleistocene at Oldoway and other East 
Mrican sites. These fossils appear to be derived 
from an older deposit than that in which they 
were found. 

The unrolled fauna, which was much more 
plentiful, did not appear to contain any extinct 
species (so far as a superficial examination showed), 
with the exception of a bovid of the Bubalus type, 
an antelope and a large carnivore. The latter is 
represented by a part of a mandible which is 
slightly rolled and may belong to the derived 
fauna. The remaining species include bones and 
teeth representing zebra, giraffe, pig and wart-hog, 
hippopotamus, rhinoceros (both black and white), 
baboon, small monkey, porcupine and small 
rodents. 
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