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We present a practical scheme to separate the contributions of the electric quadrupole-like and the
magnetic dipole-like effects to the forbidden second order optical nonlinear response of graphene, and
give analytic expressions for the second order optical conductivities, calculated from the independent
particle approximation, with relaxation described in a phenomenological way. We predict strong second
order nonlinear effects, including second harmonic generation, photon drag, and difference frequency
generation. We discuss in detail the controllability of these effects by tuning the chemical potential,
taking advantage of the dominant role played by interband optical transitions in the response.

Graphene is being enthusiastically explored for potential applications in plasmonics, optoelectronics, and pho-
tonics', due to its unique optical properties. They arise from the linear dispersion of gapless Dirac fermions as well
as the ability to tune the Fermi energy with relative ease, by either chemical doping? or applying a gate voltage**.
With the large optical nonlinearity predicted theoretically>® and observed experimentally®, graphene is also a
potential resource of optical nonlinear functionality for photonic devices, including saturable absorbers, fast and
compact electo-optic modulators, and optical switches. Taking into account the maturing integration of graphene
onto silicon-based chips, the utilization of the optical nonlinearity of graphene opens up new opportunities for
the realization of nonlinear integrated photonic circuits.

Due to the inversion symmetry of the graphene crystal, the first nonvanishing nonlinear effect is the third
order nonlinearity. In spite of the one-atom thickness of graphene, strong third order nonlinear effects have
been demonstrated®’ including parametric frequency conversion, third harmonic generation, Kerr effects and
two photon absorption, and two color coherent current injection. The extracted effective nonlinear coefficients
are incredibly large, with values orders of magnitude larger than those of usual semiconductors or metals. When
fundamental photon frequencies w; are much smaller than the chemical potential, as occurs in THz experiments
on doped graphene, the nonlinear optical response is dominated by the intraband transitions™, occurring mostly
around the Fermi surface, and the third order optical conductivities have a typical frequency dependence®’ of
o (wyw,w;) ! in the absence of relaxation. For photon energies in the near infrared to visible, the nonlinear pro-
cesses are dominated by the interband transitions and the mixing of interband and intraband transitions’. In the
presence of an energy gap induced by a suitable chemical potential®, which behaves as an energy gap in semi-
conductors, novel features arise in the nonlinear optical response that cannot be easily found in semiconductors
or metals. These nonlinearities are both large and tunable, and promise a new functionality in the design of the
nonlinear optical properties of integrated structures. The theoretical results based on the independent particle
approximation predict third order optical nonlinearities of graphene orders of magnitude smaller than the exper-
imental values®”, and the reason for the discrepancy has not been identified.

The second order nonlinear optical response of graphene is forbidden in the usual dipole approximation.
However, it can arise due to a number of effects”®!%: (1) When the variation of the electromagnetic field over the
graphene is taken into account, contributions analogous to those due to magnetic dipole and electric quadrupole
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effects in centrosymmetric atoms or molecules arise>!'~1%; (2) at an asymmetric interface between graphene and
the substrate the centre-of-inversion symmetry is broken, and second order nonlinearities are allowed!*-!%; (3)
similarly, the symmetry can be locally broken due to natural curvature fluctuations of suspended graphene'®;
(4) the application of a dc electric field can be used to generate an asymmetric steady state, and a second order
nonlinear optical response can then arise through the third order nonlinearity!®6-182021 Second order optical
responses due to the first effect have been shown to be important for photon drag (dynamic Hall effects)®?>%,
second harmonic generation (SHG)', and difference frequency generation (DFG)*-%. [ Note added. After the
submission, we became aware of related works in preprints?”-?%. Overlapping results in these papers are in agree-
ment in the absence of relaxation]. However, in most of the studies of these phenomena only intraband transitions
were considered!*?2?, As with the third order optical response, the contribution of interband transitions to the
second order nonlinearity can lead to a rich and tunable nonlinear optical response**?. In this work we present
analytic results for the second order conductivities of graphene induced by the electric quadrupole-like and mag-
netic dipole-like effects, within the independent particle approximation and with relaxation processes described
phenomenologically.

Results

Model. We consider the charge current response of a graphene monolayer to electromagnetic fields E(r, t; z)
and B(r, t; z) with r = x& + y#, and focus on the second order conductivity o* d“b(ql, wy; q,, w,), which is
defined perturbatively for the weak fields from the second order current response

b
x (q,, w4, Wz)E;M (2)E

. dqdq, rdwdw ity r (2)da
JOd(p ) — ‘S(Z)f 1 zf 189y il )ty +y) T (sdab qwz() @

) (2n)

Here the graphene layer is put at z=0, E;;, () is the in-plane Fourier transformation of the electric field

a dqdw iqr—iwtpa
E%r, t;2) = | /=" E;. (2),
f @)’ * )

the Roman superscript letters stand for the Cartesian directions x or y, the repeated superscripts imply a sum over
all in-plane components, and ¢?*44 (4> w q,> wy) can be taken to be symmetric in its components and argu-

ments, O_(Z);dab( (2);dba

qp W G, W) =0 (4, wy; q,» wy), without loss of generality. In writing Eq. (1) we neglect
any response of the graphene to electric fields in the z direction, in line with the usual models for excitation
around the Dirac points; thus the Cartesian components only range over x and y. There is no term involving the
magnetic field B(r, t; z) in Eq. (1), but it is not neglected. Below we sketch the outline of the derivation from the
minimal coupling Hamiltonian, involving the vector and scalar potentials. Keeping powers of g in the expansion
of the vector potential introduces the magnetic field, but the final result can be written in the form of Eq. (1) in
agreement with the usual convention in nonlinear optics. However, since we focus on the response at reasonably
long wavelengths, i.e., Aiv F|q | < |hw;|and hy F\ql + qz\ <& |hw, + hw,| with the electron Fermi velocity vg, then
the conductivity can be expanded as

U(Z);d{lb (ql, wp qz, wz) ~ Sduhc (wl’ Wz)qlc + Sdbac (w2> wl)qzc (3)
We have used the zero second order response to uniform fields % (o, wy; 0, w,) = 0, due to the inversion
symmetry of the graphene crystal structure. For the Dg;, crystal symmetry of graphene, fourth-order tensors S%
have only three independent in-plane components $*7, §7%, and §9*, and in total eight nonzero in-plane com-
ponents § = S, S = §O¥X Q¥ — Gy, and §MY = O = ¥ 4 g 4 g
The response coefficients $%*(w,, w,) completely characterize the second order optical response in the small
|q| limit. To calculate them, we begin by writing the minimal coupling Hamiltonian as
H=H, - —e [A(r, t;2) - 9+ 9 - A(r, 15 2)] + ep(r, t; z), where e = —|e| is the electron charge, H,, is the
unperturbed Hamiltonian, ¥ is the velocity operator in the absence of an external field, A(r, t; z) and ¢(r, t; z) are
the vector and scalar potentials, respectively. Due to the linear dispersion relation of graphene around the Dirac
points, any higher order terms in A(r, t; z) can be neglected, unlike the situation in usual semiconductors, where
the calculation can be more difficult; the Zeeman interaction can also be ignored. The vector and scalar potentials
are then Fourier expanded, as in Eq. (2), and we write _Af;w(z) $qu(2) for « =0 and .A (z) = q“w (z) for
a=a=x, y, z. The response current is then a functional of A (2), and the formal second order perturbation
expansion gives

. dqdq, dwdw itertent,i " o
194w 2 = o) [ [FOEe W (g i gy w0 Ay (0 Ay 2)

4)

where repeated Greek indices range over 0, x, , z. Not all components of W 4/ (4 wy q,> w,)are independent;
they satisfy the Ward identity [see method], which is associated with the invariance of the optical response to the
choice of gauge.

Consider first an electric field described by a scalar potential; then we would have W @hd00 _ (— z)zq“qzh (2)sdab
in Eq. (32) [see method], and by expanding both sides at small ¢, and g, we find
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63W(2);d00(q1, wl; qz, wz)
0q'0qf qub

Sdabc (wp wz) + Sdcha(wl’ wz) — _
7,=4,=0 5)
We define Sg"bC (W w,) = [SM (wy, wy) + $9 (w,, w,)]/2. For graphene, Eq. (5) can be used to determine the
values of §; P = §9Y, Sé“yy (S + §9%)/2, and further S = 28597 4 Sgy"y = §™* However, the indi-
vidual terms of $*¥ and S$*’* cannot be obtained from W®54% In general we can write
gdabe (wp w,) = SQ“bc (wp w,y) +§ d“bc (wp, w,) with defining Sy gdabe (wp wy) = [Sd“hc( w,) — gdeba (wp wy)1/2.

Considering an electric field descrlbed by a vector potential, we get 024" — W2 d“é (*ww,) in Eq. (31) [see
method], and by expanding both sides at small q, and g, we find

1 [QW(Z);dub (ql’ wy 0, w,) - YW Dsdeb (ql’ wp 0, w,)
aq/

1

Szt\ifbc (wy, wy) =

2iwjiw, t g’

4,=0 (6)
Of course, we could have used Eq. (31) as an expression for all components of o2 (9, wis q,, w,) directly, and
then for Sg“hc, in the relaxation free limit, we have checked that the results of sdabe calculated using the vector
potential are the same as those using the scalar potential only. The simple relaxation time approximation used
here is not gauge invariant, which could be recovered by a postprocessing method®. In this work, the different
calculations give differences only on the order of the relaxation parameters. We leave the gauge invariant relaxa-
tion time approximation for a future work.

For atoms, or molecules with center-of-inversion symmetry, the kind of “forbidden” second order processes
we are discussing here can be identified with electric quadrupole and magnetic dipole interactions, as opposed to
the usual “electric dipole interactions” that typically govern the first order response. Here, however, in a model
where electrons are free to move through the graphene, there is no simple way to clearly identify these two pro-
cesses. We note that while the expression for the full $%“(w,, w,) can be derived solely from considering the vector
potential, as mentioned above, only its contribution Sd”bc (wy, w,) can be identified by considering only the scalar
potential. Since quadrupole interactions in atoms and molecules exist if only scalar potentials are introduced,
while magnetic dipole interactions require a vector potential for their descrlptlon, we take this as a motivation for
ascribing quadrupole effects (or, more properly, quadrupole-like effects) to SQ“ ‘(w)p w,), and for ascribing mag-
netic dipole effects (or, more properly, magnetic-dipole-like effects) to SM “(wy, w,). The independent nonzero
components of these tensors are $7%” (w;, w,), S (wy, w,), and §3P” (w), w,), and in terms of them the second
order current can be written as

1P 152) = 26(2) [ ot
X S (wy wy) lq, x quwl(z)] X EqZWZ(z)
+ 807wy w)) By, (2)g, - By, (2)
+ 4By, () By ()] + S (@) )
xq, - Eg, (2)E; , (2)}. 7

Wt oi (g, +q,)

We now present a microscopic theory to calculate the tensor components.

We describe the low energy electronic states ¢y(r; z) at band index s ==+ and wave vector k by a widely used
two-band tight binding model based on the carbon 2p, orbitals®. Ignoring all response to the z-component of the
electric field, the total Hamiltonian can be written as H = H, + H,; + H,,, with the unperturbed Hamiltonian

Hy = Y, 5, dkegag () ag (t)and

dqdw —lwt «
Hy= [H5e [ dhedf OW i g na ) “
5186

scat

Here ¢ is the electron band energy, a (t) is an annihilation operator associated with 1 (r; z), the integration is
over one Brillouin zone (BZ), and H,,, is the scattering Hamiltonian described below phenomenologically. The
interaction matrix elements at « =0 give V\)slkpszk2 Dj k k> Which is the matrix element of a plane wave
et kimka)r between states sk, and szkz, the other three components are )/Vslk1 sk, = Vs Kis ks where

Slkl’52k2 =6 Vosk, Dskysyky, T Do ks, sszkz) /2 is the matrix element of the velocity density, with v, ; , being the
velocity matrix elements in the absence of an external field. The dynamics of the system is descrlbed by a single
particle density matrix Pokys, kz(t) = <as+2 K, (Dag (1) )» which satisfies the equation of motion
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0P ks k (t) dad .
. sikys _ qaw  _jot &
in 1(191'2 : o (Eslkl - Eszkl) 51"1 Szkz( ) f(27r)3€ eAqw

6
X Z[ sikpsky— qpskl qszkz( ) s k1;5k2+q(t)W$k2+q;Szk2

{ S1"1 52"2( ) - 51"1 52"2] 9)

Here the last term describes the scattering effects phenomenologically with one relaxation energy I', and

psok 5ok, = 0,0 (ky — ky)ng is the initial carrier distribution without any external fields, where nk=F (e T)
172

and F L6 T)=1[1+e A “)] with 8 = 1/(k;T)is the Fermi-Dirac distribution at the chemical potential /s and
the temperature T. We focus on the current response J(r, t; z) = 6(2) qu] ()e" with

(t) ezslsszZ o slk 52k+qps2k+q . (- The perturbation results are

2)sd N(Z) da3 ~(2);da
Wl (g wy g, wy) = 3 @y wp gy wy)) + W (g, wos g ), (10)
N(Z) dof ~(2)sdaf
(qp wp 4 wy) = ¢ ZfBz o &SP P (@p 4y hwy + fw, + i, Aw, + i) ng. an
. . ~Q2)dapg , .
Here g,=2 is the spin degeneracy. The term Pk isgivenby
~(2)daf —d 50
Py (@) 4 woo wy) = vk,k+q1+q2(WO)W;j+q1+q2,k+qzwk+q2,k(wz)
—0 —d
*Wk,k—qz(wz) X Vk—qz,k+q1(W0)W;cl+ql,k
—d —3
*W?,k—qlvk—ql,qu(wo) X Wk+q2,k(Wz)
_ﬁ « 4
TWik-q, WIWi_g kg g, X Vi—g-q,kW0)> (12)
where each quantity is expressed as a 2 x 2 matrix with abbreviated band index, and
wh d
750 ky,s,k 54 ky,s,k
Wslkl’szkz(wo) _ S1kps K, , Vslkl,szkz(w()) — S1kps K, .
Wo — S5k, + Es,k, Wo = sk, + Esky (13)

In the following we explicitly indicate the pand T dependence of S, d“h and S ZC - Based on the electron-hole

symmetry in our tight binding model, and the time and space 1nversron symmetnes of the graphene crystal, we
~Q)daf  ~ul(2Vidaf

find P, +ka =P ka , which indicates that the contributions of the electrons and holes to the second order

response coefficients are the same. At zero temperature, when the chemical potential ;1 — 400, all the states are

filled and there should be no response, Sg’/‘}\’,f + < o(wp, wy) = 0. Since the electrons and holes lead to the same

contribution we have Sg?,lf,f oo (W W) = ZSQ,M 00wy, wy), and so we have SQ/MC 0.0 (Wp wy) = 0as well. This is

an important result, because in general S ,k,[ 0,0 (W), w,) cannot be d1rectly evaluated if only the low energy elec-
tronic excitation is available. Utrhzlng the linear dependence of ngy in Equation (11), the calculation of
Sg‘,‘f,f; 0o — ng‘k,f;o)o = 571}(,15; 10 depends on the electronic states around the Dirac points only.

Conductivity in the linear dispersion approximation. For visible or infrared light, the optical transi-
tions occur mostly around the Dirac point, where the linear dispersion approximation is widely used. The two

Dirac points are at K; = b + b and K, = b + bz, with the primitive reciprocal lattice vectors
b, = n (%” ) b, = 2—” ( } X+ y) and lattlce constant a,=2.46 A. Noting that for k around K, we have
a
k= K; + kwithk = n(coos 0,.& + sinf, ), in the linear dispersion approximation we have ¢, = shvpx and
1 i(0,—0
D:lk;x2k+q = E{l + 515261( " K+q) >
1 . i
Vikokiq = EﬁVF(Slew“ + sye Vea),
1 . R
Vkiskia Eh"F(_’slelQ'e + isye )

(14)

with the Fermi velocity v = ~/3a,7,/(2/) and the hopping parameter y, = 2.7 eV. The appropriate expression
around the other Dirac point can be obtained using inversion symmetry. We perform the integration first over the
angle 6, and then over x. Utilizing SQ 0.0 (Wp wy) = 0we find the results
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82 -t 4
(wg — 4 wy(hw,) — wy — 4
wy — 2w, 42 1
wi(hw,)?  wi — 4p® wy(hw,)?
2

pro(wp wy) = sgn(u)o,

81 w + wy(wy + wy)
S (wyy wy) = — S5 (wy w,) — sgn(p)o 1 220 L
Q31,0 \ W W) Q31,0 \Wp W gn(u 2W02 — 4H2 W()2W12W2
1 8u2 Suz 2wy — wy
Sirpo(wp wy) = sgn(p)o, - +
" (i)’ | wy — 4wl —4p® wy (15)

Here 0, = o|e|(hvp)*/(2n), 0y = e*/(4h), w, = hw, + iT,wy = hw, + iT,and wy = h(w, + w,) + il Simply
taking the limit ¢ — +o00 in Eq. (15) does not recover the result ng‘}fj <4000 (@ wy) = 0. This is not surprising,
because such a limit involves the contributions from all electrons in the “—” band, most of which can not be
described by the linear dispersion. Nonetheless, the contributions to the second order response from electrons
close to the Dirac points are well described by Eqs (12) and (15). Combined with the fact that the conditions
ng’]l\’/f 0.0 (W), w,) = 0are verified by using the symmetries of the system, the expression in Eq. (15) can be used to
describe the response coefficient for optical transitions occurring around the Dirac points.

At finite temperature, we follow the technique used in our previous work” to calculate the conductivities as
Sdabe | (wy wy) = ﬁf dx{F, (v T1 = F, (6, T)] = F,(=x, )
dab
x[1 - Fﬂ(—x, )|} Sib e @ w2, (16)

As opposed to the results of calculations of the third order conductivities” along these lines, here all terms appear-
ing in Eq. (15) are well behaved in the integration of Eq. (16).

The main results of this section are given in Eqs (7), (15) and (16). Within the linear dispersion approximation
that we have assumed, the results are analytic, and any calculation can be performed directly. In the following
we discuss the divergences (poles) of the analytic expressions at zero temperature, and then give a quantitative
analysis for different second order optical nonlinear phenomena including SHG, one color dc current generation
(including current injection effects, photon drag (or dynamic Hall effect)), and DFG.

Features and limitations of the result. We begin by considering some special limits of the response fol-
lowing from Eqs (7), (15) and (16). In the limit of a chemical potential much greater than any other energies
involved, i.e., \ | > hw;, T, kpT, the dominant contribution to the response is expected to come from the intra-
band transitions between states around the Fermi surface. We can isolate this contribution by considering the
limit l1de“bC (xw,, xw,; xT) and keeping only the leading term that varies as ocx?, and then setting x = 1. In this

limit we ﬁnd for the intraband contribution

Sg?iyrﬁra(wl’ w,) = —sgn(p)o,

w1 Wy

2w, (wy + w,) + 3w,w,
S(ggli?;ra(wl’ wl) = Sgn(M)O—Z S 2 2 2 2 0’
Wy W
2

S (wp w,) = —sgn(p)o,——.
'M ;intra 1 2 g M 2ﬁw1ﬁw2w0 (17)

Note that except for a sign the results in Eq. (17) are independent of the chemical potential, which through
Eq. (16) leads also to an insensitivity to the temperature. There are two kinds of divergences that appear in
Eq. (17). The first involves the w; in the denominator; the w; never vanish at real frequencies, and the divergences
that would arise were I to vanish can be said to be ameliorated by the phenomenological relaxation introduced.
The second involves the w; in the expression for Sy%%, . (w;, w,), and are unameliorated. Even in the presence of
relaxation these lead to dlvergences as w, or w, vanishes, and they appear in the term where the vector potential
was used in the calculation. In fact, if we evaluate the terms S5 (w;, w,) and Si% . (w), w,) using the vector
potential by Eq. (31) instead of the scalar potential, we also find that they acquire unameliorated divergences. We
emphasize that in the limit of no relaxation, where unameliorated divergences appear everywhere, the result in
Eqgs (7), (15) and (16) is independent of the gauge used in the calculations; our results agree with those obtained
by Tokman et al.?. It is just that the commonly used phenomenological model we have introduced for relaxation
is too simple to respect this gauge invariance. So the divergences in our expression for Si7%> . (w), w,) should not
be taken seriously; they are artifacts of the relaxation model, and have a parallel in the same way that unamelio-
rated divergences can arise in the linear response of a metal if such a relaxation model is used in conjunction with
the use of a vector potential to describe the electric field. We will turn to a more sophisticated treatment of the
relaxation in a future work; in this paper our focus will be on features of the response where w, and w, are greater
than I'/% from zero, and thus the lack of amelioration of the vector potential divergences will not be crucial.
Generalizing now beyond just the intraband response, we note that in the (g, w) dependence of the linear
conductivity’**! (g, w), there are divergences that arise in the absence of relaxation when one of the resonant
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Figure 1. The response coefficients (a) |S;(w)| and (b) |S,(w)| for relaxation parameters I'=0.5 meV and

33 meV at the temperatures 7= 0 and 300K and chemical potential ;1= 0.3 eV. The black dashed curves are the
intraband contributions from Eq. (17). (c) Shows the chemical potential dependence of |S,(w)| at hiw=0.3eV
for the same relaxation parameters and temperatures. The right y-axis shows the second order susceptibility for
light that propagates parallel to the graphene sheet.

conditions 7w |q| ~ hw and hvg|q| ~ |hw — 2|u||is met. The first is associated with intraband transitions, and
the second with interband transitions. Similar divergences arise here, some involving combinations of wave vec-
tors and frequencies, and their appearance is evident in the denominator of Eq. (12). The general resonant condi-
tions could be met in photonic structures, where |q| can be much larger than w/c. For light incident from vacuum
where the magnitude of the incident wave vectors|q.| < w/c, since vy < ¢ the resonant conditions for incident
fields become w= 0 for intraband transitions and w;= 42| s|/% for interband transitions, as shown in the analytic
expression for S (wl, w,). For the generated ﬁeld at w) +w, and q, + q,, the general resonant condition may be
satisfied due to the arbitrary choice of incident angle**?. Since the response to the intraband transitions in
Eq. (17) is weakly dependent on the chemical potential, one must rely on the interband contribution to tune the
resonant second order response in graphene. All coefficients S;f“bc (w,, wsy) are odd functlons of the chemical
potential, and at least proportional to sgn(u)u* Among these, S(Z) (W, wy) o sgn(p) . The form of the
divergences indicates the temperature can strongly affect the values of Sabe around these divergences. At room
temperature, all these fine structures are greatly smeared out even without the inclusion of the relaxation.

Second harmonic generation. For a single plane wave of fundamental light incident on the graphene
sheet, which at z= 0 will give a field of the form

E(r, t; 0) = E, oWt e (18)

it is convenient to separate the components of the field parallel and perpendicular to g, as E I = =g, - Eyand
E0 =Z- (4, X Eoh respectively. In the notation of Eq. (2) we have E,(0) = (27r)35(q - q0)5(w wy)E,. The
generated second harmonic current is

ISHG(r’ tz) = 6(Z)EZqu'r_ZMOt{‘IOSKUJo)(E(U)Z + qosz(wo)(EoL)z

+2 % q,[8,(wp) — S, (w)1EEJ} + c. c., (19)
where
Si(wp) = Zqu’fx (wg wy)s  Sy(wy) = 28;2'%" (wg» wy)- (20)

Note that a current perpendicular to g, arises only when components of the electric field both parallel and per-
pendicular to g, are present, while a current in the direction of g arises quite generally.

In Fig. 1(a,b) we show the response coefficients S;(w) and S,(w) for relaxation parameters I' =0.5 and 33 meV
at temperatures T=0 and 300K, for the chemical potential =0.3 eV. As w— 0 the description of relaxation is
not valid, as we discussed above, so we focus on the behavior away from w=0. For zero temperature and a small
relaxation parameter the coefficient S, exhibits two peaks, one at iw= || and the other at iw=2|u|; they follow
from the analytic expression in Eq. (15). As discussed above, the peaks are as expected for interband resonances,
the first associated with a two-photon resonance and the second with a one-photon resonance. With an increase
in the relaxation parameter or in the temperature both peaks are lowered and broadened. Although the thermal
energy at 300K (25.8 meV) is slightly smaller than the relaxation parameter 33 meV, it affects both peaks more
effectively, which follows from the form of the dependence on the chemical potential in Eqs (15) and (16). The
intraband contributions from Eq. (17) are plotted as black dashed curves, which fit with the fully calculated
results very well for photon energies fiw < 0.1eV for the chosen parameters. The coefficient S, exhibits similar
peaks at iw= || and Aiw =2|p|, but there is also a dip at around fiw = |¢1|/2. This is also apparent from Eq. (15),
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and is due to a cancellation of contributions from S"xy}' and S;;””; in fact, at zero temperature, S,(;/2) o< I" and so
it would vanish in the limit of no relaxation.

For the extreme case of g, =wy/c, corresponding to light propagating parallel to the graphene sheet, it is natu-
ral to introduce an effective SHG susceptibility. Identifying a nominal thickness d,, = 3.3 A for the graphene sheet,
the effective susceptibility can be taken as XJ(Z)(WO) =8S. (wo) 4, /(— zwogod ) = 1S (wo) / (csod ywith j=1, 2; note
that XJ(Z)(%) is simply proportional to S)(w,), but its 1ntroduct10n makes it easy to compare the strength of the
second order response of graphene w1th that of materials with an allowed second-order response. The values of
the X.(Z)(wo) are shown on the right y-axis of Fig. 1. At fiw,~ 0.6 eV, the values for| Xl(z)(wo) | vary from 10°pm/V at
T=0,I'=0.5meV, to 84 pm/V at T=300, I'=0.5meV, 154pm/V at T=0, ' =33 meV, and 63 pm/V at T=300,
I' =33 meV. The temperature and relaxation greatly reduce its magnitude. The contribution from the intraband
transition is about 51 pm/V, which is insensitive to the temperature and relaxation parameters at this photon
energy. At optical frequencies the values obtained here are orders of magnitude smaller than those predicted for
the current-induced SHG of graphene and the SHG* in a gapped graphene. This is not surprising; effects
dependent on the finite size of the wave vector of light are typically weak. However, the values we find are still
larger than for most SHG materials®®, where the process is allowed, which indicates the strong second order opti-
cal response of graphene, despite the fact that it must rely on the small wave vector of light.

In Fig. 1(c) we show the chemical potential dependence of |S,(w)| for a fixed photon energy iiw=0.3eV. We
see that control of the chemical potential can be used to change the size of the SHG coefficients, especially at low
temperature.

The second order polarizability constitutes part of the second order response, and has been investigated by
Mikhailov!®. The connection between the nonlinear conductivity discussed here and that polarizability follows
from the continuity equation 9,n(r, t; z) + V, - J(r, t; z) = 0. For the field in Eq. (18), the induced second

order charge density is identified as n'?(r, t; z) = 6(z)e2“’0 r=2iwgt (2)(‘10, W) ¢q (&) e from which we

find am(qo, wp) = — q" sd“bc (wer “’0)‘10 ‘10 ‘10 = 7—S 1(wp)- The intraband contribution without the inclusion
_3 Iel 4 Givg)”

87 (Jiwg)!
tion®®. This also confirms that his expression contains only intraband contributions, and as expected there is no
contribution to the second order polarizability from magnetic-dipole-like terms.

of relaxation gives from Eq (17) as a(z)(q wp) = , which is in agreement with Mikhailov’s calcula-

Photon drag and one color current injection.  For the single-mode incident field in Eq. (18), besides the
SHG, the other second order current is a dc one

Jalr ) = 5,8 B + 8,(w0) [Eg T}
+ 8(2)2 x q, Re[S5(wy)Eg" (ED)], 1)
where
Sy(wp) = 4 Re[SF (wp — wy))
Sy(wy) = 4R[SV (wp — wy))

S5 (w,) 4[Sf¥y (wp, — wy) — S;f#y( — wp wo)]- (22)

For these coefficients, the poles exist at iw =0 or iw = 2|u|. Depending on the electric field polarization, the dc
current can be in the direction of either g, or both g,and Z x q . The latter can only exist when the electric field
has nonzero components along both gy and 2 x gq,. We check the limit I' — 0 at zero temperature. The terms in
Eq. (22) can be approximated as

16[(7w)” — 641°]

S3(w) = sgn(p)o, 2 22
(hw) | (hw + T — 4]
_ 2
Sy(w) =~ sgn(p)o, o6 > R
(hw) | (hiw + TV — 4] (23)
1 —8i 32[3(hw)’ — 4]’
Ss(w) ~ sgn(p)o :
; T ) (o (i + D — 4] (24)

At hw= %2 the coefficients S;(w) and S,(w) diverge as ['"2 for small enough I. So for sufficiently small I" the
small q expansion applied to Eq. (12) becomes suspicious, and the q dependence in the denominator of that equa-
tion should be considered explicitly. For small frequencies, both coefficients also diverge as (fiw)!. These diver-
gences are associated with the resonant photon drag effect, as discussed by Entin et al.2. For S5(w) there is an
additional I'! divergence that arises for all photon energy. It only contributes to ], when E;- and E(q have differ-
ent phases, which requires elliptically polarized light. This divergence shows that the dc induced current described
by Ss(w) behaves as a one-color injected current, similar to that observed in semiconductors without inversion
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Figure 2. The response coeflicients (a) |S;(w)|, (b) |S4(w)|, and (¢) |Ss(w)| for relaxation parameters I' = 0.5 meV
and 33 meV at temperatures T=0 and 300 K and chemical potential ;1= 0.3 eV. The black dashed curves are the
intraband contributions from Eq. (17).
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Figure 3. The contour plot of the response coeflicients |$%(—w,, wp)| at (a) T=0Kand (b) T=300K for
1=0.3eV and I'=33 meV. The contour lines correspond to the values 1, 10, 50, and 100 in the units indicated.
(c) An effective X(z)( —w, — 4% w, q,%) with the parameters taken from the experiment® by Constant et al.
Here w;=27c¢/\;, and q;=w;/c cos B; with i =s, p. The other parameters are ;1=0.5eV,I'=6.62meV, and T=0K.

symmetry®*; here the interference between the two transition amplitudes that can lead to an injected current is
associated with the E;" and E(u components of the electric field.

In Fig. 2 we show the response coefficients |S;(w)|, |S4(w)|, and |Ss(w)| for relaxation parameters I" = 0.5 and
33meV at temperatures 7= 0 and 300K, and chemical potential 1=0.3 eV. The peaks appearing at /iw =0 and
hw=2| | are obvious. Similar to the behavior of S,(w) in Fig. 1(b), |S4(w)| in Fig. 2(b) also shows a dip at hw = ||
at zero temperature. At finite temperature, the frequency of that dip changes. At zero temperature, S;(w) and S,(w)
show a very weak dependence on the relaxation parameters for /iw away from the resonances, while S5(w) shows
a significant dependence, and indicates the injection process. The effect of increasing temperature on S;(w) and
S4(w) is significant for most of the frequencies studied.

Difference frequency generation. In the presence of a strong pump field E, , atq,and w), the injected
PP

signal field E q,(~w) 3 ds and —w; can lead to light emitted at(q + ¢, w, — w,) from the second order nonlinear
S (—w, Wp)| on Aiw, and hw, at T=0 and T= 300K for
p1=0.3eV and I'=33 meV. At zero temperature, large values are observed around any of |fiw, — fw L: 0or
2|y, corresponding to the possible poles. Around the line fiw, = fiw,, the response is rather large due to the small
difference frequency. It has been proposed that this large signal could be used to excite THz plasmons in
graphene?, an effect reported in an experimental study®.

When exciting of layer structures, the in-plane wave vector can change with the incident angle while keeping
the incident frequency fixed; thus it is possible to find parameters which satisfy|w p = Wi |/] qp +q, | < cas Wp and
w, get close. The frequency of the emitted light can then match the plasmon resonance, which is determined by
the linear conductivity, and the emitted signal can be greatly enhanced®. Furthermore, around the condition
—w, ~ v F|’1p + g, the second order response can also show a strong q dependence, where the expansion of

process. In Fig. 3 we show the dependence of

“p
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the conductivity as Taylor series of g may not be appropriate. With finite temperature and finite relaxation param-
eters, such dependence can be further blurred and broadened, which may make expansion possible.

We estimate the effective susceptibility y?(—w o= 4% W, q, %) = @ wy — q X wy q, X
(—i(wp w )Eod ) with w;=27c/\;, q;= w;/ccos b, for i=s, p, which may be related to the experlment2€
Constant et al. The parameters from the experiment are taken as 4 =0.5eV, I' =6.62meV, \;=615nm, §,= 125°
and ¢, = 15°. Note that the results at room temperature are almost the same as those at zero temperature, which
are shown in Fig. 3(c). Our calculated values are orders of magnitude smaller than the value extracted from the
experiment, which is about 10°pm/V for their resonant wavelength A, ~586 nm. For our parameters,
W, — wy > vF(qP —q,)is valid as A, <612 nm. At \, =586 nm, w, — w, is about 10 times larger than vr(q, — qy),
which means our approximation should work at this wavelength. The reason for the discrepancy between the
calculation and the experimental results is not yet clear, and its clarification probably requires both a more
detailed analysis of the experiment and a theory beyond the single particle approximation.

X/

Discussion

We have separated the contributions of the magnetic dipole-like and electric quadrupole-like effects to the sec-
ond order nonlinearities of monolayer graphene. Using the linear dispersion approximations, we obtained ana-
Iytic expressions for the second order conductivities, which show strong dependence on chemical potential and
temperature. We quantitatively analyze the predictions for different second order phenomena, including sec-
ond harmonic generation, one photon dc current generation, and difference frequency generation. Although
these effects, forbidden at the level of the electric dipole approximation, are intrinsically weak, the predicted
second order responses of graphene are very strong, with effective response coeflicients much larger than those
for many materials where the electric dipole effects are allowed. At low temperature and with weak relaxation,
the calculated second harmonic generation coefficients can be as large as 10° pm/V for a resonant response at
hw=2|u| = 0.6 eV. However, this value decreases to the order of magnitude of 10> pm/V at room temperature,
or in the presence of strong relaxation. The strength of the second order response coefficients can be effectively
tuned by applying a gate voltage to graphene for tuning its chemical potential, a strategy which may be used to
design photonic devices with new functionalities. Finally, we mention that the third order nonlinearities, as cal-
culated ealier” from the kind of independent particle approximation applied here, are approximately two orders
of magnitude smaller that those reported in experimental studies. Thus, it may be that the forbidden second order
response in graphene is even larger than the predictions in this work indicated, and further experimental studies
would certainly be in order.

Methods
Two-band tight binding model.  The widely used two-band tight binding model is based on the carbon 2p,
orbitals ¢ (r, z), in which the eigen states and eigen energies of H, can be written as

Cﬁ 1 SL
1/)sk(r, Z) = Z cjj@ak(r, Z), with Cq = SB = If ‘ ,
a=A,B Ck 2| VK
1 (25)
where s=+ is the band index, k = k,& + k,j is the two dlmensmnal wave vector, f, =1 + e ea | pikas g

the structure factor with prlmltlvelattlcevectorsa1 (3% — 9)ay/2anda, = (3% + P)ay/2, a,=2.46 A is the
lattice constant, y,= 2.7 eV is the hopping energy between nearest neighbours, and

D (1, 2) = 49 ek ek Run (1 — — T, z) with R, = na, 4+ ma,, 7, =0, and 73 = (a, + a,)/3. Note
thato(r, z)isa functlon well localized around z=0. The eigen energies are

ex = $Yolf | (26)

From the localized nature of o (r, z) it follows that the matrix elements of a plane wave are

1 fk i —i(ky—ky)-
D$1k1;$2k2 = fd Slkl (T')E‘(kl ky)- waZkZ(r) 51 2 i b 2 Te i(ky—k))-Tg R
|fk1fk2 | (27)
Under the linear dispersion approximations around the Dirac points, the current density operator can be defined
as
j,=S(pe T 4 e TTp),

12 (28)

with matrix elements
* 54 d
fdrwflkl (r)]‘ldjszkz(r) = evslkl?szkﬁ‘lé(kz —k - (29)

Ward identity. Since the gauge potentials ¢ (r, t; z) = —9,g(r, t; z)and A(r, t; z) = V, g(r, t; z) yields
zero physical electromagnetic field, they will not induce any changes of the system. Thus substituting these poten-
tials in Eq. (4) leads to the Ward identity
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sd sdab b
W (g, wg q,, w)w, + WO (g, wys g, w2)g) = 0. (30)
Without loss of the generality, we substitute W0 — — W(Z);d“qub/ w, into Eq. (4); after appropriate rearrange-

ment, the dependence on electric field E, ;’w = - ithgw + iWAZw can be extracted. With a similar derivation for
Ag, and then comparing with the expansion in Eq. (1), we find

2);dab 1 2)sdab
o ida (111, Wy 4,5 w,) = WW( )ida (ql, Wy 4, w,). (31)
1"%2

Then using the Ward identity we also have

2 _a_b _(2)dab

W (g, wy g, w) = (= )’qlq e (q,, wg q, w)). (32)
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