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Relationship between quantum 
speed limit time and memory 
time in a photonic-band-gap 
environment
J. Wang1, Y. N. Wu2, M. L. Mo1 & H. Z. Zhang2

Non-Markovian effect is found to be able to decrease the quantum speed limit (QSL) time, and hence 
to enhance the intrinsic speed of quantum evolution. Although a reservoir with larger degree of non-
Markovianity may seem like it should cause smaller QSL times, this seemingly intuitive thinking may 
not always be true. We illustrate this by investigating the QSL time of a qubit that is coupled to a two-
band photonic-band-gap (PBG) environment. We show how the QSL time is influenced by the coherent 
property of the reservoir and the band-gap width. In particular, we find that the decrease of the QSL 
time is not attributed to the increasing non-Markovianity, while the memory time of the environment 
can be seen as an essential reflection to the QSL time. So, the QSL time provides a further insight and 
sharper identification of memory time in a PBG environment. We also discuss a feasible experimental 
realization of our prediction.

In quantum information and communication theory, a central objective is to know how fast can a quantum 
system evolve so as to develop the ultra-speed communication channel and quantum computer. The intrinsic 
minimal evolution time between two states, known as quantum speed limit (QSL) time1, is a key method in char-
acterizing the maximal rate of quantum evolution. For closed quantum systems, the QSL time is determined by 
the Mandelstam-Tamm (MT) type bound and the Margolus-Levitin (ML) type bound2,3.

Over the past few years, a considerable amount of work has been devoted to the extensions of the QSL time for 
open quantum systems4–7, since the interaction between quantum systems and environments can not be ignored. 
Several new QSL time bounds for open quantum systems have been formulated8. The analysis of the environmen-
tal effects on the QSL time has been recently applied to a number of systems such as spin-boson models9,10, atoms 
in photonic crystals11, and spin chains12.

Interestingly, it is found that the non-Markovian evolution induced by the memory effect of environment 
can accelerate the quantum evolution13–16. A good example of this is the situation where an atom is coupled 
to a leaky single mode cavity13. For this model, it has been discovered that increasing non-Markovianity will 
decrease the QSL time, and therefore lead to a faster speed of the intrinsic evolution. Moreover, a monotonic 
relationship between the non-Markovianity and the QSL time is presented in different settings17,18. One question 
naturally arise: whether can the degree of non-Markovianity directly reflect the length of QSL time in a memory 
environment.

The purpose of this paper is to examine the relation between non-Markovianity and QSL time in a environ-
ment with memory effects. To do so, we will study the QSL time of a single two-level atom that is immersed in 
a coherent photonic crystal consisting of an upper band, a lower band and a band gap19–21. The environmental 
coherence means that the lower-band and upper-band reservoirs are correlated and can become coherent due to 
the definite phase difference between the fields from the double-band reservoir. This interaction between atomic 
system and the PBG reservoir has been widely used to form population trapping22, spontaneous emission sup-
pression23–25 and quantum entanglement preservation26–34.

In this setting, we investigate how a decrease of QSL time can be acquired by manipulating the environmental 
coherent property and the band-gap width. It is shown that the environmental coherence and the width of the 
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band gap, all serve to reduce the QSL time in some cases. For the mechanism of intrinsic quantum speedup, some 
nontrivial and unexpected results are found. The non-Markovianity can not directly affect the QSL time. In other 
words, a larger value of the non-Markovianity does not necessarily result in a shorter QSL time. So in order to 
clear the physical reason, we further focus on the relation between the QSL time and the memory time of the 
environment. The memory time of the PBG environment plays a decisive role in the memory effect, and can be 
characterized by the time taken by some information to travel from the system to the environment and back35. We 
find that the QSL time reduction is attributed to the decreasing memory time of environment, which indicates the 
increase of the return velocity of information. It is not the non-Markovianity, i.e., the total amount of backflow 
information, but the backflow rate of information can be seen as an essential reflection to the QSL time. Our 
results suggest that the QSL time can witness the memory time of PBG environments.

In the following, we will first present a model in which a qubit is coupled to a coherent double-band PBG 
environment. Secondly, we will consider the environmental effects on the QSL time. The relation between the 
QSL time and the memory time of the PBG environment will also be explored.

Results
The system-environment model.  The global system we consider comprises a two-band photonic crystal 
containing a single two-level atom placed at location r0. The corresponding Hamiltonian is ( = 1 )

= + +H H H H (1)S E I

with the system Hamiltonian

ω=H 1 1 (2)S 0

describing a two-level system with the excited state 1 , ground state 0  and transition frequency ω0. The 
Hamiltonian of the double-band photonic crystal environment,

∑ ∑ω ω= +
ι
ι ι ι

† †H a a b b ,
(3)E

u
u u u

represents a environment of harmonic oscillators with field operator ι
†b  ( †au ) for the lower (upper) band PBG res-

ervoir. The interaction Hamiltonian reads
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 is the position-dependent coupling constant of the two-level 

atom with the upper (lower) band PBG reservoir modes with frequency ωu(ι). Here, d0 refers to the magnitude of 
the dipolar moment and its direction is represented by ud. ⁎E r( )u k, 0  and ι

⁎E r( )k, 0  represent the eigenmode fields 
from the two-band PBG reservoir. It has been proved that the eigenmode fields depend on the atomic embedded 
position and can interfere with each other36. Thus, we can write the fields ⁎E r( )u k, 0  and ι

⁎E r( )k, 0  as36
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θ=ι
⁎E r r e( ) sin ( ) , (6)k k, 0 0

where ek is the unit vector of the electric field. The parameter θ(r0) represents the angle seen by the two-level atom 
placed at r0. The model thus describes the coupling of a qubit to a PBG reservoir with coherent property, which 
results from the π/2 phase difference between fields ⁎E r( )u k, 0  and ι

⁎E r( )k, 0 .
We assume that the atom is initially excited, and the two reservoir modes are in the vacuum state ι

 0 , 0u . The 
state of the total system at time t takes the form
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where 1̃u  ι
˜( 1 ) is the radiation state containing one excitation only in the uth (ιth) mode.

The probability amplitudes of the system are governed by the Schrödinger equation, from which we can obtain
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Eliminating cu(r0, t) and cι(r0,t) in Eq. (8), one finds
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where τΓ − = ∑ ω ω τ− − −t g e( )u l
i t

k k( )
2 ( ) ( )u l( ) 0  represents the memory kernels from the upper (lower)-band reser-

voir. Here, we have applied gu(r0) ≅​ gk cos θ(r0) and gl(r0) ≅​ gk sin θ(r0) with constant ω= ⋅
ε ω( )g d u e
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, 
cu(r0, t) =​ ck(t) cos θ(r0), cι(r0, t) =​ ck(t) sin θ(r0), and the band-gap width ω ω ω ω∆ = − ≅ −ιc u c c1 2
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.
The Laplace transform of a(t) is
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. Γ​u(ι)(s) represents the Laplace transform of Γ​u(ι)(t −​ τ) 

and its calculation is shown in the method section. For the analytical result of a(t) we refer the reader to the 
Supplementary Material (see the Eq. (S7)).

In the above discussion, we only considered a coherence case, where the PBG reservoir is coherent resulting 
from the π/2 phase difference between the lower-band and upper-band fields of PBG (see Equations (5) and (6)). 
Now, we study a bit of more general case, where the two-band PBG reservoir is incoherent, i.e., the eigenmode 
fields from the lower-band and upper-band reservoirs are incoherent waves and independent of the atomic 
embedded position [θ(r0)]. Thus, the coupling strengths of the atom with the lower-band and upper-band reser-

voir modes are the same and equal to the constant ω= ⋅
ε ω( )g d u e

V dk k0 0
1

2

1/2

k0 0
. In the non-coherence case, the 

L aplace  t ransform of  the  probabi l i ty  ampl itude  in  the  state  ι
 1, 0 , 0u  can be  g iven by 

= + Γ + Γι
−

a s s s s( ) [ ( ) ( )]no u
1. The calculation process of a s( )no  is shown in detail in the Re37. The analytical 

result of the amplitude ano(t) for no coherence case is shown in the Supplementary Material.

Quantum speed limit time.  The aim of this section is to investigate the QSL time problem of a two-level 
system interacting with a PBG environment. The QSL time is defined as the intrinsic minimal time a system 
evolving between two states. A unified expression for the QSL time in open systems, widely used to evaluate the 
speed of quantum evolution, can be written as13
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where ρ ρ ϕ ρ ϕ=τ τB( , ) arccos (0) (0)0  is the Bures angle between the target state ρτ and the initial pure state 
ρ ϕ ϕ= (0) (0)0 . ∫ ρ=

τ

τ
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E dtop tr hs t op tr hs, ,
1

0 , ,
, with ρ

 t op tr hs, ,
 denoting the operator norm, trace norm and 

Hilbert-Schmidt norm of ρ
 t, respectively. Using this QSL time bound, we can evaluate the intrinsic speed of the 

dynamical evolution by a given driving time τ. When the QSL time τQSL achieves the actual driving time τ, i.e., 
τQSL =​ τ, there is no potential capacity for further speedup, or say the speedup evolution can not appear. For 
intrinsic speedup evolution, it requires τQSL <​ τ, and the shorter the τQSL the faster the intrinsic speed of evolution 
(or equivalently, the greater the capacity for potential speedup) will be.

For convenience, we assume that the atom starts in the excited state ϕ =(0) 1 , that is ρ = 1 10 . The 
density matrix of the atom for arbitrary time t can be evaluated as38 ρ = + −a t a t( ) 1 1 (1 ( ) ) 0 0t

2 2 . In 
the light of Eq. (12), the QSL time of the above model can be given by

∫
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−

∂
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τ
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P
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1

(13)
QSL

t t
1

0

with Pt =​ |a(t)|2 denoting the atomic excited state population. In the following we will pay special attention to the 
problem of the effect of environment coherence and width of the band gap Δ​c on the QSL time.

In Fig. 1a, we investigate QSL time τQSL versus parameter ω0. A reasonable comparison between the solu-
tions within and without the environment coherence is clearly shown. Here, we choose the driving time τ suf-
ficiently large. This guarantees that the system reaches its steady state. We find that, when ω0 is in the region 
of the photonic band gap, τQSL of coherence case (dashed line) is smaller than that of the non-coherence case 
(solid line), which means that the environment coherence can reduce the τQSL, i.e., increase the intrinsic speed of 
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quantum evolution. While, when ω0 goes far outside the band gap, the QSL time of coherence increases quickly 
and becomes larger than that of non-coherence case.

As noted in refs 13 and 10, the non-Markovianity   within the driving time can lead to smaller QSL times. In 
order to further study the relation between the QSL time and the non-Markovianity, we also plot the 
non-Markovianity for coherence and non-coherence cases. Non-Markovian dynamics, being linked to memory 
effects of the environment, implies that the lost information flows from environment back to the system39. The 
non-Markovianity   can be defined as the total amount of backflow information, ∫ σ ρ=

ρ σ> dt tmax ( , (0))
(0) 0 1,2

1,2

 , 

where σ ρ ρ ρ=t D t t( , (0)) ( ( ), ( ))d
dt1,2 1 2  denotes the changing rate of the trace distance. The trace distance is 

defined as ρ ρ ρ ρ= −D t t tr t t( ( ), ( )) ( ) ( )1 2
1
2 1 2  with = +o o o . It should be note that the dynamical process is 

non-Markovian if there exists a pair of initial states such that σ(t,ρ1,2(0)) >​ 0, and the maximum is taken over all 
pairs of initial states. As noted in ref. 40, the pair of optimal states is proved to be the states ρ =(0) 0 01  and 
ρ =(0) 1 12 . This allows us to derive the rate of change of the trace distance in the form σ(t,ρ1,2(0)) =​ ∂​tPt.

The corresponding non-Markovianity   is shown in Fig. 1b. The presence of environmental coherence pro-
duces two interesting features. First, except for the regions near the band edges, the non-Markovianity for the 
non-coherence environment is always greater than the one for the coherence environment. It is implies that envi-
ronmental coherence can suppress the non-Markovianity. Second, by contrasting Fig. 1a and b, we find that 
decreasing non-Markovianity will decrease the τQSL when ω0 is near the middle of the band gap, while, decreasing 
non-Markovianity will increase the QSL time outside the band gap region. Therefore, it is not always true that 
increasing non-Markovianity can lead to a smaller QSL time.

Next, we will consider how the QSL time is affected by the width of the band gap Δ​c. Both the τQSL and the 
non-Markovianity for various of Δ​c are shown in Fig. 2a and b. We observe that the QSL time decreases with the 
increase of Δ​c. If averaging the non-Markovianity over the presented region of ω0, one can see that the averaged 
value of non-Markovianity also decreases with the increasing of Δ​c. Therefore, the reason of the τQSL reduction in 
this case is not due to the enhancement of non-Markovianity.

In concluding this section, we would like to emphasize that, the environmental coherence and the width 
of the band gap are all play an important role in accelerating the intrinsic speed of the atomic evolution. More 
importantly, the decrease of the τQSL is not directly due to the non-Markovianity, i.e., the total amount of backflow 
information. What is the mechanism of the intrinsic speedup in a memory environment? What can directly affect 
the τQSL in a reservoir with memory effects? To address the above questions, we first describe the memory effect 
of the model by using the memory time in the next section.

Relationship between the QSL time and the memory time.  The memory effect of a reservoir con-
nects tightly with the reservoir correlation time, i.e., memory time. It has been shown that the dynamics of an 
open system is Markovian when the memory time is very short and non-Markovian when the memory time is 
long41. We first describe the memory time of this model.

For a two-level atom with transition frequency near resonant with the band edge of a photonic crystal, a emit-
ted photon will penetrate a localization length42 and back. Such a feedback mechanism can result in information 
backflow, hence non-Markovianity. Also, the time taken by a photon to perform a round trip to the atom should 
reasonably behave as a memory time, which is a key parameter to the occurrence of memory effect.

Based on this, we take the memory time as T =​ 2l/v, where l is the localization length and v is the pho-
ton group velocity. For our two-band PBG reservoir, we will obtain two localization lengths ll and lu coming 
from the lower-band reservoir and the upper-band reservoir. The analytical results of lu and ll are shown in the 
Supplementary Material. The dispersion relation of a two-band PBG environment reads

Figure 1.  (a) The QSL time τQSL and (b) non-Markovianity   (in unit of 1/β) as a function of ω0/β, for the 
coherence case with θ(r0) =​ π/4 (dashed line) and the non-coherence case (solid line), respectively. Here we set the 
driving time τ =​ 20 (in unit of 1/β). The shadow region refers to the bang gap of the tow-band photonic crystal.
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where ω=A k/m c 0
2

m
 (m =​ 1, 2), and k0 is a constant characteristic of the dielectric material. Thus, the photon 

group velocity can be given by v =​ dω/dk. To simplify our calculations, we approximate the group velocity as 
|vu| =​ |vl| =​ χ, where χ is chosen sufficiently small. That is, we assume that the magnitudes of group velocities 
coming from the upper and lower band reservoirs are the same and equal to χ. These approximations are valid 
because we will focus on processes where the photonic band gap is narrow (ω ωc c1 2

) and the atomic frequencies 
are close to the photonic band edge.

Hence, the memory time is reduced to Tu(l) =​ 2lu(l)/χ, which depends entirely on the localization length lu(l). If 
lu ≥​ ll, i.e., Tu ≥​ Tl, we choose the long time Tu as the memory time of the two-band PBG reservoir, and vice versa. 
Clearly, the memory time is

χ
χ

=





≥
≥ .

T
l l l
l l l

2 / ,
2 / (15)

u u l

l l u

As an illustration, the memory time is plotted as a function of ω0/β in Fig. 3. The comparison between the solutions 
within and without the environment coherence is shown in Fig. 3a. It is remarkable to find that the memory time 
exhibits the same behaviors as the QSL time in Fig. 1a. That is, both τQSL and T of coherence (non-coherence) cases 
are shorter (longer) than that of non-coherence (coherence) cases for ω0 is in (out) the band gap region. By contrasting 
Figs 3b and 2a, the results also confirm that decreasing memory time will decrease the QSL time. We thus conjecture 
that the memory time could be seen as an essential reflection to the QSL time of the dynamical evolution. The decrease 
of memory time can make the information return more quickly to the system, which helps to accelerate the intrinsic 
speed of evolution and therefore lead to a smaller QSL time. On the other hand, from Figs 3b and 2b, we can find that a 
shorter memory time can cause a smaller non-Markovianity in PBG reservoirs. That is to say, it is not the total amount 
of backflow information but the backflow rate of information that directly affects the QSL time.

Discussion
In summary, we have studied a qubit that is coupled to a coherent PBG reservoir. We have investigated how the 
coherent property and the width of the band gap affect the QSL time of the qubit. We find that the width of the 
band gap serves to reduce the QSL time. However, the environment coherence can play dual effects. We have 
also explored the mechanism of the QSL time reduction in our model. It is revealed that the memory time of the 
reservoir can be seen as an essential reflection to the QSL time.

The ideal physical system to test the phenomenon we illustrated in this work is InAs quantum dots coupled to 
a planar GaAs photonic crystal43. In experiment, to control the embedded position of the quantum dot in order 
to observe how the QSL time is influenced by the coherent property of the PBG environment, we can use the 
method of electrohydrodynamic jet printing44. For the relevant experimental parameters, the transition frequency 
and dipole moment of InAs quantum dots are observed to be ω0 ~ 1.3PHz and d0 ~ 3.3 ×​ 10−18CM45,46, respec-
tively, which in turn gives β ~ 160 MHz. We can tune the ω0 of quantum dots by the Stark shift with typical shifts 
Δ​ ~ 1 GHz. Therefore, Δ​/β ~ 6, and the conditions for intrinsic speedup can be accomplished. Our work may be 
of theoretical and experimental interests in controlling the QSL time in memory environments.

Figure 2.  (a) The QSL time τQSL and (b) non-Markovianity   (in unit of 1/β) as a function of ω0/β for different 
values of the width of the band gap Δ​c with τ =​ 20 (in unit of 1/β) and θ(r0) =​ π/4.
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Method
The calculations of Γu(s) and Γl(s).  Using the above dispersion relation (Re. (14)), the Laplace transforms 
of the memory kernels Γ​u(t −​ τ) and Γ​l(t −​ τ) can be obtained analytically as

∫β
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ω ω
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3/2  37. δ1(2) =​ ω0 −​ ωc1(2). To keep it simple in this 

work, we assume β β β= =1
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2
3/2 3/2.
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