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On the importance of full-
dimensionality in low-energy 
molecular scattering calculations
Alexandre Faure1,2, Piotr Jankowski3, Thierry Stoecklin4 & Krzysztof Szalewicz5

Scattering of H2 on CO is of great importance in astrophysics and also is a benchmark system for 
comparing theory to experiment. We present here a new 6-dimensional potential energy surface 
for the ground electronic state of H2-CO with an estimated uncertainty of about 0.6 cm−1 in the 
global minimum region, several times smaller than achieved earlier. This potential has been used 
in nearly exact 6-dimensional quantum scattering calculations to compute state-to-state cross-
sections measured in low-energy crossed-beam experiments. Excellent agreement between theory 
and experiment has been achieved in all cases. We also show that the fully 6-dimensional approach 
is not needed with the current accuracy of experimental data since an equally good agreement with 
experiment was obtained using only a 4-dimensional treatment, which validates the rigid-rotor 
approach widely used in scattering calculations. This finding, which disagrees with some literature 
statements, is important since for larger systems full-dimensional scattering calculations are currently 
not possible.

The H2-CO dimer is an important system in several fields of physics, chemistry, and astrophysics. H2 is the most 
abundant and CO is the second most abundant molecule in interstellar space. While it is difficult to directly 
observe H2 in space, especially in cold molecular clouds (because the large rotational constant of H2 implies a 
very weak emission spectrum whereas the high dust optical depth precludes its observation through ultraviolet 
absorption), observations of CO provide a large fraction of our knowledge about galaxies. In particular, the two 
lowest rotational transitions of CO are among the best tracers of star formation in dense molecular clouds1. The 
observations of CO also allow the estimation of H2 densities and masses in molecular gas. Low density interstellar 
media, due to low frequency of collisions, cannot be assumed to maintain local thermodynamic equilibrium. 
The interpretation of all such phenomena requires the knowledge of H2-CO inelastic cross-sections, mainly for 
rotational, but also for vibrational excitations. These cross-sections are difficult to obtain experimentally, but can 
be accurately computed from first principles.

The first ingredient in an accurate treatment of H2-CO scattering is an accurate potential energy surface. In a 
balanced approach, one has to control the uncertainties from various sources to obtain optimal accuracy of the 
potential energy surface. The sources of uncertainties are the level of ab initio theory used to approximately solve 
Schrödinger’s equation, the size of basis set employed in such calculations, the dimensionality of the potential 
energy surface, the number of grid points used (i.e., the number of ab initio calculations performed), and the 
accuracy of the analytic fit to the computed energies. The first calculations of H2-CO scattering were performed 
in 1976 by Green and Thaddeus2 in 2-dimensions, i.e., assuming rigid monomers and neglecting the H2 angular 
degrees of freedom. They used an empirical potential energy surface, obtained by scaling the CO-He surface (the 
latter surface included some ab initio input). The first fully ab initio potential energy surface in 4-dimensions was 
published by two of the present authors3 in 1998, later followed4 by an improved version, also 4-dimensional, in 
2005.

The first full-dimensional calculations on the interaction between H2 and CO were published by Kobayashi  
et al.5 in 2000. These calculations were performed using the coupled-cluster method with Brueckner’s orbitals and 
up to perturbative triple excitation contributions, CCSD(T), in an augmented triple-zeta quality basis set. The 
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authors did not provide any analytical form of the surface, the ab initio interaction energies were only presented 
on a grid of points in the 5-dimensional coordinate space (the authors found weak dependence on one of the 
angles and set this angle to zero for all published grid points). Later, Flower6 obtained a fit to these data, but only 
in 4 dimensions, neglecting additionally the dependence on the H-H separation. The dependence of interaction 
energies on intramolecular coordinates was investigated in ref. 4. More complete full-dimensional calculations 
were performed in 2012 by two of the present authors and collaborators7,8, using coupled-cluster methods with up 
to perturbative quadruple excitations, CCSDT(Q), and very large basis sets with extrapolations to the complete 
basis set (CBS) limits. For each given set of intermolecular coordinates, the interaction energies were then aver-
aged over the vibrational motion in the monomers. This approach to reduced-dimensionality potential energy 
surfaces was introduced in ref. 9 and shown to lead to almost negligible errors relative to full-dimensional calcula-
tions of van der Waals dimers spectra. In this way, two four-dimensional surfaces were obtained7,8: for the ground 
and first excited vibrational states of CO, with H2 at the ground vibrational state in both cases (the former surface 
will be denoted as V12). These surfaces have been used in several bound-state and scattering calculations7,8,10.

Very recently, the first full-dimensional analytic potential energy surface for H2-CO, further denoted by VY, 
has been published by Yang et al.11. The ab initio interaction energies were calculated at the CCSD(T)-F12 level 
of theory, where F12 denotes the use of explicitly correlated factors in the basis set, with quadruple-zeta quality 
basis sets. A very large number of grid points, amounting to almost 400,000, were used. The surface was applied 
in several full-dimensional scattering calculations. These authors performed also four-dimensional scattering 
calculations using the surface V12 from refs 7,8. For high-collision-energy inelastic scattering leading to rotational 
excitations of CO, the two approaches gave essentially equivalent results in comparison to the experiment of 
ref. 12. For low-energy scattering leading to CO excitations from the ground to the first excited rotational state, 
comparisons were made to the experiment of ref. 13 and the six-dimensional calculations agreed with experiment 
better than four-dimensional ones. Yang et al. apparently were not aware that the experimental results of ref. 13 
were erroneous, see ref. 10. The latter paper compares theoretical cross-sections, computed using the same V12 
potential, to the corrected experiment and an almost perfect agreement has been achieved. Thus, the calcula-
tions on the VY surface exhibit in fact fairly large discrepancies relative to the correct experiment, as pointed out 
recently in ref. 14. The VY surface was also used to compute rates for the deexcitation of CO from the first excited 
to the ground vibrational state. In this case, significant improvement of agreement with experiment was achieved 
compared to older calculations.

We have developed a full-dimensional potential energy surface at a higher level of theory than in ref. 11 
and applied it to investigate several low-energy scattering processes using full-dimensional dynamics. We care-
fully test the conclusion of ref. 11 that the full-dimensional treatment is essential for achieving agreement with 
low-energy experiment. This issue is of significant importance since full-dimensional scattering calculations are 
not possible for systems larger than diatom–diatom.

Potential Energy Surface
The six-dimensional grid in the XY =  (R, θ1, θ2, φ, r, s) coordinates was obtained as a product of the X =  (R, θ1, θ2, φ) 
and Y =  (r, s) grids, where R denotes the distance between the centers of mass (COM) of monomers (the COM of 
H2 is placed at the origin of the coordinate system and the COM of CO at z =  R), θ1 (θ2) denote the angle between 
the ẑ  axis and the vector starting at the appropriate COM and ending at H (C), φ is the dihedral angle between 
these vectors, whereas r and s are the interatomic separations in H2 and CO, respectively. The details of the grid 
are given in the Supplementary Information (SI). We have computed interaction energies at 37,894 grid points, 
but 1,922 of these points were not used since the interaction energies were above 1000 cm−1 (such high-energy 
points would bias the fit if used). To check the quality of our surface above this threshold, we computed the 
root-mean-square error (RMSE) for the ab initio energies which were not used in the fit. For the 1042 such ener-
gies in the range 1000 to 2000 cm−1, the RMSE is equal to 22.6 cm−1, which amounts to 1–2% of the total interac-
tion energy. For the 542 energies larger than 2000 cm−1 and smaller than 3000 cm−1, the RMSE is equal to 
74.7 cm−1, which gives a still reasonable 2–4% uncertainty of the fit. Furthermore, 8,840 points were used only to 
fit the asymptotic part of the energy (the total number of points used in the asymptotic fit was 16,822, i.e., 7,982 
points were used both for asymptotics and short-range). Thus, the final potential was fitted to 27,132 points. We 
have computed an additional 200 ab initio interaction energies at randomly generated grid points for testing pur-
poses. The accuracy of the fit will be discussed below and in the SI.

For all the 37,894 points, the interaction energy was computed as

δ= + .E E E[Q] [TQ]T
int,B int

HF
int
CCSD( )

where “B” in the subscript designates the ‘base’ level of theory and basis set, HF stands for the Hartree-Fock 
method, the letters T and Q denote the use of the aug-cc-pVXZ basis sets15 with X =  3 and 4, respectively, and TQ 
indicates a CBS extrapolation. At the grid points with intramonomer coordinates (r, s) =  (rc, sc) =  (1.474, 2.165) 
bohr, we have performed calculations at a higher level of theory: CCSD(T) calculations in the aug-cc-pV5Z basis 
set and CCSDT(Q) calculations in the aug-cc-pVDZ basis set, giving two corrections to Eint,B:

δ∆ = + −E E E E[TQ; Q5] [5] [Q5] ,int int
HF

int
CCSD(T)

int,B

and

δ = −E E E[D] [D] [D],int
T(Q)

int
CCSDT(Q)

int
CCSD(T)

so that the interaction energy at the high-level of theory is defined as
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δ= + ∆ + .E E E E[TQ; Q5] [D] (1)T
int,H int,B int int

(Q)

See SI for more details on electronic structure calculations.
To combine the two sets of results, we have employed the idea of the hybrid potential introduced in refs 16–18 

(also indirectly in refs 7,8). In contrast to the previous work, we applied this idea to individual grid points

= + −X X X XE r s E r s E r s E r s( , , ) ( , , ) ( ( , , ) ( , , )), (2)B H c c B c cint,hyb int, int, int,

rather than to fitted potential surfaces. Note that for nonlinear monomers, the definition depends on the embed-
ding of monomers in the dimer18. Equation (2) was used to fit a 6-dimensional potential. The hybrid Ansatz 
of Eq. (2) was shown to work well for the water dimer, as the spectra of this system computed in ref. 16 agreed 
overall better with experiments than the spectra calculated with the base potentials in ref. 19. In the SI, we present 
data showing that this Ansatz improves accuracy for about 80% of points, most importantly for all points lying 
near (rc, sc).

Analytic Fit
The analytic representation of the 6-dimensional (6D) potential energy surface is a generalization of the 
4-dimensional (4D) surfaces of the type developed in refs 3,4,8,20 in the sense that the parameters of the intermo-
lecular part are expanded in polynomials of r and s. The surfaces of this type consist of short-range and long-range 
(asymptotic) components Vsh and Vas, respectively. The former component is a sum of powers of R multiplied 
by exponentials of R. The latter component is a sum of inverse powers of R multiplied by damping functions. In 
both cases, the linear and nonlinear parameters are dependent on all other coordinates. The coefficients of the 
asymptotic part for the 4-dimensional case were computed ab initio in ref. 3 from monomers’ multipole moments 
and polarizabilities (static and dynamic). The levels of the asymptotic expansion and of the symmetry-adapted 
perturbation theory (SAPT)21, the same as used in ref. 20, were chosen to enable seamless connection at large 
values of R. The dimensionality, level of theory, and size of the basis set used in ref. 3 are different from those of 
the present work. Since the asymptotics for the CCSDT(Q) level of theory is unknown, we adopted the expansion 
of ref. 3, but multiplied each set of terms with a given power of 1/R by a factor dependent on all coordinates but R. 
The linear coefficients in these factors were optimized on a set of all interaction energies with R ≥  10 bohr. Such 
Vas was then used with frozen coefficients (except for parameters in the damping function) in the optimization 
of the global potential. The overall RMSE of the fit for all 27,132 grid points is 0.63 cm−1, whereas the RMSE on 
points with negative energies is 0.16 cm−1. See SI for details of the fitting procedure.

The procedure described above leads to the total interaction potential energy surface V(XY) =  Vsh(XY) +  Vas(XY),  
further denoted as V15. To obtain the total potential energy surface, one has to add monomer potentials:

θ θ φ θ θ φ= + + .U R r s V R r s V r V s( , , , , , ) ( , , , , , ) ( ) ( ) (3)1 2 15 1 2 H CO2

The V H2
 potential for H2 was taken from ref. 22, whereas the VCO potential for CO was obtained by the 

Rydberg-Klein-Rees procedure in ref. 23 using the measurements of Le Floch24.

Comparison of Surfaces
Our methodology differs in many respects from that used to develop the VY surface in ref. 11, as summarized 
in Table 1. As one can see, the ranges of coordinates explored are about the same in both cases, however, Yang  
et al.11 used a much denser grid, resulting in about 15 times more grid points than in our work. In our opinion, 
such a dense grid is not needed. As discussed in the SI, tests on randomly chosen grid points not used in the 
fitting process show that our potential recovers such points sufficiently well, i.e., although the RMSE is larger 
than on the training set, it is still smaller than the estimated uncertainty of ab initio points. Next, we have used a 
lower energy cutoff than in ref. 11. This actually does not make much difference since in the range of coordinates 
chosen by us there is only a small number of points with energies above 1000 cm−1. In the case of ref. 11, the range 
of R between 4 and 5 bohr, which was only partly covered by us, contains many high-energy points. We believe, 

Ref. 11 Present

range of R 4–18 bohr 4.5–20 bohr

range of r 1.01–1.81 bohr 0.95–2.05 bohr

range of s 1.74–2.54 bohr 1.90–2.45 bohr

energy cutoff 10,000 cm−1 1,000 cm−1

number of grid points 398,218 37,894

fitting function sum of products of
Morse-type variables

sum of powers times exponentials of R
and of inverse powers of R with coeffi-
cients dependent on remaining coordinates

RMSE 14.22 cm−1 0.63 cm−1

method CCSD(T)-F12
frozen core

up to CCSDT(Q)
effectively all electrons

basis set cc-pVQZ-F12 up to aug-cc-pV5Z

Table 1.  Comparison of the present methodology of developing potential energy surface with that of ref. 11.
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however, that this highly repulsive region is not relevant for any of the physical phenomena investigated here. As 
discussed earlier, our potential reproduces energies in the range 1000–3000 cm−1 with errors smaller than 4%.

The functional form of ref. 11 was quite different from ours. Apparently, both forms are capable of fitting 
the set of computed energies well. Although the RMSE of our fit, 0.63 cm−1, is much smaller than that of VY, 
14.22 cm−1, the larger latter value is probably mainly due to the large number of points with energies above 
1000 cm−1 included in ref. 11. The advantage of our fit is that it decays physically at large R, whereas the fit of ref. 11  
decays exponentially.

We have used a significantly higher level of theory, CCSDT(Q), than that of the CCSD(T) method used in 
ref. 11. Also, we included core electrons whereas Yang et al.11 applied frozen-core approximations. Both types of 
effects are of the order of 1 cm−1, i.e., are relevant for the spectral calculations7,8 and may be relevant for scattering 
calculations of the type presented here. One may mention here that, as shown in ref. 25, the post-CCSD(T) con-
tribution for H2-CO is one of the largest among the 21 small weakly-bound complexes tested there.

Yang et al.11 used a quadruple-zeta quality basis set in an approach with explicitly-correlated terms (denoted 
by F12) which speeds up convergence in the basis set. If Yang et al. used an augmented F12 basis set, accuracy of 
their CCSD(T) interaction energies would have been similar to our Q5 extrapolated ones, but the lack of augmen-
tation probably makes their CCSD(T) energies somewhat less accurate. Although we used only the TQ extrapo-
lation for deformed monomers, the basis-set related difference between these two approaches amounts only to a 
fraction of a wave number and is anyway partly compensated by our hybrid procedure.

Yang et al.11 give only one value of the interaction energy, the “global minimum of the total potential” equal to 
− 85.937 cm−1 (a computed value, not from the fit) for the collinear arrangement HH-CO, which in our notation 
corresponds to (θ1, θ2, φ) =  (0°, 180°, 0°), and for R =  8.0 bohr. Then they say that this value is for intramonomer 
equilibrium coordinates r =  1.4011 bohr and s =  2.1359 bohr, which is unexpected since the global minimum of 
the 6-dimensional potential should be at different values of r and s than the equilibrium values of isolated mono-
mers. Our vertical interaction energy (i.e., relative to the isolated monomers at the same separations as in the 
dimer) at this configuration is − 90.263 cm−1 (obtained from our fit). This value is 4.326 cm−1 below the result of 
ref. 11. We should add that the minimum coordinates given in ref. 11 and quoted above are not exactly the same 
as the minimum coordinates on our surface; moreover, our C-O equilibrium separation is different from that 
given above. If we compute the interaction energy relative to the equilibria energies of our monomers, this value 
amounts to − 88.461 cm−1. We presume that this energy should be compared with − 85.937 cm−1 given given in 
ref. 11, which means that our energy is 2.524 cm−1 lower. Such difference is compatible with the differences in the 
theory level. In particular, the δE T

int
(Q) contribution to the interaction energy can be as large as − 2.5 cm−1, see 

Table VI of ref. 8. Since our ab initio computed interaction energies were estimated in ref. 8 to have an uncertainty 
of 0.6 cm−1 near the minimum (or 0.8% of the interaction energy for all the investigated range in (X, rc, sc)), this 
comparison may indicate that the uncertainty of the potential of Yang et al.11 is about 4 times larger than that of 
our potential.

The actual minimum of the total potential energy surface U, defined according to Eq. (3) with the V15 interac-
tion potential, is equal to − 91.109 cm−1 and has been found for the collinear arrangement HH-CO with R =  7.898 
bohr, r =  1.4021 bohr, and s =  2.1319 bohr. The intramolecular distances r and s are slightly changed in monomers 
compared to the isolated monomer equilibrium geometries, which are equal to 1.4011 and 2.1322 bohr for the 
V H2

 and VCO monomer potentials, respectively. The corresponding vertical interaction energy amounts to 
− 91.165 cm−1.

Scattering Calculations
The scattering calculations were performed using an extended version of our DIDIMAT code which was first 
developed to study the H2-HF rigid-rotor collisions26 and used since then to study several other rigid-rotor 
diatom-diatom collisions like H2-CS27 and H2-CO10,13. The extended code does not use the rigid-rotor approxi-
mation and solves the complete close-coupling equations in the spaced-fixed frame by using a log-derivative 
propagator. General theory for diatom-diatom scattering in full dimensionality can be found in ref. 28. For the 
numerical calculations of the (isolated) diatom rovibrational energies and wave functions we employed the dia-
tomic potentials presented in the previous section. A Discrete Variable Representation (DVR) of these functions 
was obtained by solving the diatomic equations using a basis of 150 complex exponential wave functions, as 
described, for example, by Colbert and Miller29. In the evaluation of the close-coupling potential matrix elements, 
these wave functions were integrated using a Gauss-Hermite quadrature grid of 10 points for each diatom (see SI 
for the numerical values), i.e., using a 100 point quadrature over r and s. Since the values of the 6D surface 
described earlier in this paper were needed only at these (r, s) points, this surface was refitted by direct expansions 
in products of spherical harmonics of all angular coordinates separately for each of the 100 values of (r, s) coordi-
nates (resulting in 100 4D fits). At each value of R, the convergence of the angular expansion was checked and the 
size of the angular basis set was adapted accordingly, in order to save computer time and memory. See SI for 
details of the refit procedure. The calculations were performed for CO and H2 in their ground vibrational states as 
the influence of vibrationally excited states was found to be negligible at the investigated collision energies. As in 
the rigid-rotor calculations10,13, the highest rotational level of CO in the basis set was jCO =  15, while two rota-
tional levels of H2 were included for both the para ( =j 0, 2H2

) and ortho ( =j 1, 3H2
) modifications. The maxi-

mum value of the total angular momentum J used in the calculations was J =  45. We have checked that such 
maximum values of the rotational quantum numbers were sufficient to converge the close-coupling calculations. 
The propagation was carried out to a maximum distance of 100 bohr for the lowest energy and the convergence 
was checked as a function of the propagator step size. Finally, a very fine grid of collision energies with 0.01 cm−1 
increments was employed for the correct assessment of resonances.
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In addition to full-dimensional scattering calculations, the rigid-rotor approximation was employed to 
assess the importance of full dimensionality. Three different 4D counterparts of the V15 surface were thus gen-
erated: the V15 surface averaged over the ground vibrations of the monomers, denoted as 〈 V15〉 0, the V15 sur-
face with the bond lengths of H2 and CO fixed at their vibrationally averaged distances 〈 r〉 0 =  1.4487 bohr and  
〈 s〉0 =  2.1399 bohr, denoted as V15(〈 r〉 0), and the V15 surface with the bond lengths fixed at their equilibrium 
distances re =  1.4011 bohr and se =  2.1359 bohr, denoted as V15(re). For these three 4D potential energy surfaces 
(PESs), the spherical harmonics refits were performed using the same angular basis set as for the 100 stretched 
configurations (see SI). In the rigid-rotor calculations, the rotational constants were fixed at their experimental 
values30 B0(CO) =  1.9225 cm−1 and B0(H2) =  59.322 cm−1. Note that rotational constants are not used in the 6D 
approach where the monomer rovibrational states are computed essentially exactly.

Results
Full-dimensional scattering calculations. Scattering cross-sections were computed for the range of col-
lision energies covered by the crossed-beam experiment of Chefdeville et al.10. This experiment is one of very few 
which measured state-to-state cross sections with a relatively high accuracy. As mentioned earlier, the original 
analysis of the results contained an error due to inappropriate accounting for the mean interaction time and for 
the beam crossing median angle and its dispersion31.

The results in Figs 1 and 2 are shown for the V15 (6D) potential used in full-dimensional scattering and its 
three 4D approximations. The reported cross sections correspond to the fundamental rotational excitation of 
CO(jCO =  0 →  1) by para-H2( =j 0H2

) and ortho-H2( =j 1H2
). We note that the angular momentum jH2

 is con-
served during these low-energy processes. From the bottom plots of Figs 1 and 2, we can notice that the 
full-dimensional calculations are in very good agreement with the 4D calculations performed using the 〈 V15〉 0 
and V15(〈 r〉 0) potentials. In particular, the positions and intensities of the resonances are very well reproduced by 
these 4D calculations. In contrast, when the bond lengths are fixed at their equilibrium distances in the V15(re) 
surface, the resonances are shifted by typically 0.5 cm−1 and their intensity is also modified by up to 50%. These 
relations are better illustrated in the top panels of Figs 1 and 2 which zoom in on the resonance region between 5 
and 6 cm−1. Even after the zoom, the full-dimensional and 〈 V15〉 0 4D results virtually overlap each other in the 
case of para-H2( =j 0H2

). Clearly, the 4D 〈 V15〉 0 approximation gives extremely accurate description of this scat-
tering process. In the case of ortho-H2( =j 1H2

), the two curves are shifted by about 0.02 cm−1. In order to get a 
better agreement, it is necessary to average V15 with the ( = =v j0, 1H H2 2

) rovibrational wave function, as shown 
in the SI. In the case of the V15(〈 r〉 0) surface, the shifts are of the order 0.1 cm−1, also very small.

Figure 1. Cross sections for the CO excitation (jCO = 0 → 1) due to para-H2( =j 0H2
) as functions of the 

collision energy. The top panel shows a zoom over collision energies between 5 and 6 cm−1. See text for details 
about the different levels of calculations.
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Comparisons with crossed-beam experiments. As mentioned in the Introduction, the previous 
crossed-beam measurements of Chefdeville et al.13 were erroneous. They were corrected in ref. 10 where the data 
were reported for the rotational excitations jCO =  0 →  1, jCO =  0 →  2, and jCO =  1 →  2. Cross sections for the excita-
tion jCO =  0 →  1 due to para-H2( =j 0H2

) are plotted in Fig. 3. In this figure, the theoretical cross sections from 
Fig. 1 have been convolved with the experimental collision energy distribution (see SI for the details of the con-
volutions). It should be noted that the experimental data are measured in arbitrary units and the values reported 
here are scaled to theory as in Chefdeville et al.10. One can first notice that the agreement between theory and 
experiment is very good, especially in the threshold region, similar to that observed in ref. 10 where rigid-rotor 
calculations were performed using the 4D V12 surface. Second, the 6D calculations are in an excellent agreement 
with the 4D calculations, except for the case of the V15(re) potential, as expected from Fig. 1, but even in the latter 
case the agreement with experiment is reasonable. Also, as expected from Fig. 1, results of the 4D calculations 
using 〈 V15〉 0 are hardly distinguishable from the 6D ones. Differences between these two approaches are orders of 
magnitude smaller than shown in Fig. 3 of Yang et al.11. Very similar relations can be observed in Fig. 4, where 
cross sections are reported for the excitation jCO =  0 →  1 due to normal-H2 (25% para-H2( =j 0H2

) and 75% 
ortho-H2( =j 1H2

)). Another set of experimental results are cross sections for the excitations jCO =  0, 1 →  2 by 
para-H2( =j 0H2

). As shown in the SI, the agreement of the 6D calculations with these results is even closer than 
on the figures discussed above. This set, however, does not constitute a fully state-to-state comparison due to the 
contribution of both jCO =  0 and jCO =  1 to the scattering process. Our calculations show clearly that, in contrast 
to the conclusions of Yang et al.11, the predictions for the low-energy dynamics of the CO +  H2 system do not 
require a full-dimensional approach to get agreement with the currently most accurate experimental results.

Another question concerning reliability of the theoretical predictions is the dependence on the accuracy of 
the potential energy surface at a given dimensionality, i.e., how close is the interaction energy predicted by a given 
surface to the exact interaction energy at a grid point. In order to illustrate the impact of the surface accuracy 
on the low-energy scattering, we report in Fig. 5 the 4D calculations performed with the previous V04 and V12 
surfaces from refs 4,8, respectively, along with the present 6D treatment. We observe that the shapes of all (con-
volved) theoretical curves are very similar, with almost identical positions for the three resonance “peaks”. The 
cross sections tend to decrease with the increased accuracy of the potential. In particular, the agreement with the 
experiment improves significantly between V04 and V15 for para-H2 at low collision energies (below 10 cm−1). 
Still, the differences between the present 6D treatment and the 4D calculations performed on the V12 surface 
are negligible relative to the experimental error bars. The V12 surface is a 〈 V〉 0-type surface, obtained at the same 
level of ab initio theory as the present potential, but with less dense sampling of the configuration space. Clearly, 

Figure 2. Cross sections for the CO excitation ( jCO = 0 → 1) due to ortho-H2( =j 0H2
) as functions of the 

collision energy. The top panel shows a zoom over collision energies between 5 and 6 cm−1. See text for details 
about the different levels of calculations.
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our increase in the number of grid points had a very small effect on the cross sections. The V04 surface was partly 
averaged, only over the H2 vibrations, whereas the CO separation was held at 〈 s〉 0. This surface was also less accu-
rate than V15 or V12 since a lower level of theory was used. The differences between the former and the two latter 
surfaces are of the order of 1 cm−1 in the minimum region. Thus, about 1% relative errors in the interaction ener-
gies lead to only a minor (if any, since the V04 results are closer to experiment in some ranges of collision energy) 
worsening of agreement with experiment.

The fairly large discrepancies between the calculations of Yang et al.11 and the correct experiments (or our 
results) may indicate problems related to the asymptotics of their potential. As discussed earlier, their potential 
and V15 differ likely by 2–3 cm−1 in the minimum region, insufficient to explain the discrepancies. However, the 
asymptotics effect may be large in low-energy scattering. Thus, the extension of the methodology to all degrees 
of freedom in the work of Yang et al.11 resulted in a deterioration of the quality of predictions probably due to 
trade-offs concerning the accuracy of the potential surface (the level of theory, the size of the basis set, and the 
frozen-core approximation), and due to the asymptotic form of the fit.

Figure 3. Cross sections for the CO excitation (jCO = 0 → 1) due to para-H2( =j 0H2
) as functions of the 

collision energy. The experimental data (filled circles) are from ref. 10, where full details of the measurements 
can be found. The theoretical curves of Fig. 1 have been convolved with the experimental collision energy 
spread.

Figure 4. Cross sections for the CO excitation (jCO = 0 → 1) due to normal-H2( =j 0, 1H2
) as functions of the 

collision energy. The experimental data (filled circles) are from ref. 10, where full details about the measurements 
can be found. The theoretical curves of Figs 1 and 2 have been convolved with the experimental collision energy 
spread and assuming 25% relative population of para-H2( =j 0H2

) and 75% of ortho-H2( =j 1H2
).
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Discussion
The present study of the H2-CO inelastic scattering has been carried out to investigate the effects of 
full-dimensionality at low scattering energies, less than 25 cm−1, close to the threshold for rotational excitations. A 
new high-level 6D potential energy surface was combined with nearly-exact full-dimensional close-coupling scat-
tering calculations to provide the most detailed results to date in this cold regime. We focused on the fundamental 
rotational excitation of CO (jCO =  0 →  1) due to para- and normal-H2, for which the most accurate experimental 
results are available. The accuracy of the 6D surface was demonstrated by the very good agreement between the 
predicted and experimental values of state-to-state cross sections. The 4D scattering calculations based on the  
〈 V15〉 0 surface (V15 averaged over monomer vibrations) give results almost indistinguishable from the 6D ones, 
in agreement with findings of ref. 9. The 4D treatment based on the V15(〈 r〉 0) surface (V15 computed at the vibra-
tionally averaged intramonomer separations) is also very close to the experiment and confirms reliability of the 
rigid-rotor approximation. The accuracy of predictions drops fairly substantially (e.g., the shifts of resonance 
positions are about 5 times larger) if the 4D potential is computed at equilibrium separations.

Yang et al.11 have also computed cross sections at high collision energy and for the vibrational deexcitation 
of CO from vCO =  1 state. We have performed such calculations as well, but do not report detailed results since 
none of the two cases allows one to make conclusions on the importance of the 6D treatment versus the 4D one. 
In the high-energy case, Yang et al.11 already found that the two treatments lead to essentially the same agreement 
with the results for rotational excitations of CO measured in a crossed-beam experiment at collision energies 
near 1000 cm−1 in ref. 12, and our findings are the same. In the case of vibrational deexcitation, one has to use a 
surface with at least the C-O distance dependence, so only the effects of including or not the H-H separation can 
be investigated. When restricting CO to its ground rotational state (vCO =  1, jCO =  0), our rate coefficients for this 
process agree with the experiment of ref. 32 to within a factor of 2 above 200 K. At lower temperature, however, 
our results are significantly larger than experiment and also larger than the results of Yang et al. We note, however, 
that the experimental results were not fully state-resolved but rather correspond to distributions (sometimes 
unknown) of the rotational CO and H2 states. Thus, these results are much less certain than the crossed-beam 
data of ref. 10 and less appropriate for validating various levels of theory. A detailed report on our calculations 
will be published separately.

In conclusion, the current results show that full-dimensionality is not required to predict low-energy (from 
the threshold to 25 cm−1) scattering cross-sections that are sufficiently accurate for astrophysical applications 
and competitive in accuracy with recent experimental results. These findings have important consequences for 
astrophysical applications since inelastic state-to-state rate coefficients are necessary for a variety of molecules at 
very low temperatures33. In particular, complex organic molecules such as methyl formate (HCOOCH3) are now 
observed routinely in cold pre-stellar cores where the kinetic temperature can be as low as a few kelvin34. For such 
species with many vibrational modes, full-dimensional treatments are currently not possible and even rigid-rotor 
calculations are challenging35. The present work demonstrates that current reduced-dimensional calculations 
can reach such high accuracy that the corresponding collisional rate coefficients are not a limiting factor in the 
interpretation of astronomical molecular spectra.

Figure 5. Cross sections for the CO excitation (jCO = 0 → 1) due to para-H2 (top panel) and normal-H2 
(bottom panel) as functions of the collision energy. The experimental data (filled circles) are from ref. 10. The 
theoretical curves correspond to three different surfaces: the present 6D V15 potential and the two 4D potentials, 
V12 and V04, from refs 4,8, respectively.
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